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Preface 

'This book is cit>votc~i to  iritcgrals ~ I I I ~  (It11 ivitt iv('5 of rirl>it riiry ~.('iil or(1vr 
11lethods of sol11t iori of difforcrit i;ll ~(111iitiOli~ of iil \ ) i t  ri1l.S. I ('ill or(I(11.. i111(l 
applications of the tlcsc.ril)od rricbt hods in v;iriotts fital(l5 

The theory of dtbrivat ivos of ~~ol~-ilitc>gt.r orclc>r gocBs I)dc*k to t l1c1 1,c'it)- 
~ ~ i z ' s  note i r ~  his list to L'Hospital [123], clatc~l 30 S(ytc~1i11)t~r 1095, i l l  

wtiic.11 tlic 111c~;uiirig of tllc drrivativc, of ortlrr on[. 11;ilf is cliic~~issc~cl. 
Lcibniz's not(. Ird to tllc appc'araric.c> of tllo tlicwry of t1criv:ttivc.s ;II I ( I  

intt3grals of arbitrary or(1t.r. wliicl~ by t l i t l  c.ritl o f  t 1 1 ~  XIX c . c ~ ~ t  llry took 
rilorc or lrss finislic~l fi)nr~ duel prii~larily to Liollvill(.. C;r1111w;tl(l. Lflt- 
~iikov, allti Ric.ninli11. Survc~ys of tllt. Ilistory of t 11c t 1lc.ory of ir<lc t lotiill 
clc~rivativcs can t)c found il l  [43, 153. 17'3. 226. 2321. 

Ehr thrvc ct>~itl~rics the throry of' fr'ic tiolinl drriv;~tivo:, rl(~\~r.lo~)c.cl 
mainly a.5 a pnrc theortlt ical ficlcl of ~ilnt lit~rliat ic.5 11sof\11 olily for 111~11 li(t- 
rnat iciarls. 

However, ill the last few d<.citdcs 11li1114' iltlt  llors poilit ('(1 O I I ~  t liilt 
dcrivativos ant1 integrals of no11-ir~irgcr ordcr ;~ro vclry s~lit~il)lc for tlicb 
dtlscription of properties ot various real ~l~i\t(~riiil 'i, ~ . p .  polynic~rs. It ha:, 
t)cen s1iow11 that nt3w fractio~ial-ortfor rrlotl(4s art. Iiiort adocluwtc. i l i c~n  
prc~viously used iiitc'gclr-ordrr nlotlcls. F~~liclilnicrit :il ])hyiic.;rl coli\idtli- 
ations in f,lvotir of tllc use of ~liotit~ls I),thc~l o11 d(1ri\.;rtivt.s of 11011- 
intc.gclr ortlcr arr  givc.11 ir i  [30, 2541. 

I+;tctio~id dcriv;tti\rc~s provitlc all cxcrllt~t~t i11str11111(~1~t for t 1 1 ~  (Ios(,ril)- 
t i o~ l  of lll(llllOry a r ~ d  llcrcditary 1)ropc>rtic1:, of vi t r io~~i  ~~~ i~ t ( ' r i i l l s  it~id l ) r ~ -  
cc~ssc3s. This is t11c 11iai11 ~(lvilr~tagt' of fril(.t iotiiil (l(v i\.ilt ivt3s ill ( .oi i~~)ariso~l  
~vi th  c*Ia.%sic-ul i~lttlgt~r-o~-tit~r irloclc~ls. i r ~  wliic-11 iuc.11 eff(v.ts ijr(, in f;ut ~ i (>-  
glcct t l d .  T11c1 advarit ijgtBs of fr;~ct i011i~l (1('rivat iv(>s 1)~(.01li(' a])~)itr(>~it i r i  

~nod(~lling niechitriical ant1 clcctrical propc.rtic.:, o f  rclii1 niiitc~rials, ;is lvrll 
as in tllc~ drscription of rllcological prop('rt ic,s of rocks, and i t ]  I I I H I I ~  0 1  11vr 
fields. 
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The other large field which requires the use of derivatives of rion- 
integer order is the recently elaborated theory of fractals [142]. The 
development of the theory of fractals has opened further perspectives for 
the theory of fractional derivatives, especially in modelling dynarnical 
processes in self similar and porous structures. 

Fractional integrals and derivatives also appear in the theory of con- 
trol of dynamical systems, when the controlled system orland the con- 
troller is described by a fractional differential equation. 

The mathcrnatical modellirig and simulation of systems and pro- 
cesses, based on the description of tlicir properties in terms of fractional 
derivatives, naturally leads to differential equations of fractional order 
and to the necessity to solve such equations. Howc.ver, effective general 
rnethods for solving them cannot be found even in the most useful works 
on fractional derivatives and integrals. 

It  should be mentioned that from the viewpoint of applications in 
physics, cli(~mistry and engineering it was undoubtedly the book written 
by K. U .  Oldharn and J. Spanier [I791 which played an outstanding role 
in the developn~ent of the subject which can be called applzed fractzonnl 
C ~ ~ C U ~ ~ L S .  hloreover, it was the first book which was entirely devoted to  
a systeniatic presentation of thc itieas, rnethods. and applications of the 
fractional calculus. 

Latcr there appeared several f~indarnental works on various aspects of 
the fractional calculus, including the encyclopedic monograph by S. Sam- 
ko, A. Kilbas, and 0 .  Marichev [232], books by R. Gorcnflo and S. Ves- 
sclla [90], V. Kiryakova [116], A. C. hlcBridc [148] K. S. Miller and 
B. Ross [153], K. Nishimoto [167], B. Rubin [230], lecture notcls by 
F. hlainardi and R. Gorenflo [83, 88, 1381 in the book [35]. and an ex- 
tensive survey by Yu. Rossiklliii and M. Shitikova 12281. 

The book by Ril. Caputo 1241, j,ublished in 1969, in which he sys- 
tematically used his original dcfirritiorr of fractional differentiation for 
formulating and solving problcms of viscoclastic-ity, and his lectures on 
scisrnology [28] must also be atidcd to tlris gallery, as well as a series o f  
A .  Oustaloup's books on applications of frxtional derivatives in control 
tticory [183, 185, 186, 1871. 

Howc.ver, nurnerous rt.ferenc*es t o  the hooks by Oldham and Spanicr 
11791 arid by Miller and Ross [153] show that applied scientists need first 
of all an easy introduction to the theory of fractional clcrivativrs ailti 
fractional differential equations. which could help t li(~1r1 in their initial 
steps to adopting the fractional calt~uli~s as a rnethod of research. 
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Tlic Inair1 objective of the present book is to provide such an overview 
of t hc Imsic theory of fractional differentiation, fractional-order diffcren- 
tial cquatiolis, methods of their solution and applications. Taking into 
acc~oulit the nccds of tlie audience t o  whit-11 tliis book is addressed, namely 
a1)plicd scicritists in all branc-lies of science, special attention was pait1 
to providil~g easy-to-follow illlistrativc examples. For the same reason 
olily those ap~~roac~lics to  fractional ciiffercntiation are considered which 
;trc, rc.litttxl to  real applications. Ttic laliguage and the gerlcral style were 
i~ifl~~c.nccd by the. author's wisli to  rriake the methods of the fractional 
c.iilc~ilus av;tllable to  the witlest 1)ossil)lc group of potential users of tliis 
~ i i c x .  ;inti cffic*ic>rit t l~tory.  

'l'litt I)ook c-o~~sist s of tcri c.llal)t~rs. 
111 C I I ( L ~ ~ (  7. 1 ari introduction to  tlic tlicory of special furictions ( the 

gilllilllii i i i ~ ~ l  I)clta. furic.tion, the‘ hlittag-Lcffler function, arid the Wright 
f~lr~ctiori) is giv(x11. TIi(>se furictio~is j)l;l,v the rriost important role in the 
t 11t.ory of fract iorial dcriviitivrs anti frac*tional differrntial equations. 

111 C ~ L ~ ~ P T  2 so~iie appronclics to  gerlrra1ix;tt ions of tlie notion of 
tiitft1rc~iitiat ion i ~ l t l  ilitegratio~i are consitlrrcd. Iri each case, we start 
wit 11 i11tt3gc.r-ortior dcrivativcs aiitl iritcgrals ancl show how tliese notions 
arc. gt~ncralizcci usirig sonic sclectc~l i~p~)rou( .hc~.  \ire colisicler there the 
Ci  r~nwalci 1,ct iii kov, the Riibnlurlrl Liouvillc. arid the Caputo fractiorlal 
drrivnt ivc, ii~id also tlie sc-callcd st.qucntia1 fractional derivatives. The 
a~q~rottcti  usirig gcneralizecl filnctiorls is also discussc.d. as well as the 
riotio~i of Irft arid r ~ g l ~ t  frart,ionill clflrivativcs. Proportits of the consid- 
t.rc.tl fractional dcrivativcs arc. ir~troclucf~d, iricludirig co~npositiori rules, 
t 11t. liriks I ) ~ ' ~ W C C I I  t l i ~ s i ~  ap~)roaches. ant1 tlie use of iritcgral trarisforrris 
(Laj)l;~er~, Fouricr. hfcllili). 

C'11apt t1r5 3 X an. drvotcd to  methotis of tlie trcatmcrit of fractiorial 
tlifF(~rc~iitia1 ccluittioris. 

111 C/~aptr,r .Y sonic. ~lscfill cxistc~ric-(1 iind uniquelicss theorems for ini- 
tial problrrns tor fractioiial differcrltial eclui~tions are given. Examples are 
givcbr~ of thc usr of ttlc fxistc~ric.tl aritl l~r~iq~iciiess tlieoren~ as a method 
of sol~~tiori  of fractior1;il difft.rtlrit ial c~lut~tioris. iVc also study the tie1)cn- 
ti(~rlcc. o f  tlic sollltior~ o11 ir~itial coiltlitio~rs. 

In Chclptc~.  4 tlic Laplacc transforn~ nlt>thotl for solviiig linear frac- 
tio11;il diff(~rtvitia1 (.quatioris is described arid illustratt.tl by cxanipl~s. 
S ~ ( Y  ial atttwtior~ is paicl t o  the diffcrcric(. t)c%twccn fractional differential 
tl(liii~ti~ris col~tai~iirig "stantlartf" arld *~scc~ue~itial'' fractional dcriviztivcs. 
'I'hcre art' also c~xarnplrs of the ilsc of tlic Laplacc transform for solving 
part in1 tiiff<.rt.rit ial ecluatio~is. 
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111 CItctptrr- 5 t l i t .  tft~flrtltion ant1 sonlcl properties of tlit~ fractional 
C I ~ ~ O I I ' s  f1111(-t ioli arc1 giv(311, ii11(1 t11(% ('xplicit ex~)rcssio~l for the Green's 
h111c.t ior~s for a gt>ncral ordinary linear fractional differential equation is 
ol)t i ~ i ~ i c ~ l .  7'11c~1.c~ arc1 also give~t its particular casc.s for the one-term, two- 
trrni, tllrrc-tcar111, alitl four-tcrrn frat-t ioxial clifferer~tial equations. Com- 
1)iliirig tlic. 111c~thocls of Chii1)tt'rs 4 ant1 5 ,  it is possible to easily obtain 
c.losc~tl-for~ri 5olrit ions of initial-value pro1)lcrns for ordinary linear frac- 
t iontil cliff(~rc1nt ial t1cluations. 

111 C/t(q)tr7. 6' SOIIIC other analytical I I I C ~  hods are described, namely 
the. hlcbllirl t ransfor111 rnctliod, thc 1jowc.r sclries mixtt~od, and Yu. I. Ba- 
1)~nko's sy~n\)olic xncthod. i?li' also i~~clridc the ~netliod of orthogonal 
poly~~on~ials  for thr. solution of integral equations of fractional order, 
a ~ l d  givv a collec-tion of so-called spc.ctral relationships for various types 
of kt.rncls. All the n~ckthods descrit)ed i11 this chapter are also illustrated 
hy cxillllplcs. 

Chn1)t crs 7 arid 8 deal with ~iunlcrical methods. 
111 Cllupter 7 wc c1cscrii)e thc fractional difference approach to numer- 

ical evaluation of fractional citrivativcs, and discuss the order of approx- 
in~atiori. \?'c also dcscrit~e thc "short-me~nory" principle. which allows 
faster cvalr~atiort of fractio~ial derivatives. The use of the fractional dif- 
fcrtncc rnc>thod and the "short-memory" principle is illustrated by an 
c~xarripl~ of their application to the calculation of heat load intensity 
c.11a1igc. ill blast furnace walls. Atiditionally, there is an example of the 
ilsc~ of tliv fractio~lal difference approximation of fractional derivatives 
for the numerical evaluatior~ of finite parts of divergent integrals, which 
often arise in rrially fit>lds, especially in fracture mechanics. 

111 Clu~pter 8 tlic1 fractional difference method is used for the numer- 
ical solution of initial-value problems for ordinary fractional differential 
cclriationh. Again, the use of the rnethod and the "short-memory" prin- 
ciple is illllstrated by several examples. 

Chapters 9 and 10 are devoted to applications of the fractional cal- 
culus, anti provide illustrations of the use of the methods described in 
tflc othcr chapters. 

I11 Chapter 9 fractional-order dynarnical systen~s and controllers are 
considered. I11 fact, this chapter is an extensive demonstration of the use 
of the rncthods descrikcd in the previous chapters. 

111 Chupter 10 we give a survey of various fields of application of 
fractional clc~rivatives. Sorr~e of these are already well established, and 
sonic. have just started their developrrtent in the framework of applied 
fractional calculus. Where possible, we try to apply the methods de- 
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scriltctl in other cliaptcrs. Siricc it ofteri happens that different objects 
or proccsscs in diffc>rc>nt branches of science are described by the same 
t~quatioris, this cliapter  nay provide a certain inspiration for applying 
fractio~ial calculus in further ficlds. 

Tfie bibliography consists of 259 cntrics, published up to 1997. How- 
cvcr, it (-anriot tw considered as a corripletc> bibliography, and interested 
rc.adcr may firld n~ariy athlitional refc>renccs in the monographs which 
arc1 rncritionetl abovt.. cspccially in tlic frilc'tiorial calculus encyclopedia 
by S. Sarnko, A.  Kilbas, and 0. hlarichcv [232]. 
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Chapter 1 

Special Functions 
of the Fractional Calculus 

111 this chttptcr sorrlc bttsic theory of the special ftirictions which art. 
used i11 thc otlier chapters is given. We give here sonie information on 
the galiima and beta fuiictions, tlie hlittag-Lcffler functions, ailti tllc 
Wright function: thesc fixnctioiis play tht. ~rlost iniportarit rolc in the 
tlieory of differentiation of arbitrary order and in the theory of fractiorial 
differer~tial ecluations. 

1.1 Gamma Function 

Uiidoul)tc~dly, one of the. basic functions of tlie fractional calculus is Eu- 
lcr's gainnln function l'(2). which ge~leralizes the factorial , L !  arid allows 
11 to take also non-integer arid even co~nplex values. 

JVe will recall in this st~ctio~i some results or1 thc gallllria f~irictiori 
which are irnportarit for other parts of this work. 

1.1.1 Definition of the Gamma Function 

The galnnia frtnctior~ r(z) is tlcfi~icd by t,lie integral 
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which converges in the right half of the cornplex plane Re(%) > 0. Indeed, 
we Ilavc 

The expression in the square brackets in (1.2) is bourlded for all t ;  
convergence at  infinity is provided by e a t ,  and for the convergence at 
t = 0 we must have z = R e ( z )  > 1. 

1.1.2 Some Properties of the Gamma Function 

One of the basic properties of the gamma function is that it satisfies the 
following functiorial equation: 

which can be easily proved by integrating by parts: 

Obviotlsly, I'(1) = 1! and using (1.3) we obtain for z = 1. 2, 3. . . . : 

Another inlportaltt propcrty of the gamma function is that it has 
sirriple poles at the points z = -71,  (71 = 0, 1, 2, . . . ) .  To den~onstrate 
this, lct us write the definition ( 1 . 1 )  in tile forn~: 

1 ly- 
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The first integral in (1.4) can be evaluated by using the series expan- 
sion for the exponential fiinction. If Re(z) = x > O (i.e. z is in the right 

half-plane), then Re(z + k) = z + n > 0 and tZfk = 0. Therefore, 
I t=O 

The second integral defines an entire function of the complex variable 
z. Indeed, let us write 

The function e("-l)'O"~)-l is a contin~io~is function of z and t for 
arbitrary z and t > 1. R?loreover, if t > 1 (and therefore log(t) > O ) ,  then 
it is an entire function of z. Let us c:orisider an arbitrary bounded closed 
domain D irt the complex plane ( z  = x f i y )  and denote rco = nlaxRe(z). 

z f  D 
Then we have: 

-ttz-1 = Jz-1) 1o"t)-t - e(x-l) 1o"t)-t ezylog(t) le  i I I - I / I  I 

This means that the integral (1.5) converges uniformly in D and, there- 
fore, the function p(z) is regular in D and differentiation under the 
integral i11 (1.5) is allowed. Because the dorriain D has been chosen ar- 
bitrarily, we corlclutfe that the function p(z)  has the above properties in 
the whole complex plane. Therefore, p(z)  is an entire function allowing 
differentiation under the integral. 

Bringing together the above considerations, we see that 

" (-1)" + entire function, 
k=O 

and, indeed, r ( z )  has only sirrlple poles at  the points z = -n., TL = 
0 , 1 , 2  , . . . .  
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1.1.3 Limit Representation of the Gamma Function 

Tlle gaIiirlla function car1 bc represcritc~i also hy tlic lili~it 

n.licrc~ we initially suppose. R r ~ ( z )  > 0. 
To prove (1.7), Ict 11s ii~troduccx ail auxiliary fiinctiori 

E'crforiliing the slibstitutiori T = and t h c i ~  rcpeiiting illtegratioil by 
parts fvc obtain 

Taking into ac.count thc wcll-kitown limit 

wc3 may expclct t 11at 

u~hicli cntfs thc proof o f  tlit. lirr~it rcprcscntatiori (1.7) of tlic galnrn;t 
functioii, if tlie iiitcrchaligr of tllc lii~iit ali(1 t l l ( x  i r ~ t  ('grill i l l  (1.10) is 



justified. 'li, (lo this. Ict 11s cstir~iate thc dific~rci~cc 

L(.t us take an arbitrary c > 0. Bc~:;i~~scl of the convergence of tllr. 
iritegral (1.1) tlicrc exists an N s~icli that for 7 1  2 N wc' have 

Fixing riow N and colisidering n > N wc can write A as a ~11111 of 
tlirce i~~tcgra ls :  

Thc last tcrr i~ is lcss thcii 5. For tllc. secoilti irltogral we have: 

where, as at,ovcb, .r = Rc(z) .  
For thr. ebtirriation of thc first integral in ( 1  .13) wc ricctl the following 

auxi1ial.y irlequ;ility: 

which follows fro111 t hcl rclat iol~ships 
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(Relationship (1.16) can be verified by differentiating both sides.) 
Using the auxiliary inequality (1.15) we obtain for large 71 and fixed 

'I'aking into account inequalities (1.12), (1.14) and (1.18) and the 
arbitrariness of E we corlclutle that the interchange of the limit and the 
integral in (1.10) is justified. 

This definitely completes the proof of the formula (1.7) for the lirrlit 
representation of the gamma function for Re(z) > 0. 

With the help of (1.3) the condition Re(z) > 0 call he weakened to  
z # 0, - 1. -2, . . . in the following manner. 

If -m < Rc(z) <_ -7n + I ,  where 7n is a positive integer, then 

- 1 12'+~n! 
- - lirn 

z(z  + 1). . . (z  + na - 1) ~L--+x (z + m) . . . (z + m. + n,) 

- 1 ( n  - m)'+'" (n - rn) ! 
lim 

z(z  + 1) .  . . (z + rn -- 1) n-3c (z + m)(z + m + 1 ) .  . . (z + n) 
nzn! 

= lim (1.19) 
n-rn z(z + 1 ) .  . . (z + n )  ' 

Therefore, the limit representation (1.7) holds for all z excluding 
z # 0, -1, -2:. . . 

1.1.4 Beta Function 

In nlaily cases it is more cor~venierlt to use the so-called beta function 
insteacl of a certain combination of values of the gamma function. 

The beta function is usually defined by 
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To establish the relationship between the gamma function defined by 
(1.1 ) and the beta function (1.20) we will use the Laplace transform. 

Let us consider the following integral 

Ohvinusly, h,.,,,(t) is a corivolution of thc furictions t"-' ant1 t"-' anti 
/ ~ , , , ~ ( l )  B ( Z ,  711). 

Because the Laplace transform of a corivoliltion of two filnctions is 
equal to the product of tllcir Laplacc transforms, we obtain: 

where HZ7,,,(s) is the Laplace transform of the fuliction h,,,(t). 
On the other hand. siricc I ' ( z )T(w)  is a constant, it is possible to 

rcstorc the original function h,,,,(t) by tlie inverse Laplnce transform 
of the right-hand side of (1.22). Dlir to the uniqueness of the Laplace 
transform. we therefore obtain: 

a l ~ d  taking t = 1 we obtain the following expression for the beta function: 

froni which it follows that 

The definition of thc beta filnction (1.20) is valid only for R r ( z )  > 0. 
R e ( w )  > 0. The rclationsllip (1.24) provides the analytical continua- 
tion of the beta function for the entire complex plane, if we have the 
analytically co~itiriued garnma function. 

With tlie help of the heta fur~ct.io~i we can establish the followirig two 
important relatioriships for the gamma function. 

The first orie is - 
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\Vc will obtain thc foniiula (1.26) under tlle coriditiori 0 < Re(a)  < 1 
and tlien show that it holds for a # 0,  i l l  f 2, . . . 

Using (1.24) mid (1.20) we car1 write 

whcre the integral ronvergrs if O < Ne(z) < 1. Perforniing the substitu- 
tio11 r = t / ( l  - t )  we ohtairi 

Let us now corisider the iritcgral 

along the roritour shown in Fig. 1.1. The corliplex plane is rut along the 
real positive. serni-axis. 

'The furictiori f (7) hati a sinlple pole a t  s = en'. Therefore, for R > 1 
\%Y; 11:1vc 

On thc other hand, the integrals along the circurnfererices Is 1 = 6 arid 
1st = R vanish its F + 0 ant1 R 4 m. arid the integral along the lower 
cut cdge differs from the integral along the upper cut cdgc by the factor 
- v ~ " ~ " .  Bccausc of this. for t- --t 0 and R -+ x we obtain: 

[ ] = - 2  = ( ) ( 1  - z ) ( l  - c2"'"), / = 27ri Res f (5) 
5 - P '  

L 
(1.01) 

and 

If nl < Rc(z) < m + 1,  then wc can put s = ct + nl. where 0 < 
Rr.(ck) < 1. Using (1.3) wr obtai~i 
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Figure 1.1: Contovr L. 

which shows that tlie relationship (1.26) holds for z # 0. f 1, f 2. . . . 
Taking z = 112 we obtain from (1.26) a useful particular value of the 

garnrna function: 

The secorid irriportar~t relationship for the garnrna function, easily 
obt,airletl with thc help of the beta filnction, is tlie Legendre forinula 

To prove the rclationsliip (1.35) let us collsider 

'raking into account thc syrnrrlctry o f  the function ! / ( T )  = ~ ( 1  - T )  



10 1. SPECIAL FUNCTIONS 

and performing the sut>stitution s = 4 r ( l  - T )  ure obtain 

arid usi~ig the relationship (1.24) we obtain froni (1.37) the Legendre 
formula (1.35). 

Taking z = 71 + in (1.35) we obtain a set of particular values of the 
gamma function 

containi~ig also (1.34). 

1.1.5 Contour Integral Representation 

Thc integration variable t ill the definition of the gamma function (1.1) 
is rcal. If t is complcx. then the function e("-l)l""t))- lias a branch point 
t = 0. Cutting the coniplex plane ( t )  along the real semi-axis from t = 0 
to t = +x rnakes this function singlc-valucd. Therefore, according to  
Caucliy's theorem. the integral 

has the same valile for any contour C running aronnd the point 1 = 0 
with both cnds at +x. 

Let us consider the contour C (see Fig. 1.2) consisting of the part 
of tile upper edge (+m, t )  of the cut, the circle C; of radius t with the 
centre at t = 0 and the part of tlie lower cut edge ( 6 .  +m). 

Taking log(t) to  be real ort the upper cut edge, we have 

On t l~ r  lower cut cdgc w(' 1111ist r ( q ) l a ~ ~  log(t) by log(t) + 27ri: 

tz- l  - - e ( ~ - ~ ) ( l ~ ) g ( t ) + 2 ~ ~ )  - - e ( ~ - l ) I ( ~ g ( t )  , (Z- I ) "Z  = t~ lc'2(2-1)7r~ 
C 



Figure 1.2: Contour CI 

Therefore, 

(1.39) 
Let, us show that t,he integral along C, tends to zero ks t -+ 0. Indeed. 

taking into account that It1 = F or1 C, and derlotirkg 

where I1.f is independent of t ,  we obtain ( z  = x + iy): 
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Using (1.1) we obtain: 

The filnction c2"" - 1 has its zeros at thc points z = 0. f 1 ,  +2, . . .. 
The points 2 = 1. 2, . . . are not thc polts of r(z) ,  because in this case 
tlie furlctiorl c-'tZ-' is single-valued and regular in tlic con~plcx pianc 
( 1 )  arid accorclirig to Cauchy's tlieorern 

If z = 0. - 1, -2, . . . , tlicn tlie fuuctioti P -  ItZ is not ail erltire f~uic- 
tiori of t arld tlic intt>gral of it along the contour C is not equal to  zero. 
Therefore, t11c poiiits z = 0. -1, -2, . . . are the poles of T(z). Accord- 
ing to tlic principle of a~lalytic continuation, the i~ltegral reprc~st~r~tatiori 
(1.42) holds rlot orlly for Re(z) > 0. as assunied at the I~uginning. hut in 
the \vliole coniplcx plaric (2). 

1.1.6 Contour Integral Representation of 1/1'(z) 

In this section urc. give for~~iulils for the integral rcpreseritation of tlie 
reciprocal galrinia function. 

ot)tain the. sirriplcst integral representation forr~iula for l / T ( z )  It% 

11s rcpl;~ce z by 1 - z iri tile for~nula, (1.42), which lentis to  

ancl t11o11 ptlrforr~i t11(' siihstit~~tioll f = renz  = -T .  'I'l~is bul)stit utioii 
will trarisforrri (namc\ly, tiirri it courltcrclockurisc.) t11c co~liples plancl ( f )  
bvitli tlir. cut tilong tlic real positivc~ semi-axis illto the cor~lplrx plant. 
(7) wit11 thc c ~ l t  illor~g the 1 w 1  ~iegativc scn~i-axis. '1'1i(a lower cut edge 
arg(r )  = -T irl tlie (T)-plane will corresj~o~i(I to tlic upper cut cdg(> f = O 
in I htl (t)-plarrt.. Tllc c-olltour C' will I)(: transforrnc~d i o H;~nkcl's contollr 
Htr shown in Fig. 1.3. 'Flleri wc> II~IV<~: 



Figure 1.3: Thc IJILTL~CI contou.r Ii(l. 

Tiiki~lg into i-1ccoli1it the rc~lwtiorisliips (1.43) and (1.26) JVC ot)tairi 

Therrforc.. wc3 1 1 ; ~ ~ ~  ttllc following integral rcprescritation for tl1e reciprocal 
g;1rrlma furict ion : 

1 - , pTt-zdT 
- 

I'(z) 27ri . 
I l  n 

1,et 11s llow denott 1)y y ( c .  3) (e  > 0. O < p < n) tflc conto~lr. c'onsist- 
ing of t,hc following tklrcc parts: 

1) itrg7 = -y^. ) T I  > c ;  
2) -p 5 a r g r  5 3, 17-1 = e :  

3 ) a r g r = - p .  I T I ? ~ .  
'T11c contom is tracc(i SO tliat arg r is 11011-dccrcasir~g. It is sllowr~ i11 

Fig. 1 :I. 
The contour ~ ( 6 ,  9) tlivitles tllc c.olr~l)le>r plane 7 illto two tlorrlains, 

it.hic.11 wc clt~rlot c by C;- ( c .  3) ;iii(I G+ ( e .  q) , I yirig corrc~spondingly on t hc 
lcft and oti the rigfit side of thc' co~ l to l~r  -/(c. 9) (Fig. 1. 3 ) .  

I f  0 < q < 7r. I l ~ c ~ r i  l )o t  1 1  (; - ( e ,  p) a11(1 i; + ( c ,  p) iLtY3 ir~fi~~iIc% (Iorii~iiris. 
If q = 7r. tlir.11 G- ( F , ~ s )  ~ ~ C ~ O ~ I ~ C S  a circle jr1 < e  ant1 G+ ( c  . 3) bccorlics 

tk c.onipl(.x ~~laric. c~xc.11ttlirig tl .1~ c.irc.lt1 17-1 < c  ar~tl  the line 1 arg 41 = n. 

1,ct 11s stiow tliat iiistc~lct of iritc~griitii~g alo~ig I ln~~kcl ' s  c:onto~ir IIn 
ill (1.46) wc call integrate aioiig the coilto~ll. 3 ( ~ .  +). wherc < 3 < T ,  



Figure 1.4: Contour y(6, 9). 

i.e. that 

Let us corlsider the contour (Af R+C+D ) shown in Fig. 1.5. Usilig 
the Cauchy theorem for the contour gives: 

On the arc ( A + B + )  we have 171 = R and 

r = e Rcos(argr)  - zlogR + ya rg r  

- R c o s ( ~  - cp)  - xlogR+2;.ry I e 

frorrl which i t  follows that 

B + 
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Figurc 1.5: Transformcitzon of the contour Ha  to the contour 7 ( f  , p). 

Ta.king I2 + oo ill (1.48) and l~sirig (1.49) we obtain: 

Sirnilarlv, corisideratiori of the contour (A-Ll -C-U-)  leads to 

Using (1.50) arid (1.51) we see that 
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and, indeed, tlit. integral rcprcsetitatio~t (1.47) for the reciprocal garrlnia 
function holds for all z .  

Now we can obtain the following two i~itcgral reprtxse~ltations for ttic 
reciprocal gamma function. 

The first integral reprcsentatiori is obtained for arbitrary cornplcx z. 
Let us perform the substitution r = ( ' la, (tr  < 2) in (1.47) and in 

the case of 1 < a < 2 consider only such contours ~ ( f ,  9) for which 
5 < p < %. Due to this, sirice E > 0 is arbitrary. we arrive at the 
following integral rcprescrit at ion 

K O  
(a  < 2. - < IL < rn in{~.  ra)). 

2 
Another integral representation for l / r ( z )  call be obtained if we note 

that in the case of Rc(z)  > O the formula (1.47) holds also for c~ = 7i./2: 

1'~rforniing tltc substitution 2~ = VjT in  (1.53). we obtain the integral 
representation 

We would like to erriphasizc that the integral reprcsentatiori (1.52) 
is valid for arbit~ary z ,  whereas thc  integral reprcseritatiori (1.54) holds 
only if Re(z) > 0. 

1.2 Mittag-Leffler Function 

Thv exponc~itinl fiinction, eZ.  plays a vcry i~riportar~t r.olc: in tile theory 
of integer-ordvr. diffrreritial eclnatio~is. Tts oric-parameter gclieralizatiori, 
the fiinct,ion which is now dc~iotc~d by [ti51 
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was ir~troduced by G.  11. hlittag-Lcfflcr [155, 156, 1571 arid studied also 
by A. Wiriiari [256. 2571. 

Thr> two-~)ararnc~tcr function of thc Mittag-Lcfflcr type, which plays a 
vcry irriportant role in the fractior~al calculus. was in fact in t roduc~d by 
Agarwal [:$I. A iiurnbcr of rclatiorisliips for tliis filnctiori were ohtaincd 
by I-Iurnbert and Agarwal [I071 usirig the Laplact. transforni tcchriique. 
This fiiriction could have been c~allrd thr Agarwsl function. However, 
Hurribert sr i t l  Agarwal generously left the same notation as for the one- 
paranieter blittag-lcffler function, and that  is the reason that 11ow the 
two-parameter fu~iction is called thc RIittng-Lcfflcr filnctioii. M;e will 
use the. narnc. a ~ i d  the notation uscd in the fi~ritlarnc~rital haritft>ook on 
spcxcinl functions [65]. 111 spite of using tlic sarrie notation as Agar- 
wal, the definition giver: tticrc differs fro111 Agarwnl's ctcfiriitio~i by u 
~ l ~ n - c o ~ i ~ t i i ~ l t  f;lc.tor. Sorric parts of tliis section are basc~ti on results t)y 
R f .  h l .  Dzhrbashyan [45, Chapter 1111. 

Rcgardirig the distribution of mros, thc papers by A. 147i~~iari [257], 
A. hl.  Sedletskii [240]. R. Gorcnflo, Yii. I,~icliko, and S. Rogosin [ 8 i ] ;  and 
the book by R1. bl. 1)zhrbasliyan [45, pp. 139 1461 milst be mentioned: 
wt. will riot (iis('llss thcrn here. 

1.2.1 Definition and Relation to Some Other F'unctions 

A two-parameter fil~lctiori of the hlittag-Ltfflcr type is tiefirled by the 
series c>xpar~sion [G5] 

It follows fro111 the definition (1.56) thizt 
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and in general 

The hyperbolic sine and cosine are also particular cases of the hlittag- 
Leffler f~irictiori (1 3 6 ) :  

nc z2k 
- 1 3C z2k+1 - sinh(z) E2'2.2(z2) = r ( 2 I  + 2) - ; C (2k + I)! 

- 
z 

(1.62) 
k=O k=O 

The hyperbolic functions of order n [65], which are generalizations 
of the hyperbolic sine and cosine, can also be expressed in terms of the 
Rlittag-Lcffler function: 

(1.63) 
as well as the trigonometric functions of order n, whidi are gerierr d 1' lza- 
tions of the sine and cosine functions: 

" ( - 1 ) ~ ~ n ~ + , . - l  
k.r(z,n) = C zT- 1 = En,,(-zn), (r = 1, 2, . . . , n) .  

j=o 
(nj + r - I)! 

(1.64) 
Csing [2, forrn~ilas 7.1.3 and 7.1.81 we obtain 

where erfc(z) is the error function corr~plerncnt defiried by 

For 0 = 1 we obtain the Mit,tag-T,effler function in one parameter: 
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The function Et(v. a),  introduced in [I531 for solvi~ig differential equations 
of rational order, is a particular case oft hc Mittag-Lefflcr function (1.56): 

3C, 

El(v, a )  = tU x = tYEI,U+I (at). (1.67) 
k=O r ( ~  + k + 1) 

Yu. N. Rabotnov's 12181 fiinctiori 3,(/3, t )  is a particular case of the 
Mittag-Leffler furictiori (1 36 )  too: 

It follows from the relatioriships (1.67) and (1.68) that the properties 
of the hliller-Ross function and Rabotnov's function can be deduced 
from the properties of the hiittag-Leffler furiction in two pararrieters 
(1.56). 

Plotriikov [190, cf. [250]] arid Tseytlin [250] used in their irivestiga- 
tioris two furlctions Sc,, (2) and C.s,, (z),  which they call t hc fractional 
sine and cosiric. Those functions are also just particular cases of the 
Mittag-Lcffler fi~nction in two paranictcrs: 

Another "fractionalization" of the sine arid cosine functions. which 
can also bc expressed in ternis of the hlittag-Lcfflcr furictiori (1.56), has 
been suggested by Luchko arid Srivastava. [128]: 

Of course, the properties of both versions of the fractional sine and 
cosine follow from the properties of the hlittag-Leffler fur~ctiori (1.56). 

Generalizations of the hlittag-Leffler function (1.56) to two variables, 
suggested by P. Huiribert arid P. Delerue [I081 and by A. hl. Chak [XI, 



were further extended 1)y H. hI. Srivastava [233] to thtl following synl- 
rric3tric form: 

(1.73) 
An interesting gc~ncralization of thc hlittag-Lemer fi111ctio11 to scvcr;il 

variables has been suggested by S. B. I-Iadid   rid Yu. Lucllko [100], who 
used it for solving lincvtr fractiorlal difi'crciitial ecluatiolis with constant 
coc#icicnts 1)y the operatiollal rr~etliotl: 

C 
. + l,,, = k 
. .  . . I,, > 0 

lrl 
1, ( k :  11. . . . , L T r L )  n 2 )  

/ = I  

whcrc (k: 1 1 ,  . . . , I,,,) arc multii~orriial cocfficicnts [ 2 ] .  

1.2.2 The Laplace Transform of the Mittag-Leffler 
Function in Two Parametzrs 

As fo1lou.s frorri rclationsliip (1.57), the Alittag-Lefflcr functiori E,,,,-l(z) 
is a gc11er;tlization of thc expo~icritial function ez a ~ i d ,  tlicrcfore. the. 
exponcritiill function is a pi~rticular caw o f  thc 1Iittag-Lcfflcr function. 

1,i. will oiitlinc. hcre the way to obtain the Laplacc transform of 
the. klittag-Lefflcr finiction with the help of the arlalogy l)t~t\vc~eii this 
fiiric.tiori arid t hc furict ion c 2 .  For this purpost.. let 11s obtain the Lal)liic.c 
tra~isforrn of the. f'unc-tiol~ th fJ1' i11 till ~~~~t r i td i t io i l a l  way. 

E'irst. lct 11s prove that  

Iridccd, using the series expansion for c". we obtain 



Second, we tliffe>renti;tte both sides of cquatiou (1.75) with respcct to  
z .  The result is 

and after obvious substitutions we obtain the well-known pair of Laplace 
transforrris of t l ~ c  functioli t k e f  

I,et us riow co~isidcr thc Mittag-Lefiler functiorl (1.56). Substitution 
of (1.56) ir1 thcl integral below leads to 

;ir~ct w obtain frorn (1.79) a pair of Laplace transforms of the function 
f"k++j-l E ( k )  ( k )  

<x.[ j (k~ f fy )> ( 4 ,  j j(9) = $ E * . ~ ~ ( Y ) ) :  

(1 .XO) 
Tllr: particular case of (1.80) for tr = r3 = 

is liscfiil for solvirig the serr~itlifft~rt-~~iti;il r~quatioris considered in [179. 1531. 

1.2.3 Derivatives of the Mittag-Leffler Functiorl 

Bv the Ric2mann I,iouville fractional-or(1c.r differentiation (3 is an 
arbitrary real ~iurnber) of serics rrprcscntatior~ (1.56) we o1)tain 
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The particular case of relationship (1.82) for k = 0, X = 1 and integer 
y is givt:n in [65]. cquation 18.1(25) and has the form 

Forrnula (1.83) has soIrie interesting consequences. Taking N = z .  
whcrc r n  and n are natural nurribers, we obtain 

Setting n = 1 and taking into account thc well-known property of 
t hc gamma fiinct ion 

we obtain frorri (1.84) that 

(d )7n  ( t n - l~n l , n ( tm) )  = 1"- ' ~ , , ~ . ~ ( t " ' ) .  (1.85) 
dt  

Performing the substit~it~ion t = z72/7r1 i11 (1.84) we obtain 

(1r2,n = 1.2.3, .  . .). 

Taking r n  = 1 i11 (1.86). wo obtain the following expression: 



1.2.4 Differential Equations for the Mittag-Leffler 
Function 

It is worthwhile notirig that relationships (1.84) (1.87) car1 also be i~iter- 
pretcd as differrritial equatiorls for the Mittag-Lefflcr function; namely, 
if we deriotc 

then these f~iitctions satisfy the following differential equatiorls respec- 
tively: 

1.2.5 Summation Formulas 

Lct us st,art with the obvious relat,ionship 
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wherc: the notation k - p (mod rn) means that the remainder of the 
division of k - p by rn is zero (k, p and rn are integer nurnbcrs). 

Colribiriiiig (1.92) and thc defiriitiori (1.56) of tho hlittag-Leffler furic- 
tiori, we obtain 

R ~ p l a c i ~ i g  (L with $ arid z with zl!"' iri (1.93). we arrive a t  

The following part,iclil:~r case of formula (1.93) rriust he rnentioned. 
Taking nt = 2 and z = t< we obtain 

Similarly. starting with thc obvious forrriula 

e 2 u k 2 1 n +  = + 1, if k - 0 (rriod 2rrr + 1) 
i f k f  0 ( n i o d 2 m + 1 ) .  

(1.96) 
v=-711 

we obtain 

(1.97) 
A gt3neralization of the s~i~rirnation forniula (1.93) has bee11 ohtai11c.d 

by I t .  11. Srivastava [244]: 

r i b -  1 

e t2~~( tn -u) /n~F Lo, ,~(zeLZT1' l m )  = 7nzn& ,,,,, g+,L, (z7"). (1.98) 
I/ = 0 

Obviously, for rr, = 0 the rrlationship (1.98) gives the sutn~riatic)~~ 
for~ritila (1.93). 

1.2.6 Integratiorl of the Mittag-Leffler Function 

1ntegr:tting (1.56) term-by-t,crm, we obtain 
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Relationsliip (1.99) is a particular case of thr. followi~ig rnore gc~icral 
relationship obtained by the fractional-order term-by-tcli-111 int,egratio~i of 
the series (1.56): 

From (1.100) arld forriiulas (1.57), (1.61) and (1.62) we obt,air~: 

1 
(Z  - f ) ( ' - ' ~ ' ~ d t  = Z " E ~ . ( ~ + ~  (Xz). (tr > 0). (1.101) 

z 
1 2 
- ( - t ) O  ' ccxh(JThl)dl = zaE2,,+~ (A: ), ( n  > 0) ,  (1.102) 
r ( o )  () 

Let us also prove the following foriiiula for thc Gactiorial integration 
of the llitt,ag-Leffler function: 

X, 

- 
( 2  - t)(' 1 t2k (y  + A j  I ., 

- C r (2kn  + N )  r ( l  + tr) 
} df 

k=O 0 
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Comparing (1.105) and (1.99) we have 

(1.106) 
Differentiating (1.106) with respect to  z, we obtain (1.104). 
There is also an interesting relationship for the hlittag-Leffler func- 

tion, which is sirrlilar to the Cristoffel-Darboux forrnula for orthogolial 
polynomials; narnely, 

(1.107) 
where y and z (y # z) are arbitrary complex numbers. 

Indeed, using the definition of the hlittag-Leffler function (1.56) we 
have: 

and utilizing the definition (1.56) we obtain (1.107). 
Another interesting for~nula establishes t,hc relationship between the 

Mittag-LefRer function and the fur~ction e ~ " ~ / " .  This relatio~lship plays 
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an iniportarlt role in the solution of the diffusion (lieat conduct,ion, rnass 
transfer) equation: 

To prove formula (1.109) we note that  for every fixed value of t the 
scries 

car1 bc terrrl-by-term integrated from 0 t o  cx;. Performing the integration 
we obtain: 

arict the use of the Legericlre formula 

gives formula (1.109) 

Thc use of the Laplacc transfor111 oft he Mittag-1,efflt.r function (1.80) 
is also a convc~lier~t way for obtitir~irig various useful relatioriships for the 
h'littag-Leffler function. 

For cxarnple. it follows from the identity (s denotes the 1,aplace trarls- 
form pttrameter) 



;tntl from the known Litplacc transfor111 of the furlct,ion 2" [62, forrriula 
l.3(1)] 

IJ  {t": s }  = I'(v + l)s-"-', (Rc(s)  > 0) (1.113) 

Thc forrrinl;~ for the fractional ir~tegnition o f  the XIittag-Lcffler hinc- 
tion (1.104) car1 ~ L I S O  he obtsincd irnlnediately by the in\-erse Laplace 
triuisforrn of the identity 

.l'liil formula (1.109) (.a11 also bc obtained with tlic help of the Laplace 
trallsfornl tecllniquc. Indcetl. if F(s) dmotes t h ~  Laplacc tralisforrn of a 
fiir~ctior~ f ( t ) ,  i.e. 

Lct us take in (1.116) 

f (s) = .rii-l ~ ~ , , ~ ~ ( : c " )  (1.117) 



Coniparirig (1.116) arid (1.11 8) we arrive a t  t h t  rclatioliship (1.109). 

Sirnilarlv. usirig tlie Laplace trarisforrri of the hlittag-Lcffler function 
(1.80). starting with the i(teritity 

wc obtain thc '  convolution of two hlittilg-Lcfflcr fiirictioris: 

Thc relationship (1.120) cktri also hc obtaincd fro111 (1.107). whcrc we 
ciiIi take z = -71 i~rifl the11 ut,ilizc the relationsliip (1.95). 

1.2.7 Asymptotic Expansions 

Integration of tlie relationship (1.87) givcs 

(1.121) 
whicl~ is valid for arbitrary zo # 0. 

If ;3 = 1, tllcll zo = 1) can be taken i11 (1.121). This gi\r.s: 

rI'aki~ig n = 2 i11 (1.122). wc obtain the forrri~lla 

from whicli ttic following asyrr~ptotic. for~iiula follows: 
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General casymptotic formulas for the hlittag-Leffler filnction E,,.p(z) 
are given below in the forrri of theorems. The contour y ( ~ ,  y )  arid the 
domains G-(t, cp) Gi(c, p) used below have been defined in Sectior~ 1.1.6. 
The cases a < 2, a = 2 and o > 2 are colisidered separatelj.. 

First let us obtain the corresponding integral representation formulas, 
whidi are necessary for ohtairiing the asymptotic formulas. 

THEOREM 1.1 o Let 0 < a < 2 and let ,O be an arbitrary complex num- 
ber. Then for an arbitrury E > 0 and p such that 

Let us prove this statement. 
If 121 < e, then 

Using the definition of the Mittag-Leffler function E,,ro(z) (1.56) and 
the integral representation for the function l / r ( s )  (1.52) and taking into 
account the inequality (1.128), we obtain for a < 2 arid lzl < t that 
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It follows from the condition (1.125) that this integral is absolutely 
convergent and defines a fiinction of z, which is analytic in G-(6, p )  and 
in G+(E, p).  011 the other hand, for every p E (na/2, min{n, 7ra)) the 
circle lzl < E lies in G-(E. p). Therefore, in accordance with the principle 
of analytic continuation, the integral (1.129) is equal to E,,,lj(z) not only 
in the circle 1x1 < c. but in the entire domain G-(t. y), and we have 
proved forrrlula (1.126). 

Now let us take z E G'(c, IL). The11 for an arbitrary €1 > jz/ we have 
z E G-(cl, p) .  and using the formula (1.126) gives, on the one hand, 

On the other hand, if E < lzl < c l  and -p < arg(z) < p, then the 
use of the Cauchy t,lieorcn~ gives 

and combining (1.130) and (1.131) we obtain the integral representation 
forrrlula (1.127). 

THEOREM 1.2 o If Re(0) > 0, then for arbitrary F > 0 

z E G-(c, n),  (1.132) 
4n.i 

The proof of this theorem is sirnilar to the previo~ls one. However, 
instead of the integral representation (1.52) of the function l / r (s)  we 
must use the forrnula (1.54) leading to the relatio~iship (1.132). The 
integral on the right-hand side of equation (1.132) converges for Re(P) > 
0 arid converges absohit,ely for Rr(,O) > 1. Taking into account that 
formula ( I  .131) holds also for a = 2 and IL = n. we obtain (1.133). 

Now let 11s use Theorern 1.1 for establishing the following =ympt,otic 
formulas. 
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THEOKE~I 1 .3  o If 0 < tr < 2! ,'j is an arbitrary complex number- und / L  

is an. a~.bitrar?/ real number such that 

n-n 
- < /L < mi11 {n: na) . 
2 

then, for. an (~rb%tr(~nj  ir~teger TI 2 1 th,e follo,f111,r~g ~zp:l,r1,s%on holds: 

1 1) z-k 

( )  = - ( )  - c + 0 ( l a1  ) , (1.135) 
n 

k = l  
T'(/1: - nk)  

Lt.t us start the proof of formula (1.135) by taking p satisfyi~ig the 
coridit iori 

n (1 
- < p < p 5 nlin {n, no). 
2 

(1.136) 

Taking now 6 = 1 and substitutirtg tlie repr~si:rit;ttion 

into equation (1.127) of l'hcorern 1.1. we obtain the following expressio~~ 
for the hlitta~g-Leffler function En,,-3(z) iri the d o i n a i ~ ~  Gt ( l ,  9) (i.e., on 
tho right siclc o f  the contour ? ( I ,  3)): 

The first integral can 1)e cval11atcc-l with tlw 11clp of forrnula (1.52): 
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Substituting this expression into equation (1.138) and taking into 
accourit the condition (1.136). we otjtai~i: 

Lct us estirriate t'he iritegral 

for large 1 z  1 and 1 arg(z) 1 4 11. 
For large / z /  and / arg(z)l 5 / L  m7e have 

rnin I( - 21 = / z /  s i ~ i ( p  - IL). 
(;E?(~,P) 

and therefore for large l z l  and 1 arg(z) 1 5 p we have 

Tlic irltegral (111 the right-hand side convcrgcs, because for ( si~cti that 
arg(() = f p and / < /  > 1 thc following holds: 

where cos(p/n) < O due to coxidition (1.136). 
Cornl)irting equation (1.140) and the c~stirnate (1.141) wc ol~t air1 the 

asymptotic fornlula (1.135). 

' ~ H E O I ~ E ~ , I  1.4 o If 0 < t r  < 2 ,  jj is a71 arbitrur"!g C O T T L ~ I P Z  rt~~rrcber ar~d /I, 

as an  c~,rhitrn,rg red r~umber such that 
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then for a n  a r h i t m q  integer p > 1 the following expansion holds. 

To prove Theorem 1.4, let us take 

7 i C Y  
- < y < p < min {T, T a )  
2 

(1.144) 

Taking E = 1 in equation (1.126) of Theorem 1.1 and using formula 
(1.137), we obtain 

where Ip(z) is the same as above. 
For large 121, such that 2 1 arg(z)/ < T; t,he following holds: 

Additionally, the domain p < 1 arg(z)l < T lies in the donlain G-(1, y ) ,  
for which equation (1.145) holds. Therefore, for large lzl we have the 
est,i~riate 

Combining equation (1.145) a11d the estimate ( I  .146), we ohtain the 
asymptotic formula (1.143). 

The followirig two tl-ieorerris. whicli give estirrlatcs of the hehaviour 
o f  tlie Mittag-1,c~ffler function E,, p(z) in different parts of the complex 
plane, arc obvious ronsequences of Theoreins 1.3 arid 1.4: 
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THEOREM 1.5 o If a < 2, j'? is an arbitrary real number, p is such that 
na/2 < p < min{n, ITQ)  and C1 and C2 are real constants, th,en 

c 2  /E,.a(z)/ 5 Cl ( I  + l ~ l ) ( ' - ~ ' ) / ~  exp ( ~ e ( z ' / ~ ) )  + - (1.147) 
1 + lzi' 

THEOREM 1.6 o If a < 2,  3 is an arbitrary real number, p is such that 
xa/2 < p < inin{n, na)  and C is a real constant, then 

Let us now turn our attention t.o the case of a 2 2. 

THEOREM 1.7 o If a 2 2 an.d /3 is arbitrary, then for an arbitrary integer 
number p > 1 the following asymptotic formula holds: 

where the srum is taken fur integer n satisfying the condition 

7rU I arg(z) + 2nnl 5 -. a 
2 

Lct us start the proof by recalling formula (1.97) 

where cr > O. Taking into accou~it that urider the coriditiorls of the 
theorem a > 2, let 11s take integer m > 1 such that crl = crl(2rr~ + 1) < 2. 



111 s i ~ h  a rase we car] apply Tlieorenis 1.3 anci 1.1 to all tcriris of the. 
above sulii (1.97). 

Let 11s t,akc all arbitr2xrg 11 satisfyiiig t lle ii1~(111~lity 

Taking all ar1,itrary integer q > 1 arid 1lsi11g the asyniptc>tir forriiula. 
(1.135) of Theorell1 1.3 ailtl (1.143) of Thcorerll 1.4, we ol-~tain 

(1.150) 
l'hc first suril in (1.150) is takcti for i11tegc.r .iralucs of r~ satisfying the 

Obviously. the coridition (1.151) is rquivalcnt, to tllc coriditio~~ 

S o w  lct 11s suppose that  z is fixed. If wc take / I ,  > rn/2 ttnd p, is 
close enough to 7rtr/2. tlicli the  i~icqualities 

tire sat isficd for the salitc. set of v:tlues o f  n .  
'Thcl nrii111)t~r (21r1 + 1 ) / 1  > (*a11 11c cliosc~i closc cnougli to y: 

thercforc. t hc cxprcssiori (1.150) car1 1 ) ~  written as 
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where the first stin1 is takcri for n satisfying tlic. c.olltfitio11 (1.153). 
L I I~  il now. q was a11 arbitrary nat.ural ~lurribcr. D;ow for i1 givcu p let 

11s takc 
y = (2nr + l ) ( p+  1) - 1. 

Then. t,akir~g into accou~lt that  

tlie asy~riptotic expansion (1.1 39) follows from (1.15 1). Thc proof of 
Tficorcrn 1.7 is complete. 

1.3 Wright Function 

Thc Wright filnction plays all irriporta~it rolc i l l  the solution of lirleiir 
partial fractional tiiffcrcntial t>cluations. c.g. t,ht frac'tior~al tliffusion mavv 

equal ion. 
This f'uiiction. rt>latcd to  thc IZIittag-Lcfllcr functioil in two piLra1llt1- 

tcrs E,, H(c'), was irltrotfuced by il'right [258, cf. [65. 10711. A ~iilrnbcr of 
usclful rclationsl~ips were obtaincd by Hll1llbe1.t and Agarwal [107] with 
tlic llclp of the Lap1ac.c t r;i~isfbrrn. 

For c.orivcnic~nc~c~ urt. adopt I-irlre ILIai~~ardi's rlotatiorl for the IVrigllt 
f1111~tioll JV(2:  Cl. J). 

1.3.1 Definition 

1.3.2 Integral Representation 

This fiitictioii can I)c rcprcsciltc~cl by the followir~g illtcgr;tl jti5. forlriu1;t 
18.1(29)j: 

1 J' T- -  ,' ~ + 2 '  ' I i r ( z ;  ( I ,  d) = 7 IJT (1.157) 
2x1 

t l a  

whcrc. Hrc ticnotos Ha~ik(ll's c.orttour. 
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To prove (1.157),  let us write the integrated furictiori in the form 
of a power series in z and perform term-b;y-term integration using the 
integral represerltation formula for the reciprocal ganlrna finivtion (1.46) 

1.3.3 Relation to Other Functioris 

It follows from the definition (1.156) that 

Taking D = 1 - (1 ,  we obtain Mainardi's function M ( z ;  (1): 

X ( - l ) k z k  
W ( - Z ;  -N, 1 - a )  = M(z;  tr) = 

k !  I?(-a(k + 1) + 1)' 
(1.160) 

k=O 

The following particular case of the Wright function was considered 
t)y Mainardi [131]: 

We see that. the Wright functioii is a ger1c:ralization of the expoilential 
fi~nction and the Bessel functions. For n > 0 and ,3 > 0 it is an entire 
function in z [65]. 

Recently Mainardi [131] point,ed out that W ( z ;  a ,  13) is all entire func- 
tion in z also for -1 < a < 0. 

Let us prove this statemcrit. Usirig the well-known relationship (1.26) 

we car1 write the Wright function in the forrn 
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Let us iritroduce an auxiliary majorixing series 

The coiivergencc radius of series (1.163) for -1 < cu < 0 is infinite: 

There is an interesting link between thc Wright function and the 
hlittag-Leffler function. Yarriely, the Laplace trarisforrn of the Wright 
function is c:xpressed witti the help of the Rllittag-1,efHcr function: 

r(1 - a k  - 3)  
I? = litn 

(k + l)! I k! k - ~  r(l - cr,k - (I - B) = li111 
k + l  

= 00. 
k - ~  ~ ~ l ( ? k - ~  

(1.164) 
(We use here rclationship [B3. formula 1.18(4)] .) 

It follows from the comparisori of the serics (1.156) and (1.163) that 
for a > -1 arid arbitrary B tht. convergence radius of the series repre- 
sentation of tht: Wright furictiori W ( z ;  a ,  O) is irifinite, and the Wright 
furlctioli is an eritire filllction. 
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Chapter 2 

Fractional Derivatives 
and Integrals 

111 this chapter several approaches to the generalization of the notion 
of differentiatior1 and irltegration are considereti. 'The choice has becn 
rcduccti to  those dcfinitioris which are relntcd to applications. 

2.1 The Name of the Game 

hIatkirmatics is thc art of giving things ~nislclading names. The beautiful 
and at first look mysterioiis narne thr frartlonal ~ ( L ~ ~ ~ L ~ U L I S  is just o i ~ e  

of the t hosc rriisriorners which are the essence of rnat hematics. 
For cxaniplc. we krtow such namcs as natural numbers and real num- 

ber.~. We ime t'tlcni very often; let us thirik for a ri~orrierit about these 
r~;t~rics. The riotior~ of a ~latural rbnntbrr is a riatl~ral abstraction. but is 
the nurrlber itsclf r~r~turnl'! 

Tlie notior1 of R rml nu~rtbrr is a gtncrali~ation of t l ~ t  notion of a 
rlatllral iiuirtber. Tlic wort1 reul emphasizes that we pretend that t h y  
rcflcct real quantitics. Thc real r~rirnbers do rcflcct rcw1 quantitics, but 
thi\ ( ' a ~ ~ n o t  c-linnge the fact that they do not exist. Everytliing is in order 
irl rnathcrnatical arlalysis, arld the riotioli of a r~u1 rtunbbf~r makes it ?;is- 
ier. but if orie warits to coinpute something. 11c i l ~ l ~ n c d i ~ ~ t e l y  discowrs for 
hiinself that there is no place for rral r~urnbr~s in the reul worlrl: ~iowa- 
(lays, conip~tations are perforrilcd mostly 011 digital coniputers, which 
can work onlb- with fillit(. st'ts of finite frac.tioris. which svrvt. as ;tpproxi- 
mat ions to unreal r ~ n l  nutnhprs. 
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Lct us now return to the riame of the fractzonal calculus. It does 
riot nieari the calculus of fractions. Neither does it rriean a fraction 
of any calculus -- differential. integral or calculus of variations. The 
fractzonul calculus is a name for the theory of iritegrals and derivatives of 
arbitrary ordclr. which unify and generalize the notions of integer-order 
differentiation and n-fold integration. 

Lct us consider the infinite seyuerice of n-foltl integrals and n-fold 
derivatives: 

The derivative of arbitrary real order a can be considered as un iri- 
terpolation of this sequence of operators; we will use for it the notation 
suggested arid used by Davis [39], riarricly 

The short name for derivatives of arbitrary order is frnctzonnl derzvntz~les. 

The sut)scripts (L and t denote the two limits related to the operatiori 
of fractional differciitiation: following Ross [227] we will call therri the 
terrnlnnls of fractional diffcrentiatio~i. The appearance of the tt~rrriinals 
in tlie syrnbol of fract,ional differeritiatiori is essential. This helps to  avoid 
arnbignities in applications of fractior~al derivatives to real problenls. 

Tht. words f~o ,~ tzonul  zntegrnls niean in this book integrals of arbitrary 
order aiid correspond to negative val~ies of a.  J4'e will not use a separate 
not;ttion for fractional integrals: we will denote the fractional integral of 
order ,fl > 0 by 

. ~ ? f  ( t ) .  

A fr(~ctzona1 dzffcrentznl equatzon is an equation which contains frac- 
tional derivatives; a fractzonal zntegrul equatzorl is ari iritcgral equation 
c*o~itaining fractional integrals. 

A fractzonc~l-order system niearis a systenl described by a fractional 
differential c~quatio~i or a fractiorial iritegral equation or t>y a systcrn of 
such cqu a t '  1011s. 



2.2 Griinwald-Letnikov Fractional Derivatives 

2.2.1 Unification of Integer-order Derivatives 
and Integrals 

In this section we describe an approach to tile unification of two notions. 
which are usually prestrltcd separately in classical analysis: derivative 
of  integer order n alid r~-fold integrals. As will 1)c shown below, these 
notions are closer to each other than one usually assurrics. 

Let us consider a co~ltiriuous furiction y = f  ( t ) .  Accortlir~g to tl.ic 
well-known definition, the first-order derivative. of the furiction f ( t )  is 
dcfincd by 

df  f t ( t )  = - = linl f ( t )  - f ( t  - h)  
dt I1+0 h (2 .1)  

Applying this clefiriitiori twice gives the secontl-order derivative: 

Using (2 .1)  and (2 .2 )  we obtain 

d 3 f  f ( t )  - 3 f ( t  - h)  + 3 f ( t  - 212) - f ( t  - 3 / ~ )  
fU ' ( t )  = - = lini 

dt3 }L+O h3 (2 .3)  

and, by induction, 

where 

(:) = 

n ( n  - l ) ( n  - 2 ) .  . . (71 - 7 - +  1) 
(2.5) 

T !  

is the usual notation for the binomial coefficients. 
Let us riow consicier the followirlg expression generalizing the frac- 

tions in (2 .1)  (2 .4):  



wliere p is an arbitrary integer 11urnber; n is also integer. as sbovch. 
Obvio~isly, for p 5 71 we have 

( P I  dl'f linl f h  ( t )  = f  ( ~ ) ( t )  = -. 
I1 -0 dtl' 

because in such a casc, as follo~vs from (2.5). all tho coefficients in tlle 
rl~~lrierat,or af'ter (i) arc equal to 0. 

Let us col~sider negative values of y. E'or coriveriic~ncc~, let us denote 

and replacing p ill (2.6)  with -p  we can write 

where p is a. positivc intrgrr r~urribrr. 
If 71 is fix(~1. fllrn f L 1 ' ) ( t )  tends to thr rlnintercsting liniit 0 w A - 0. 

To arrive at a rion-zero lirnit. we have to  suppose that n -t m as 1% -, 0. 
LZ'e can takr h = e. wlicrc a is a real constant, and collsider t11c linlit 

viiilir, ritilrr finit<) or infinits, of' f l -" ( t ) ,  wllicli we will drnute as 

lim fi " ( t )  = (I DFFJ f ( t  ) . 
h -0 

(2.11) 
,~ll:l- (2 

Here .D,"f ( t )  denotes, in fact, a certain opc'ration pcrforlnctf on the 
fiirictiori f  ( t ) :  a aiid t arc tlie tcrmzntzls - tlic lirrlits rc3lating to th i s  
olwratiol~. 

Let us consitlcr sclvrral part icvilar rases. 
F ~ I  p = 1 we ~ H V C :  

Taking into ncc:oui~l that t - nh = (I and that the f1111c.tiori f ( t )  is 
nshulnecl to bc co~~t i r~uons ,  we coilc*h~clt~ that 
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Lot us take 1) = 2. In this case 

allti taking h 4 0 wcl obtairi 

t)cc.suse ! j -, t t ~ s  12 -, 0. 
Tht: third particular rase, iiarncly p = 3, will show us t h e  genrritl 

cbxprcssion for ,, D,". 
Tttkirig i r ~ t  o accoul~t t h a t  

tw haw. 
( - 3 )  11 

f, ( f )  = 1-2 x(r + I ) (? .  + 2)lr2 f ( t  - r h ) .  (2.17) 
1 . ~ 0  

I1  
! L + I  ,)2 ! )+ I  

f ( i )  = - x ( r h ) ' f  ( g  - r h )  + - h - I ) .  (2.19) 
1 . 2  T _ ,  1 . 2  r= 1 
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Relatiorlships (2.13)- (2.20) suggest the following general expression: 

71 

.oYp f ( t )  = liili hP f ( t  - ~ h )  = - 
h-o ](t - T ) p - l f ( T ) d T  

, ih=f-a r=0 (P  - I)! 
(2.21) 

XI provc? the formula (2.21) by induction we have to show that if it 
holds for some p, then it Ilolds also for p + 1. 

Let us introduce the function 

which has the obvious property fi  (a) = 0,  arid consider 

Using (2.8) it is easy to verify that 

where we must put 

Relationship (2.24) applied to the first sum it1 (2.23) and the replace- 
ment of r by r - 1 in the second sun1 gives: 
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" p + l  + lirn hlJ C [ ] f l ( t  - rlr) 
1,-0 7'- 1  

,rh=t-a r=0 

ni-l p + l  
- lim I Z  +o lPC[ r - 1  ] f l ( t - r h )  

n h = t - o  ~ = l  

p + l  1  t - a  
= DtT' f l  ( t )  - (f - 1i1n 

n-cc [ TI, ] ,fl(" - ---- r~ 1. 

It follows frorrl the definition (2.22) of the function f l  ( t )  that 

Ttzkirig into account the known limit (1.7) 

= lirn 
( p + l ) ( p + 2 ) . . . ( p + n )  - - 1 

nI>n! T ( P +  1)'  

which ends the proof of fonnula (2.21) by inclllctiori. 

Wow lct us show that fortnula (2.21) is a representation of a pfold 
irit,egral. 

Integrating the relationship 
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from a to  t uTe obtain: 

nu;p+lf(t) = J (,U;''+' f ( t ) )  d t ,  ctc.. 
n 

t t t  

= /' d t  / d t  / (.DL"+" f ( t ) )  d t  

We see that the derivative o f  it11 integer ordcr 71 (2.4) and the p-fold 
integral (2.21) of the co~ltinuous filriction f ( t )  are partictilar c;ises of t h c  
genrml cxprcssion 

which rcprcsc.11ts thc dcriwtivc of ordcr 771 if p = m ant1 the rn-fold 
integral if 71 = - r r r .  

This obsc.rvatio11 natl~rallv Ictids to the idca of a ge~ierali~atiori o f  thtk 
notions of diffcrcntiatiori and intc~gration by allowitlg 1) i r l  (2.27) to  1)c an 
arbitrary renl or chvc~li rornplrx iitirnbcr. 13;c will rcstrict our att,ention to 
real valuc:s of 0. 

2.2.2 Integrals of Arbitrary Order 

Let us cor~sitler thc case of p < 0. For convcnicr~cr let 11s replacr. p by 
-y in thc expression (2.27). 'Tlicr~ (2.27) takes the forrii 



where, as above. the values of h arltl 71 relatc as n h  = t - a.  

To prove tlic existence of the lirriit in (2.28) and t o  evaluate that  limit 
we need tlie following theorern (A. V. Lctnikov. [124]): 

TI IEORE~I  2.1 o Let US take a sequence [ j k ,  (k = 1. 2, . . .) and suppose 
that 

liin !jk = 1. 
k--.ax 

lirrl cr,,.k = (1 for all k, 
r1 -+m 

lini x n7,.i = A far all k .  
7 1 - - 3 3  

(2.31) 

for ull n. 

I'roof. The‘ conditioi~ (2.29) allows us t o  put 

It follows from tlie co~iditiori (2.30) that for cvcry fixed r 

lim n,,,k$c = O 
l l - x  

k= l 

lisiilg subsequently (2.35), (2.31), (2.31), allti (2.36) we obtain 
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&ow, using (2.36) and (2.32), we can perform the following estima- 
tion: 

< a *  lirn In,,*[ = a *  lirn /n , ,k /  
P~-+CO n-cc 

k=r k= l 

< a * K  

where a *  = max lak[. 
k>r 

It, follows from (2.34) that  for each arbitrarily sniall E > 0 there exists 
r such that a *  < c / K  and, therefore. 

and the statement (2.33) of the theorern holds. 

Theorem 2.1 has a simple consequence. Namely, if we takc 

then 
n 

liin cr,,.kDk = AB. 
7 1 1 %  

k=l 

Indeed, introducillg the sequence 

we can apply Ttieorern 2.1 to  obtain 

71 " Pk  
liln a,.&- = lirn x a n . k z  = -4. 

7 ~ - o c .  n--02 
k=1 k=l 

from which the statement (2.37) follows. 

To apply Thoorern 2.1 for the evaluation of the limit (2.28). we write 
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and take 

Using (1.7) we have 

lini = lirn 7 
r-X 

Obviously, if the fullctiori f ( t )  is coritinuous in the closed interval 
[u., t ]  , then 

n t - a  t - a  "-' t - a  
lim C a,,, = lim 2 - ( T ~ )  f ( t  - r-) 

n--.m ~ L + O G  'n n 
r=O ?.=0 

= liln h ( r h ) ~ - ' f  ( t  - r h )  
I&+0 

r=O 

Takirig into accollnt, (2.38) and (2.39) and applying Tileorern 2.1 we 
coriclude that 

71 1 
a D;. f ( t )  = ?,iz; w c [:I f (t  - r h )  = - J ( t  - r ) p - l f ( i ) d r .  

,,h=t-o 1.~0 UP)  a 
(2.40) 

If the derivative f t ( t )  is continuous in [a,  b], then integrating by parts 
we can write (2.40) in thc forrri 
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anti i f  t l l r  function f ( t )  has rrl + 1 co~itirii~oiis tlcrivatives. then 

(2.42) 
Tht. forrnula (2.42) iln~l~t'diately provides us with the ;uyinptotics of 

.u, " f ( t )  at t = (1. 

2.2.3 Derivatives of Arbitrary Order 

Let 11s now considrr the crtse of'p > 0. Our airri is. as above. to evaluate 
the. liinit 

wliere 
71 

j- , (7)) ( t ) = ' - 1  (2.44) 
r=O 

To cvaluatc the lirriit (2 .43) ,  let 11s first trarisforrri the expression for 

j:;")(t) in tkle fo~lowirlg way. 
Usirig the knoivri propcrty of the bino~riial coc1fficielits 

we can write 

7 1 - 1  

+ t ~ - " ~ ( - l ) ~  ( t -  7-61. (2 .46)  
1 . -0  



wherc we deriotc 

Oi~vioiisly. A f ( t  - 7 . 1 2 )  is a first-ortler backwarti difference of the f i lnctio~~ 
f ( T )  at tllc point T = 1 - 1.11. 

Applying the propcrty (2.45) of tlie binorriirtl cocfficicl~ts rcpcvitcdly 
r n  times. we o1)tain starting fro111 ( 2 . 4 6 ) :  

Let 11s e\,aluate the liniit of the k-tll terrn in the  first SUIII i11 (2.48): 

= l i ~ n  
11 -0 

n tz t u 

A k j ( u  + k h )  
/ l k  

71, P - k  
x I ( -  x ,in1 

A"(. + kh)  
- - 

7 -  7& - k' 11-0 11 
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because using ( 1 . 7 )  gives 

lirri (-1) 
7 1 4 W  

= lirri ( - P +  k + I ) ( - p +  k +  2 ) .  . . ( - p +  12) - - 
1 

n-cc ( n  - k ) - ~ + k ( r l -  k ) !  r ( - p + k +  1 )  

and 

lirn 
Ak f ( a  + k h )  

12 
= ,f ( k )  ( a ) .  

h-10 

Knowing the liniit (2.49) we can easily write t he  lirnit of thc first surn 
in ( 2 . 48 ) .  

To c.valuatse the limit of the second sun1 in (2 .48)  l ~ t  11s write it in 
the forrri 

~ ~ ' l ~ ' f ( t  - r h )  
x h(rh)7n-" h"1+ 1 

To apply Tlieorcrri 2.1 we take 

nTn+l f ( t  - rh)  t - a  
an,T = h(rh)rrL-P )L"~f 1 , h = ----. 

n 
Using ( 1 . 7 )  we verify that 

In addition. if nz - p > - 1 ,  then 

71-m-1 71-1r i  - 1  AT" I '  f ( t  - r h )  
l i ln  o,, , ,  = liln h(rh)rn-P---- 

ll-3Cj 1,-0 /,"1+1 
r=O n t l - t - n  T=O 
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Taking into acco~lrlt (2.51) and (2.52) and applying Theorem 2.1 we 
corlclude that  

Using (2.49) and (2.53) we finally obtain the lirnit (2.43): 

The formula (2.54) ha\ been obtained under thc assumption that the 
derivatives f ( k ) ( t ) ,  (k = 1, 2, . . . , m + 1) are continuous in the closed 
interval [a, t] and that  rn is an integer riuniber satisfying the cordition 
m > p - 1. Tlle srnalleljt possihle value for nL is tleterrriined by the 
ineql~ality 

r r ~  < p < rrt + 1. 

2.2.4 fractional Derivative of (t - a)" 

Let us evaluate the Grii~lwald- Letr~ikov fractional d~rivativc f ( t )  of 
the power furiction 

f (0 = ( 1  - a)", 

where u is a real numbcr. 
We will start t?y considering ~iegative vallies of p, which means that  

wc: will start  with the evaluation of the fractional irltegral of order -0. 
Let us use tlie formula (2.40): 
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ant1 suppose v > -1 for the convergence of the integral. Perfor~nirig in 
(2.55) ttic. substitution T = u + <( t  - a )  and then using the definition of 
the beta f1111ction (1.20) wc o t~ ta i l~ :  

Now let us coiisider the case 0 < rn < p < m + 1. To apply the 
fornuila (2.54). we must require u > 772 for thc convergence of tlic integral 
in (2.54). Then we have: 

t 
1 

J ( t  - T ) ~ & - P  
dT'+' (T  - u,)" 

aD2)(t - a)" = dT711+l d ~ ,  (2.57) 
r ( - p  + 7n + 1 )  

(I 

because all non-integral addends are equal to 0.  
Taking into account that 

drn+l (7 - a)" 
= v ( u - 1 ) .  . . ( u - r n ) ( ~ - a )  v-m-1 - - r ( v  + 1) (T  - (1) -- 117 - 1 

d.r?"+ l v - r n  

and prrforrnirig t lie sul)st,i tution T = a + [ ( t  - n )  we obtain: 

Roting tha t  the expression (2.58) is forrtially ider~tical to the ~ x -  
prrssion (2.56) we car1 coricludc that the Criii~wald Letriikov fractioiial 
derivative of tllc power ftinctio~l f ( t )  = ( t  - a)" is given by the fornllila 
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'CVc will returr~ t,o forrntlla. (2.59) for the Griinwald Letnikov fractional 
derivative of the powt>r furictiori later. whcn we consider some otlier 
approaches to  fractional diffcrcritiatiori. The forrriula will be the sanie. 
but the conditions for its applicability will bc diffcrcnt. 

Frorii tlie tllcoretical point of view. the class of functiorls for which the 
considered Griinwald Letnikov definition of thc fractioiial derivative is 
defincd ((n~ + 1)-tiriles continuously differentiable ftinctions) is vcry liar- 
row. However, in rriost applied proble~ns dcscri1)ing cor~tinuous physical, 
chemical and othcr proc~sses we deal with s11rli very smooth functions. 

2.2.5 Composition with Integer-order Derivatives 

Notirig that wc havc only one restriction for rrz in the formula (2.511, 
rlanlely the condition ? n  > p - 1, let us write .s instcad of rrt, and rcwrittx 
(2.54) as 

In what follows we asslime that 7 n  < p < 7n 4 1. 
Lct us evaluate the derivative of ii1trgc.r order 71 of the fractional 

derivative of fractiorial order p in the for111 (2.60). wlierc ' L ' L ~ ~ ~  titkc .s 2 
rn + 11 - 1.  The result is: 

Since s > nl + 71 -- 1 is arbitrary, l ~ t  US take s = r r ~  + I ) .  - 1. This  
gives: 

d'" 
-p lt-( " 4 ' l ( W  = .Dft"f ( t )  



2. FRACTIONAL DERIVATIVES AND INTEGRALS 

Let us now consider the reverse order of opcratio~is and evaluate 
m the fractional derivative of ortler p of an integer-order derivative d,,, . 

Using the formilla (2.60) we obtain: 

Putting here s = m - 1 we obtain: 

and compariiig (2.63) and (2.65) we arrive at the conclusiorl that 

dfL f ( t )  ~ ( k ) ( ~ ) ( t  - c l . ) - ~ - n + k  

~ ' ( - ~ - y ~ + k + l )  
. (2.66) 

The relationship (2.66) says that the operations and .Df are 
cornrr~utdivt?, i.e., t3hat, 

only if at  the lower tc?rminal t = u of the fract,ional differentiation wc 
have 

f ( " ( a )  = O ,  ( k = O ,  1,  2, . . . ,  T L -  1 ) .  (2.68) 



2.2.6 Composition with Fractional Derivatives 

Let us now consider the fractional derivative of order q of a fractional 
dcrivativc of order p: 

.DP (.Gf ( t ) )  

Two cases will be corisidered separately: 11 < 0 and p > 0. The first 
case means that - depcnding on the sign of q - differentiation of order 
q > 0 or iritcgration of order -q > 0 is applied to the fractional integral 
of order - p  > 0. In the second case, tlle object of the outer operatio11 is 
the frar.tiona1 derivative of order p > 0. 

In both cases we will obtain an analogue of the well-know11 property 
of integer-order differentiation: 

dT1 dU"(t) dm' dT1f ( t )  dTrLt7' f ( t )  
>= = &m+n . 

Case p < 0 

Let us first take q < 0. Then we have: 

where the iritegral 
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is c~valllat~cd with tlle lielp of tlie slibstitution r = < + i ( t  - [) and the 
dcfiiiil ion of the l~etii fiiriction (1.20).  

Ixt us riow suppose that 0 < n < y < n + 1. Notirig that q = 
(71 + 1) + ( q  - n - I ) ,  'i~7hc.r~ (1 - rl - I < 0 ,  and using the forrnulas (2.62) 
and (2.69) wc ol>tairi: 

= (, D; ( t ) .  (2.70) 

Combining (2.69) aiiil (2 .70)  we coricludc that if p < 0. then for any 
real q 

( l ~ ; ( , l ~ l ' f  (0)) = ( L D ; + ( ' ~  ( t ) .  

Case 1) > 0 

Let us assurrie that 0 < In < 11 < rrl  + 1. T11t.n. according to forrriula 
(2.54). we have 

I,ct ris take (1 < I) and evaluate 

E;sanlii~irig tile right-llaiid side. of' (2.71) we see that t11v filrictiorls 
( t  - (1)  "' liaw 11011-ir1tegral)le sirlgularitic~s for k = 0, 1. . . . , m - 1. 
'rlicrefore. the derivative of real order q of .DF f ( t )  exists onl?- if  
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?'-?"-I The integral i11 the right-hand side of (2 .71)  is equal to .D, f ( t )  
(the fractional integral of order -p + 7 n  + 1 of tlie function f ( t ) ) .  There- 
fore, under the co~itiit ions (2 .72)  the rcprcscntat ion (2 .71)  of the p t l i  
cicrivative of f ( i)  takes the Sollowirig Sor~li: 

No\\; wc can find tllc clc>ri\~ative o f  ortlcr q < 0 (in otlicr words, the. 
ilitegral of order -q > 0) of tlic tlcrivativc of orcler p give11 hy (2.73): 

Takil~g into account thca contlitio~~s (2.72) ant1 thc forlriula (2.71) ivc 

Let us 110n7 takt. O 5 7) < q < 71 + 1. A S S ~ I I ~ ~ ~ I I ~  tllat f ( t )  satisfies 
tl;it. c.oncjitioris (2 .72)  arid taking i r~to  il~c0111lt that q - r t  - 1 < 0 and. 
therefore, the. formula (2 .75)  can t)c used. we obtain: 

which is the sallle as (2 .75) .  
Thcrefctrc.. wc can co~ic.liltlc that  if p < 0. thcri tlic relationship (2.75) 

holds for arbitrary rcaa1 q: if 0 5 7n < p < 7 r ~  + 1, tlicn tlic rclutionship 
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(2.75) holds also for arbitrary real q, if the function f ( t )  satisfies the 
conditions (2.72). 

Moreover, if 0 < m < p < m + 1 and 0 5 n < q < n + 1 and tlie 
function f ( t )  satisfies the conditions 

where r = rnax(,n, m),  then the opera.tors of fractional differentiation 
.D[ and .D,4 commute: 

2.3 Riemann-Liouville Fkact ional Derivatives 

Manipulation with the Grunwald-Letnikov fractional derivatives defined 
as a limit of a fractional-order backward differcnce is riot convenierit. 
The obtained expression (2.54) looks bctter because of the presense of 
the integral in it; hut what about the non-integral terms? The answer 
is simple and elegant: to corisider the expression (2.54) as a particular 
case of the integro-diffcrcntial expression 

d m+l 

.Q f ( t )  = (z) / ( t  - T)"'-" f ( r ) d r ,  (rn 5 y < m + 1). (2.79) 

The expression (2.79) it is the rriost widely k~iowri definition of the 
fractional derivative; it is usually cslletf the Rie~nann-Lionville defini- 
tion. 

Obviously, the expression (2.54),  which has bcen obtained for the 
Griinwald Letnikov fractional derivative urider tlie assumption that the 
function f ( t )  must be m+ 1 times rontinuously differentiable. can be ob- 
tained fro111 (2.79) under the same assumptzon by perfbrrriir~g repeatedly 
integratiori by parts and differentiation. This gives 
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Therefore. if wc consider a class of furictions f  (t) llavirig rn+ 1 contin- 
uous derivatives for t 2 0, then the Griinwald-Letnikov definition (2.43) 
(or, what is in this case the same. its integral forrn (2 .54))  is equivalent 
to the Riernann-Liouville definition (2.79).  

From the pure mathematical point of view such a class of functions 
is narrow; however, this class of functions is very important for appli- 
cations, because the cl.laracter of the majority of dynamical processes 
is srrlooth enough arid does not allow discontinuities. Understanding 
this fact is important for the proper use of the methods of the fractional 
calclllus in applications, especially because of the fact that the Riernarm- 
Liouville definition (2.79) provides an excellent opportunity to weaken 
the conditions on the function f ( t ) .  Namely, it is enough to require the 
integrability of f (t);  thcri the integral (2.79) exists for t > a and can be 
differentiated rrL f 1 times. The weak conditions on the function f  ( t )  in 
(2.79) arc necessary, for example, for obtaining the solution of the Abcl 
integral equation. 

Let us look at how the Rienlann Liouville definition (2.79) appears 
as the result of the unificatiol~ of the notior~s of integer-order integration 
and differentiation. 

2.3.1 Unification of Integer-order Derivatives 
and Integrals 

Let us suppose that the function f ( T )  is corltinuous and integrable in 
every firiite interval (a ,  t ) ;  the filrictiorl f ( t )  rnay have ar1 integrable sin- 
gularity of order r < 1 at the point T = a: 

lim (T - a)" f  (t)  = const ( # 0). 
7-a 

Then the integral 
t 

f ( - l ) ( t )  = Jf(T)dT 
U 

cxists anti has a finite value, namely equal to 0, as t -+ a.  Indeed, 
performing the substitution r = a + y( t  - a )  and then denoting E = t - a ,  
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Iirn f (-')(t) = l i ~ n  f ( r ) d ~  
t-a t-n , 

= l i ~ n  (t - a )  f (a + ?/(t - a ) )dy  
t-a J 

0 

i)ecallse r < 1. Therefore. we can consider the two-fold integral 

Integration of (2.83) gives t,he t,hree-fold integral of f (7): 

arltf hy induction in t hc gc.nc.ral caw nre have thr .  Cauchy for~nula 

Lct us rlowr slippose that 71. > 1 is fixctl and take integcr k > 0. 
Ohvio~wly. wc. will obt,ai~i 



2.3. RIEJIAJWLV- LIO UC'ILLE DERIITATIVES 

where ttic sylribol D-' ( k  2 0) deriot~s k iterated iritegrations. 
On t1.i~ other halid. for a fixctl n 2 1 arid intcgcr k > 72 file (k  - 72)-th 

derivative of the furictioli f ( t )  ran be writtcri as 

where the synlbol DI" ( k  > 0) deliotes k itc.ratctl tlifft~rentiatioris. 
'CLTt> scbc that the forrnulas (2.86) a ~ i d  (2.87) car1 be considc.red as 

particular cascs of one of them, rlaniely (2.87). ill which n (71 > 1) is fixed 
ancl the syr~ibol D~ 11ieari5 k integratioris if k 5 O arid k differentiations 
if k > 0. If k = r1 - 1, T L  - 2, . . . . th~11 the formula (2.87) gives iterated 
lrltegrals of f ( t ) :  for k = 71 it gives the ftinction f ( t ) ;  for k .  = n + 1 ,  r~ + 2 ,  
n + 3. . . . it  givcs dcrivativcs of order k - n = 1. 2 ,  3. . . . of the function 

.f ( t ) .  

2.3.2 Integrals of Arbitrary Order 

To extelid tlric notion of 11-fold intcgritt,ion to iion-ir~tcger values of n ,  we 
call start with the C'aucliy forrnula (2.85) arid replace the integer n in it 
by a rcal y > 0: 

In (2 .85)  thc il~tcgcr 71 niust satisfy tlie corlditior~ 71 > 1: the cor- 
resporidirig corlditiori for I, is weaker: for the existence of the illtrgral 
(2.821) wc riiust Iiavt. p > 0. 

3lorcover, under ccrtairl rewoneble ~ s s u n ~ p t i o n s  

li~rl .DLp f ( t )  = f ( t ) .  
9,-0 

(2.89) 

so \v(. can put 

d x f  ( f )  = f(2). (2.90) 

7'11~ proof of the rcxlationship (2 .89)  is vcry sirriplc if' f ' ( t )  has contin- 
uous tlerivatives for t 2 0. In such a case. iritcgratioll by parts arid tlie 
11s~ of (1.3) b' J ~ V C S  

1 I .  

(LD;il f ( t )  = 
( t  - [Pf ( u )  + / ( t  - r ) f 1 f 1 ( 7 ) d r .  
r(l) + 1) + I )  . 

(1 
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and we obtain 

n 

If f ( t )  is only coriti~iuous for t 2 a: tlieri the proof of (2 .89)  is some- 
what longer. 111 such a case, let us write .D,"(t) in t.he form: 

t t 
1 f ( t )  

.,DLPf ( t )  = -- / ( t  - T)P--' (f (7) - f ( t ) )  d r  + - / ( t  - ~ ) ~ - ~ d r  
 PI a 1 3 ~ )  

Let us consider the integral (2.92).  Since f ( t )  is continuous, for every 
6 > 0 there exists 6 > 0 such that 

Then we have thc followirig estimate of the iritegral (2.92): 

arid taking into account that c -+ 0 a.5 d 6 0 we obtain that for all p  2 0 

1i1n 1 121 = 0. (2.05) 
6-0 

Let us riow take an arbitrary 6 > 0 and clioosti 6 sudi that 

for all p 2 0. For this fixed 6 we obtairl the followirig estirnate of the 
integral (2.91): 
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from which it follows that, for fixed b > 0 

lim /I1[ = 0. 
P-+O 

Considering 

( t  - u)" I .DLPf ( t )  - f ( t) l  5 Ill1 + 1121 + I f  ( t)l . I r(p + - ll 

arid taking into account the limits (2.95) and (2.95) and the estimate 
(2.96) wc obtain 

lim sup I . D ; ~ ~ ( I )  - f ( t ) /  < i, 
P-+O 

where E can be chosen as small as we wish. Therefore, 

lirn sup 1 . D ; ~ s ( ~ )  - f(t)l = 0, 
P-+O 

and (2.89) holds if f ( t )  is continuous for t > a. 

If f ( t )  is continuous for t > a: then integration of arbitrary real order 
defined by (2.88) has the following important property: 

.D;P(~D;' f ( t ) )  =a DLP-' f ( t ) .  (2.99) 

Indeed, we have 

= aDt"-q f ( t ) .  



(For the cval~iatiori of tl~c. ilitt.gra1 frorn ( to t we usctl the su1)stitutiori 
T = < + <(t  - <) itllo~ving 11s to cxprcss it in tc~rlns of the bota fu11c.tion 
(1 .20) . )  

Obvio~isly. we can ilitrrcl~nrigc p arid q.  so ic.c liavc 

[)-(I ' 
U ~ ; p ( a ~ ; ( l  f ( t ) )  = n ~ ; q ( ( , ~ ~ p f ( t ) )  = j ( t ) -  (2 .1()())  

0 1 1 ~  11it~y 11ot e t l i i~t  thc rule (2.100) is sirriilar to  the well-known prop- 
erty of integer-orc1c.r dcrivati~rc:~: 

d dT1 f  ( t )  drl d r r lp ( l )  d7'L+f1 f ( t )  
- (1 t - (I") = (F) = - d j .  

2.3.3 Derivatives of Arbitrary Order 

The rt~prescntation (2.87) for thc derivative of an intrgc~r order k. - n 
provides a11 opl)ortu~iit,y for cxteritliry, tllc notior1 of  differcritiation to 
riori-integer orcler. Kan~c~ly. we car1 Icavr irit,egt>r k and replacc irltegcr n 
wit11 a real 0 so that k - a > 0. This givcs 

wl.~erc. thc only substarltial rcstrictiori for rv is (I > 0. url~icli is net-cssary 

for the corlvorgt~ncc of the int ogral in (2.102).  Tliis rcbst riction, howcwr. 
can 1)e without loss of generality - - rcplac-cd with thc Iiarrower cori- 
ditiorl 0 < a < 1; this car1 be casily show11 xvit 11 the lielp of the. propc'rty 
(2.100) of  the ir~tcgrals of arbitrary real ortlel and the defiriitio~i (2 .102) .  

Deliotir~g p = k - (1 we (*an writc (2.102) ;LS 

or 
r f k  

( t )  - ( ~ ~ " ' ( t ) ) .  ( k  - 1 5 p < k ) .  (2.104) 

dk 
= --( f ( t ) )  = f ' * - ' ' ( t )  

dt" 



hlorcovcr. usirig (2.90) we see that for y = k 2 1 ;ind t > u 

which 11iea11s that for t > n the Riem;uin Liouiillc fractioilal cierivative 
(2.103) of order p = k > 1 coirlcides \vit h thc c~onvcritional derivi~tivc of 
ordcr k .  

1,ct 11s now ~ ~ n s i d e r  some properties of  the Rielnariri I,ioiivill(~ frac- 
t ional derivatives. 

Thc first and rnayhc the rriost ilriportant - property of thc Ricm- 
;inn Liouvillc fractiorial clerivative is I hiit for p > O anti t > ( I  

which mclans that thr. Ricrriarlri Liouvillc. fractional diffc>rrlitjation op- 
erator is a lcft inverse to thc Rit>~narlri Liol~villc fract ion;il iritrgrat io i~  
opcrator of thc sanita ortfcr p. 

To prove tllc property (2.106), lct 11s consider the. casc of integer 
p =  rr 1 1 :  

Taking riow k - 1 < p < k ant1 lisirlg t llc c~olnposition rule (2.100) for 
tlric Riclriitnli Lionville fr>i,c,t,ional integrals, lve car1 writ(. 

f ( t )  = o ~ ~ ( k - ' l ) (  c l ~ ~ p f  ( t ) ) .  (2.107) 

wliic.lri ciids t lic. proof of t Iic 1)roperty (2.106). 
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As with cornrer~tional integw-order differentiation and integration, 
fractional diffcrentiation atld integration do not comrnute. 

If the fractiorlal derivative ,D: f ( t ) ,  ( k  - 1  < p < k ) ,  of a function 
f ( t )  is integrable, then 

Indced, on the one hand we have 

t 
1  

.D;'(.D: f ( t ) )  = 7 / ( t  - r)p-' .DC f ( T ) ~ T  
1 ( P )  

On thc other hand, repeatedly integrating by parts and then using 
(2.100) we obtain 

- - 1 

r ( p  + 1) 

t 

- - 1 
/ ( t  - T ) P - ~  { .D;(~-P) f ( r ) }  dr 

r ( p  - k  + 1) 
( L  

t=u 
t 

- - 1 
/ ( t  - r ) ~ - ~  { a ~ ; ( k - ~ ) , f ( 7 - ) }  dr 

r ( p  - k  + 1) 
a 

k 

k ( f  - a ) ~ - ~ f  1 

- C [ U W - ' ~  (t)It=u r ( 2  -k p  - j )  
J=I 
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The existence of all terrns in (2.110) follows frorn the integrabil- 
ity of .Df f ( t ) ,  because due to this condition the fractional derivatives 

f ( t ) ,  ( j  = 1 ,  2. . . . . k ) ,  are all bounded at  t = a .  
Cornbir~irig (2.109) a i d  (2.112) ends ttic proof of the relationship 

(2.108). 
An important particular case must be mentioned. If 0 < p < 1. then 

The property (2.106) is a particular case of a more gerlcral property 

where we assumr that f ( t )  is continuous and. if p > q > 0, that the 
derivative .Dy-q f ( f )  exists. 

Two cases rnust be considered: q 2 p 2 0 and p > q 2 0. 
If q 2 p 2 0, then using the properties (2.100) ant1 (2.106) we obtain 

.D? (,D;"f ( t ) )  = a ~ ~ ( , z ~ ; P  u ~ ~ ' q - " )  

= a~; 'q -" '  = aD:'-Y f ( t )  

Now let 11s consider the case 1) > q >_ 0. Let us denote by nt and rz 
integers such that 0 < 7n - 1 < p < 7n and 0 5 n 5 p - q < 7). Obviously, 
n < rrb. Then, using the definition (2.103) and the property (2.100) we 
obtain 

- - d" 
- { a ~ ; - f ~ - t l  f ( t ) }  = .D;-~ f ( L ) .  
d trl 

The above n~entioned propert'y (2.108) is a particular case of the rriore 
general propcrty 
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To prow the forrrlula (2.1 15) we first use property (2.100) (if q 5 p) 
or property (2.114) (if q > p) and then property (2.108). This gives: 

where wc used the known derivative of the poww fiinctiorl (2.117): 

2.3.4 Fractional Derivative of ( t  - a)" 

Lct us now cvaluatc the Riemann Liouville fractionid derivative .D: f ( t )  
of thc power fiirictior~ 

f ( f )  = ( t  - a)". 

where Y is a r t d  rlurrlbcr. 
For this purpose let us assume that n - 1 5 p < n and recall that by 

thc definition of the Rierriarin -Liouvillc derivative 

Siibstituting into tlic formula (2.11 ti) the fractional integral of orclcr 
a = 71 - p of this fiinction, whicli we have evaluated earlier (see for.rriula 
(2.56), p. 56). i.?. 

wc obtain: 

(2.117) 

a l ~ d  tlic only restriction for j ( t )  = ( t  u)" is its iritogrability. ~ l i ~ m c ~ l ~ ~  
1) > - 1 .  



2.3.5 Composition with integer-order Derivatives 

I11 rriariy applicd pro1)lerns the cornpositiori of t,hc Rierriarirl Liouville 
fractional derivative with integer-order clerivatives appears. 

Let us corisitler the 71-th (lerivi~tive of the Rierlialin Lioilville frac- 
tio~ial dcrivativc of real order p. 

Usirlg the tlefiriitiori (2.102) of the Rien~ann-Liouville derivative we 
obtain: 

d" 1 d " S k  
1 

-- (.D:-" f ( t ) )  = - - / ( t  - 7)"-'.f(r)dr = .D;'-~-(' f ( I ) .  
dt71 I'(a) d t ' ~ + ~  , 

and dcnoting p = k - n urc have 

To co~isidcr tlic rcverscd ordcr of  opr:rations, we 111ust take into ac- 
count that 

- " f ( ~ ) ( r l ) ( t  - a).' 
- f ( t )  - C - ( J  + l j  

J =O 

arlcl that 

. ~ ; . ~ ( t )  = ( , D ; + " ( . D ; ~ ~ ~ ( ~ ) ) ,  (a. l a  1) 

Usirig (2.120). (2 .121)  a11d (2.117) we obtain: 

wliic-ll is t lit. si-lxnc. as thc relationship (2.66) 
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Tliereforr. as in tlic case of the Griinwald-Letnikov derivatives, we see 
that thc Riernarin -Liouville fract-ional derivative operator ,DF corrimm~tes 
with g, i.c.. that 

only if at the lower tcrrriir~al t = (1 of thc fractional differentiation the 
furict ioli f ( t )  satisfies the coridi tiorls 

2.3.6 Composition with Fractional Derivatives 

Lct 11s now turn our attc>ntiou to the composition of two fractiorial 
Ricwiann Liouville derivative operators: .D:. (rn - 1 < p < rrl).  and 
fLDy. (n - 1 5 (1 < / I ) .  

Using subsequently the dcfiriitior~ of  t,he Rienianri Liouvillc fractional 
dcrivttive (2.104), the fornillla (2.108) and thc cornposition with inttcgcr- 
ordcr derivatives (2.119) wc obtain: 

(1"" 
DPtfJ - - I r1  =-{. I 

dt"' f ( t )  

71. ( t  - a)-."- J 

= .D:"(' f ( t )  -x [.Dl-' f ( t ) ]  , . (2.125) 
j=1 

t=u I'(1 - p - . I )  

I~iterchangi~lg p arid (1 (and therefore ln and n ) ,  we can write: 

The comparisc)n of the rclatiorlships (2.125) and (2.126) says that in 
the ger~cral case the lliernann 1,iouvillc fractional dcrivativr operittors 
.D; and ,D: ilo not cornrrilltc. with only onc exception (besides the 
trivial case p = q ) :  nalnely, for p # q we hi~ve 
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only if botli surns in the right-hand sides of (2.125) arid (2.126) vanish. 
For this urv have to require the sirri~~ltancous fulfillrrierit of the conditions 

arid thc colidi t ions 

[.D:-'/(t)] = 0, ( j  = 1. 2. . . . . n ) .  
t=a 

(2.1 29) 

As will be shown below iri Section 2.3.7, iff  ( t )  hxs )a, slifficient riuniber 
of coritiiious derivatives, thcn thc coiiditions (2.128) are cr~uivalent to 

arid the conditions (2.129) are cyuivalcrit to 

f ( ~ ) ( n ) = O ,  ( . j = O ,  1 . 2 ,  . . . ,  n - 1 ) .  (2.131) 

anti thc rt~latioriship (2.127) holds (i.e. the p t h  and q-th derivatives 
cornnmte) if 

, f ( ~ ) ( n )  = 0, (j = 0, 1, 2, . . . . 7% - 1). (2.132) 

where = niax(71. 7n). 

2.3.7 Link to the Griinwald-Letnikov Approach 

As wt. rrientio~icd above. see p. 63, tliere exists a lirik between the Rie~n- 
an11 Liouville ant1 the Griinwald-Letnikov approaches to differentiation 
of arbitrary real order. The exact rontlitio~is of the equiva1er~c.e of tliese 
two approaches arc the follo\ving. 

Let 11s suppose that  the fiinction f ( t)  is (n - 1)-tirries continuously 
diffvrt~~itiable in the interval [a. T ]  aiid that f(")(t)  is intr:gral,lc in [a, TI. 
Then for ewry p (0 < p < ri) t11c Ric~riiann-Liouvillc derivative (ID:' f ( t )  
exists and coir~cides with the Griiriu~ald Let~iikov ckriv:ttivc. ,D? f (t) .  arid 
if 0 5 7n - 1 < 11 < rr? 5 rr, thcn for n < t < T tllt l  following holds: 

(2.133) 
Irideetf, on the orie liand tlie right-hand side of formula (2.133) is 

cqiial to  the Griinwald Lctnikov derivative . Z2p.f ( f ) .  Or1 the other hand, 
it can bc written as 
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which after l n  irltegratiot~s by parts takes thc form of the Hitrrial~ii 
Lioltville dcrivat ivt. .Df f (t)  

Thc following particular case of the relationship (2.133) is irnportar~t~ 
fro111 t lie viewpoint of numerous applied problems. 

If f ( t )  is cont irluous and f ' ( t )  is ir~tcgral~lc ill the interval [a, TI. tlieri 
for every p (0 < 1) < 1) 1)oth Ricrna1111- 1,iollvillc anti Cru~iwal(i-Lct~~ikov 
derivatives exist and can br written in the form 

(2.134) 
Ohviolisly. the derivative give11 by thc cxprcssion (2.134) is iritcgra1)le. 

Anothcr i~r~portarit property following froin (2.133) is that the ~ x -  
istencc of the derivative of order p > 0 inlplics the e~is t~ence of the 
tierivative of ort1r.r q for all q such that, O < q < p. 

hIore prccisrly, if for a give11 continuous functio11 f ( t )  having ir~tc- 
gral)le derivative tl.ie Rirrritiin Liouville (Griinwald Lrtnikov) derivative 
.D: f ( t )  exists anti is integrable, tllcri for every q such that (0 < q < p)  
the dcrivativt. .D: f (I)  also exists and is integrable. 

Illdeed, if wr dnlote g( t )  = .D,('-") f.(t),  t k l c ~ ~  we car1 write 

cl 
f ( t )  = - ( . ~ ; ( l - ~ ' ) j ( t ) )  = g1 ( i ) .  

(if 

Noting that is intcgri1t)lc and taking into account tlic for~nltla 
(2.154) and the iiiecluality O < 1 + q - p < 1 we co~iclude that the 
dcrivativcl . ~ : + ~ - ' ~ ( f )  exists and is i~~ t rg rab l r .  Then, using the pro~[)crty 
(2.1 14). wc. o1)tairi: 

Tlle relatiorlsl~ir) (2.133) I ) c l  wcctl t he C:riitiurald Lctriilcov and thc 
I-<iclnallr~ 1,iouvillc definitions also hiis i~notk~er co1wcclurric.1: wllicl~ is 
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very ilr~portarlt for tllc forrn~il;ttion of applicd prol)lcnls. l r ia~~ipulat~ior~ 
with fr:~ctior~al ctt>rivat i.ircls allti tlie forllii~lation of ylriysically llicalii~~gful 
initial-valuc problen~s for fractional-ordc.r cliffc~reritial c~yliations. 

Unrlcr the sarnc. assurrrptioris 011 thr  frlnctioli f ( t )  ( f  ( t )  is ( r r ?  - 1)- 
t i l~ i rs  continuonsly tfiffc>rei~tial)lc ti~ld its rn-f h dcrivilti~rc is intcgr;it)lc ir l  

[(L. 7.1) itnd otl 11 ( ~ n  - 1 5 1) < 7 i i )  thc coridition 

is equivalent to t.hc c.orltlit io~is 

f ' ~ ) ( u )  = O .  ( j  = ( I .  I ,  2. . . . .  rrt - I ) .  (2.133) 

Iiitlcecl. i f  tile co~itfitions (2.136) art. fi~lfilletl. then putting t  i a ill 

(2.133) wc inir~icdiatcly obtsin (2.135). 
011 tlic otlier hand. if t llt  conditiol~ (2.135) is fiilfillctl, then ~nultiply- 

irig hot h sicks of (2.133) siibscq~lc~itly by (f - (J  = rn - 1. nl - 2, 
rn - 3. . . . . 2, 1, 0 )  and taking tlic limits as f 4 ia n . ~  o1)tain f ('" ' 1  ( a )  = 

0. f '""')((~) = 0. . . . . f " ( c l )  = 0. f ' ( c i )  = 0, f ( (1 )  = 0 i . ~ . .  thc corldi- 
t ions (2.136)- 

Tlienaforc, (2.135) holds if ;lnd oilly ~f (2.136) 1101(1s. 

Frorri tlic t.quivalcncc~ of t ht. coritlitioris (2.135) and (2.136) it i~nmc- 
diatcly follows tlliit if for sorilc p > 0 tlic y t l ~  dcrivati\rt. of f ( t )  is equal 
to zt'ro at  tlic terlriinal t  = a. thc.11 all tic>rivntives of ordcr q (0 < q < p) 
itre also r.cluitl t o zero at t  = (L: 

[.D: f ( t ) ]  = 0. 
t ==a 

2.4 Some Other Approaches 

Alnolig othor a ~ ) ~ ) r ~ i t ~ l l ( ' ~  to the g c ~ l i ~ r a l i ~ a t i o ~ i  of thc notion of differen- 
t iatioli iriitl illtrg~.wtio~i wc. tlcli.itlcd to pay stte~itiorl to tlic appro;ich sl~g- 
g ~ s t c d  11y R I .  C i ~ p ~ t o  arid to  thc :~pl)l.oac-ll bawd o r 1  gc~r~crillizc~il fiinctions 
(c1istril)ntiolis). bet*ause of' its pohsil)lc 11scfiilness for the formulation arid 
solutior~ of al~pliotl pro1)lt.nls arid their trarisp;trenc.y. 

Tlic approach dcvclopcd by 31. Caput o alloivs t hc fornlulat iori of 
initial colictitioris fill. illit ial-vali~c prol)ltiiw for fr;tc.tio~ial-ordcr diEPreri- 
t ii~1 ctl~~atioiis il l  a forni irlvolvirig o~llj.  1 he  liiliit valu(\s o f  ii~teger-order 
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derivatives a t  the lower terminal (initial time) t = a ,  such as yr(a), yf'(a) 
etc. 

Thc gcneralizeti functions approach allows consitierat,ion anti utiliza- 
tion of the Dirac delta function 6 ( t )  anti the Hcavisidc (unit-step) furic- 
tiori H ( t ) ;  both functions are frequently used as rriodels (or parts of 
rnodels) for tcst signals arid loading. 

2.4.1 Caputo's F'ractional Derivative 

The definition (2.103) of the frrtct,iorial differentiation of the Hie~narin 
Liouville type played an important role in the developlrient of tlie theory 
of fractional (1erivativc.s and integrals and for its applications in pure 
rrlatlicrnatics (solution of integer-order differential equations. defirlitiorls 
of new function classes, summation of series. etc.). 

However. the demands of nlodern technology require a certain revi- 
sion of tilt. well-established pure rnatherriatical approach. There have ap- 
peared a nunibcr of works, cspt.cially in thr. theory of viscoelasticity arid 
in hereditary solid mechanics, where fractional derivatives are used for a 
better description of rnatc~rial propcrtics. Mathematical rnodclling based 
on enhttnced rhcological models riatur;-llly leads to  ctifferential equations 
of fractional ortier - and to the necessity of the for~nulat~io~i of i~li t~it~l  
conditioris to such equations. 

Applied prohlcnis require definitioris of fractional derivatives allowing 
the utilization of physically interpretable initial conditions. which contain 

f (a),  f t ( a ) ,  ctc. 
Unfortunately. the Ricrriarin-Liouville approach leads to initial con- 

ditions contairiing the lirriit valiics of tlic Rienianri- Liouvillc fractional 
derivatives at the lower tcrniir~al t = a. for cxample 

lini ,DjY -'.f ( t)  = h l .  
t-a 

lirri a ~ y - 2  f ( t )  = b2.  
I-u 

(2.137) 

lini ,DjY-" f (t)  = h,,: 
t-n 

where I r k .  k = 1 , 2 , .  . . , I L  are given constants. 
In spite of the fact that initial valiie prot~le~ns with s~icli initial con- 

ditions can be suctc~ssfully solvetf rnat.hernal,ically (see, for example, so- 
lutiorls giver) in [232] arid in this book), thcir solutions are practicallj~ 
ustllt~ss, hcrausc. there is no known physical interpretation for such types 
of initial coxlditioris. 
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Here we observe a conflict betwee11 tlie well-established arid polished 
rnatherriatical theory and p r ~ t ~ i c a l  needs. 

A certain soliitioii t o  this conflict wits proposed by hl .  Caputo first 
in his papcr [23] and two years later in liis book [24], and recently (in 
Banach spaces) by El-Say-zycd [55,  561). Caputo's definition (-an he written 
as 

Under natural conditions on the function f ( t ) .  for n -+ n tlie Caputo 
derivative becorrles a convcritiorial n-th tlerivat,ive of the filriction f ( t ) .  
Indeed. let us assume that 0 5 71 - 1 < (1 < 71 and that the function f ( t )  
has n+ 1 continuous bouridcd tlcrivatives in [a. T ]  for every T > (L. Then 

f ( " ) (a) ( t  - a)"-" 
lirri :DP f ( t )  = lirn 

(2 + 71 a--tn r(n - u: + I )  

This says that. sirriilarljr to tlie Griinrvald Lctnikov and the Rierri- 
anri-Liouville approaches, the Caputo approach also providc>s an inter- 
polation 1)etwren intoger-order derivatives. 

The rriairi advantage of Caputo's approach is that the initial contli- 
tioris for fractional <liff(~rc~ntial equatior~s with Caputo derivatives take 
on the sanic forrn us for i11tcgt.r-order differential ~quat ions ,  i . ~ .  contain 
the lirriit v:tli~es of integer-oscter cieliuativcs of unknown furic.tions at tlie 
lower tt~rrriintil t = (1. 

To undcrlillc tlie differerice ill the form of the initial conditions wllich 
rrliist accorrlparly fractional differential cquatioris in ternis of the Riern- 
all11 Liouville arid the Caputo derivatives, let us recall the corresponding 
Laplace trai~sforrri forlnulas for the case a = 0. 

The forlriula for tile Laplace tralisform of t11c Rirrriarlri Liouville frac- 
tional derivative is 
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wfic.reas Caputo's forri~ula, first obtained in [23]. for the Laplncc trans- 
foriri of tlie Caputo tlerivative is (sre Scction 2.8.3) 

We see that t hc Laplace t r a i ~ s f o r ~ ~ l  of tlie Rielriarill Liouvillc frac- 
tional derivative allows utilizat ioii of initial contlitions of t he type (2.137), 
which call c;iuso problrnis with thcir physical interpretation. 011  tliv con- 
trary, tlie Laplacc. trnrlsfor~~i of the Cap l~ to  derivative allows utilizatiori 
of initial valucs of classical i11tegt.r-order tlerivatives with known physic-a1 
i ~ i t  erpret ations. 

Tlie Laplace trarlsforir~ lrictlriod is frecluently used for solving ap- 
plied prohlerns. To dioose t11c appropriatr Laplace traiisforrri forrriula, 
it is very iiriportai~t to  understantl which type of tltlfinitio~l of fractiorial 
dcrivativc (in other wortls. which type of initial conditions) must br. used. 

Ariotlier tliff(1rence bct,wcen the Ricrrianri-I,io~~ville definition (2.103) 
arid the Caputo dc.finition (2.138) is that  tllc Caputo tlcrivativc of a 
constant is 0, xvhcrras in the cases of a finite vnluc of tlle lower terrriinal 
(3 the Ricnlt~nn Liouvillc fractioilal dcrivativtl of a c-oristant C: is rlot equal 
to  0. but 

Ct -" 
OD;'" = r(I - 

This fact lrd. for cxaiilple, Ochriianri arid hIahtrov [174] to usil~g thc 
Rienla~lrl 1,iouville clefinitioii with a = -x. I)ccatlsc, on the oiic hand, 
from tlir. pllysical poirlt of view they neeel the f r a ~ t i o ~ i i ~ l  (l(3rivative of a 
corist?tilt (.qua1 to zcro  nil oil the other hand fi)rlrrula (2.131) givcs 0 i f  
o + -x. The physical rnca~lirig of this stcy is that  the starting ti~rre of 
the phlysic~al procws is set to -s. In such a cast. transiciit rfftcts callnot 
t)e studied. However. taking (L = -oc is the  iir3cc.ssary wbstractiori for the 
consitleration of tht. steady-stntc proce.sses, for cxnlriplc for stuctying tlie 
response o f  the fractional-ortlcr dyrianiic systerrl to t hr' pr.riodic- input 
sigri;+l. wiivcb propngat iori in viscoclastic iriaterials. etc. 

P ~ i t t i r ~ g  (L = -,x in hot11 tlc.firlitior~s arid rc.cluiriiig reasonable bc- 
friiviolir of J ( t )  ;iritl its clriivntivcs lor t -+ -a, we arrive at the snrnr, 

fol.n1ula. 
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( n -  1 < a  < 7 1 ) .  

whicli shows that  for tlic study of stt:itdy-state dynarnical processes the 
Ricrriari~i- Liou\rille dcfinitioii arid thc Caputo t1efinitrion must give the 
same rcsults. 

T1-irlre is also anot,litlr difli.rc>nc-e 1)etwctw thc Ricnianri Liouville and 
thc Caputo approaches, wliich urr would like to rricntion herc and which 
scerl~s to be irnportaiit for npplic-ations. Ntuiic~ly. for thc. Caputo deriva- 
t ive nrc havo 

r"~;' ( ; ~ ; " f ( t )  ) = "~;+"'f(t). ( T  = 1 . 2  . . : TI - 1 < n < n )  

(2.1 33) 
whilc for the R icrriari~i Liouvillc derivative 

o D T " ( r L D ; 1 f ( t ) ) = g ~ ; 1 S . 7 r ' f ( f ) .  ( r r = 1 2  , n - l < c t < n )  
(2.144) 

Thc iritcrchaiige of thc ciifferc~ntiatioii operators iri forrn~ilas (2.143) 
:~11(1 (2.144) is allowed uiidcr ciiffc>rcnt coiiditions: 

I n ( t )  ) = CD;" ( "D;' f ( t  j ) = LD;""' f ( t ) .  

( (LD(;l f ( t )  ) = (ID;Y ( (lDr,f(f) ) = (~Dt'+"'f ( t? ,  (2.146) 

(TI1 = 0 .  1 .  2. . . . ; T l  - I < ( 2  < i t ) .  

\VP sre that contrary to  thc I l ic~~iani i  IJiolivill(~ approach, in the cast1 
of tllc' Caputo tferivativo there are no rcstrictioiis on thc val~lcls , f ( " ) ( O ) ,  
( . s = O , l  , . . . ,  n - 1 ) .  

2.4.2 Generalized Functions Approach 

This app1.oac-h is 1):isetl oli the ohsc~rviitiori thttt t,hr Cttuchy forrri~lla 
(2.85). see pagc 64, 
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which allows rcplacenient of the n-fold integral of the furictiorl f ( t)  with 
a single integration. call be written as a cor~volutiori of the furictiorl f (t) 
and the powcr function t 7 ' - ' :  

where botli functions, f (t) and trl-I. are replaced with zero for t < a 
and t < 0 correspondingly: the asterisk means the convolution: 

x 

f (t)  * ~ ( t )  = / f ( i )g ( t  - T ) ~ T .  
-m 

Let us consider t.he filrictiori cP,(t) defined by [76] 

Usiiig the function Qp(t) thc formula (2.147) can be considered as a 
particular case of the niore gcneral convolution of thc function f ( t )  and 
the function Q,(t): 

f ( - q t )  = f ( t )  * Gp(t). (2.149) 

To liantfle both positive and negative values of p in the sarne way, 
it is coriverlier~t to consitler the ftinction a p ( t )  as a geric.ralized function. 
Its propc'rtits arc knourn [76]: for our purposes it is esser~tial that  

where d(t)  is the Dirac delta filriction (761. 7'hc Dirac tlelta function 
is oft en used i r ~  applied problcri~s for tlie dclsc.ription of impulse loading 
(inipulse forces). Thr  convollition of the  k-th derivative of the tlelta 
function anti f ( t )  is givc.11 by 

Obviously, if p i s  a positivc intcger (p = n), the11 the formula (2.149) 
reduces t o  (2.147). On tlie other hand. it follows froni t11e relationship 
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(2.150) and the properties of the delta function that for negative integer 
values of p (11 = -n,, n > 0) 

f'O'(t) = f  ( t )  * @,,(t) = f  ( t )  * s ( t )  = f ( t ) ,  

. . .  . . . . . .  

f  ( k ) ( t )  = f ( t )  * @ - . k ( t )  = f  ( t )  F 6 ( k ) ( t )  = f ( l c ) ( t ) .  

Therefore, both integer-order integrals and tierivatives of a gencral- 
izecf function f ( t )  can t)c obtained as particular cases of thc convolutio~i 
(2.149).  wliicli is also ~rieaningful for lion-integer values of p. This rncans 
that the forrn111;l (2.149) provides a unificatiorl of fa-fold integrals ant1 
n-t,h order tlerivativcs of a gcneralized function and an cxtcntion of thcsc. 
notions to real order y arid that wc can define the derivative of' real order 
p of a generalized fulictioll f  ( t ) ,  which is equal to zero for t < a, as 

D:) f ( t )  = f  ( t )  6 a l , ( t ) .  (2.152) 

Another property of the function QP(t),  which lcads to jlr~portant, 
conseqiiences, is 

To prove (2.153),  let us first suppose that > 0 and q > 0. Tlieri 
using the s~ibstitutiori T = a + ( ( t  - (I) arid thc dt:finition of thc beta 
f~~nct ion (1.20) we obtain 

- ( t  - a)" + "I 
- - 

l ' (p  + q )  ' 

and analytic coritinuat,iorl with respect to  p arid q gives (2.153). 
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It follows frolii (2.153) that if the f~inction f ( t )  is zero for t < u,  tlieri 

(f ( t )  * 8,( t))  * * , / ( I )  = f ( t )  * ( @ p ( t )  * arl(f 1) = f ( f )  * @'i,+q(t). (2.155) 

from which irnrrletliately follorvs t llc cornposition law 

(2.156) 

for iill p aritl q. The sirriplicity of tlic cornposition l;lw (2.156) is. of 
course, a great ativ;iritage of tlic use of gc~ieralizect functio~ls. 

Froni for~liula (2.153) we directly obtain tho derivative of real or(1c.r 
p of t,he generalizetl furictior~ 

in the forrri 

( t  - ( I ) ' ] - ( !  
( t  > a ) .  (2.157) 

In the particular caso q = 0 wcl obtain tlicl frac.tioria1 derivative of the 
Hcavisidc unit-step fi~rictiori I1 ( t ) :  

a i d ,  ill gt:~icral, for all h < n 

Puttirig q = - n  - 1 ( 1 1  > 0) ill (2.157).  urcl o1)tain the fractior1:tl 
derivative of order j) of the n-th derivative of the Dirac tlrlta futic*t,ior~: 
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Finally, if q - p + 1 = -71 (n > 0) tlieri fro111 (2.157) it follows that 

Rrlationskiips (2.158), (2.160) and (2.162) reprtJscnt uli iritcrestirig 
arid useful lirik between tllc power function. the 1Ieavisidc unit-step futic- 
tiori arid tlle Dirac delta filnrtion. 

Thc gcncralizcd fiirictiori approach allows ttic cstablishnicnt of ari in- 
teresting link het,ween t hc> Rierriari~i Lioliville and the. Caputo approaclies 
itnd their relationship to  corivci~tiorial and gc~iicraliaetf ititcgcbr-order dc- 
rivat ivcs. 

Usiiig thc functioii 9,(t),  the 1Zierr1arir1-Liouville definitiori (2.103) 
call be writtcri as 

and the relationship (2.133) takvs the forlli 

Taking -+ n ,  whcrc. n is a positive iiitcger ril~inbcr and using (2.130). 
we o1)taili from (2.165) the followrir~g rclationsliip: 

n - 1 

k ~ ; ' f  ( t )  = i,i);'f ( t )  + C d ( " - * - ' ) ( t  - a )  f ( " ( (o) .  (2.166) 
k=O 

Corr~paring rclationship (2.16(j) with the well kliowri relationhliip 
( 7 1 )  l,etwecr~ the t~la.ssicil1 derivative fc ( t )  arid tiit. gc.ncralized tleriwtive 

j(") ( t )  



where f ( t )  = f ( t )  for t. 2 ci arid J ( t )  -- 0 for t < a: we conclude that the 
Riema7171 Liozwille def in, i t io~~ (2.79) ser-ues us a generulizntior~ of the no- 
tion of the generalized ( in  the sense of ycnr7.alized fu,rrctions) rlerivative, 
while the Caputo derivali~)e (2.138) is u gen,eruli.zntion of diflcrentiation 
i n  th,e cla,ssical sense. 

Sirriilar results can be founct in D. Matignori's work [143], where a 
relationsliip between the fractional derivat.ive in the sense of di~t~ributions 
and the "srnoot.h fract,iorial derivative" (which coincides with Caputo's 
derivative) has been given, and in F, bIainardi's paper [135], where the 
relationship bctwccl~ thc Riernann Liouville and the Caputo definitions 
of fractional differentiatior1 is also discussed. 

2.5 Sequential Fractional Derivatives 

The main idea of differentiation and ir1tt:gration of arbitrary order is the 
generalization of itcrated integration and differentiation. 

In all these approaches the general a i n ~  is the same: to "rcplace" the 
integer-valued paramctcr 72 of a11 operation denoteti, for example. by the 
syrnbols 

( f r L  

with a rion-integer parameter p. Other tletails vary (function classes, 
methods of "replacemcnt" of 71 with p,  sorne properties for non-integer 
values of y ) .  but it is o1,vious that all efforts are made for the direct 
intern~ediate replacemelit of an integer n with a nori-integer y. 

IIowever, there is also ariotlier way wliich is lcss well kriowr~ but call 
be of grcat irnportar1t.c. for m;triy applications. This approach is based on 
the ohservation that. in fact, n-th order diffcrcrltiation is sirilply a series 
of first -ordcr tlifferentiations: 

d '" f  ( t )  d n' d - - -- 
A - f ( t ) .  dt" , dt dt " ' ' ' d t  , 

If thcrc is a suitable method for "replacing" the derivative of first 
order $ with the derivative of non-intcgrr order Do, where 0 < tr 5 1.  
tlicri it is possible to col~sicler the following analogue of (2.168): 

D"" J ' ( t )  = DnUn Dcr f ( t ) .  - (2.169) 
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K. S. Miller and B. Ross called the generalized diffcreritiatiorl de- 
fined t?y (2.169). where D" is the Riernarin Liouville fractiorlal deriva- 
tive, sequentzal dzjferentrat~on and considered differential equations with 
sequential fractional derivatives of type (2.169) in their book [153, Chap- 
tcr VI, sectiori 41. 

Other mtitations of sequential fractional derivatives car1 he obtained 
by interpreting 1)" as the Grii11walt-l-Letrlikov derivative, the Caputo 
derivative or any other type of fractional derivative not considered here. 

Iristeacl of (2.169) it is possible to  replace each first-order derivative 
in (2.168) by fractional derivatives of orders wl-iicli are riot nccessarily 
equal. and to  corisitler the Illore general exprcssio~i: 

which we will also call tlie seq?~ent?al .frclctzonal derzuat~.nc. Dcpcritlirig 
on the probleril, thc synibol D" in (2.170) can niearl the Riernann- 
Liouvillc., thc Griinwaltl Letnikov. the Caputo or any other niutatiori 
of the operator of gcncralized differcntiation. Moreover, frorn this point 
of view, the Ricrnarln- Liouville fractional dcrivative and the Caputo frac- 
tional derivative arc also j u s t  particnlar caws of the seyueiltial derivative 
(2.170). 

Indeed, the Itierria~in-Liouville fractional derivative can be writ te~l 
ils 

while the Caputo fractional difFt:rential operator ran bc written as 

The properties of thc Riemann -Liouville tierivatives and tlie Caputo 
derivatives of the same currll~lative order p are ciifferer~t dtic t o  t2he dif- 
ferent .cequrJ.rrcr of differer~tial operators $ arid .Dt ( 7 ~  P) 



111 the case of thc Griiriwald- Letriikov approach (p. 59) and tli? 
Itieniann-Liouville approach (p. 68) we saw that for the fractional inte- 
grals it always holds that 

Because of this, we do not sec a reason for considering sctlucntial zntcyrcil 
op~rators .  

However, i11 tlie gPricral case. the property (2.173) does not lioltl for 
p > 0 and/or q > 0 (this explains thc differerlcc b c t u ~ c n  tllc Ilicrnann 
Liouvillc and thc Caput,o fractional cterivativcs). Therefore. only con- 
sideratiori of scqllential fractional de~z .ou l~~)e  operators car1 be of interest 
and can givc new reslilts. 

On the other hand, sequential fractional derivatives can appear in a 
natural way it1 the formulation of various appliod problems in physics 
iind applictt scicncc. Indeed, differential equations rnotlelling processes 
or objccts arise usually as a result of s sul>stitution of one relationship 
involviiig derivatives into another one. If the derivatives in both relation- 
ships arc fractional dcrivatives. then t hc resulting expression (eqliation) 
will contain in the general case - sequential fractional derivatives. 

It is worth nlentioriirig that thc sequcrltial fractional integro-differen- 
tial operators of tlir form (2.170), with crl < 0, a:! > 0, . . . , n, > 0 were 
first corlsi~lcr~d arid used for various purposes by hi. hI. Dzt~rbashyan 
arid A. U. Nersesyan at least since 1958 [4G, 47, 49, 45. 501. Howtxvc.r. it1 
this book we call setl~lential fractional derivatives also ,lI~ller Ross fr(~r- 
teonal ctr-.r/vat~vc's. bcca~lse they c l~ar ly  outliric~l tllv differericc bctwcen 
the (single) Rie~nari~i  Liouville differentiation and sequential fractional 
difE'(~rcntiiitio1i [153, Chapter VI] . 

2.6 Left and Right Fractional Derivatives 

Until now, we considered the fractiorlal derivatives f ( t )  with fixed 
lower ter~r~inal  a and rnovirig upper tt~rrninal t .  ILlorc.ovc:r. we supposcd 
that u  < t .  Ho\wvcr, it is also possiblc to  c-o~isitlcr fractional derivativc.~ 
with rrlovirlg lower tcrrriin;tl i i111d fixc~l u p p c ~  tcr~r~irial b. 

Lct us suppose that the furiction f ( t )  is tlcfiric.cl i11 tlie i~iterval [a.  b] .  
w h ~ r e  u and 0 ('it11 eve11 bt> infinitc.. 

'I'11r) fractional clerivative with the lower terminal a1 t lie loll c31id of 
t he intcrval [a, O] , Dr f ( t ) ,  is callrd tho lcft fractfoncil dcrzvo t l  ue. The 
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UDYf ( t )  tD;.f ( 1  1 

Left ticrivative Right derivative 

I I 
1 I 

( I  tlic "past" of f ( t )  t  the "filturc" of f ( t )  b 

Figurc 2.1: Th,e lclft and r-zght derzvc~tl:.z)es as operations on the 'pas t "  and 
the ' y?Lt lL7~" (If f ( t ) .  

fractional tlcrivativc with the upper terrllirial at  the right euci of the 
interval [u, h] is calletl the r~glrt frartcorlul do~~zval?z~c. Obviously. the 
notioris of left and right fractional derivatives can I>(. iritroducetl for any 
mutation of fractional d i f f~rc~~t in t ion Rit.lrian11 Liou\.ille. Griiriwald 
Lctnikov. Caputo and others, u~liich arc riot corisidert~d iu this book. 

For cxarnpl(>. if k - 1 < p < k. thr.11 tlle left Rieinarin Liouvillc 
fractional derimtive is. as we kriow, dcfiried by 

The corresponding right Riernarin Liouvillc derimt ivc is defined 1>y [232.  

52.31 

The right Caputo anct Griinwalct 1n.tnikov tlerivativ(~s car1 tlefinc~cl 
in a silnilar n1annt.r. 

Thc rlot ions of lclft and right, fractional dcrivtttives can be consitlcrcd 
from the pliysical ar~ti  the. rnatlicniatical viewpoints. 

Son1ctimc.s the followirig pl~ysical irjt erpiet at ion of' t llc lcft and riglit 
derivative call be hclpfiil. 

Lct us suppos~ that t  is time a~ l t l  t lit. f'unct iori f ( t )  (i~s('ril)cs R ('ertili~l 
dgnaniic;ll process dt.velopi11g in t i ~ n r .  If urc take r < t .  where t is t l ~ c  
prcsc~lt rriomcnt, then tlw state .f ( T )  of tl-ir1 ~ ) r o ~ ' f ~ s s  f l ) e l o i ~ ~ ~ s  to 1 1 1 ~  past 
of t liis process; if wc take T > f ,  t l ~ e ~ i  f (7) belorigs to thc filture of the. 
process f .  
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Frolr~ sudl a point of view, the left derivative (2.174) is an operation 
performed on the past statcs of the process f and the right derivative is 
an operation performed on the future states of tllc process f .  

The physical causalitv principle means that the present state of the 
process started at the instant r = a, i.e. tlie current value of f (t) ,  
depends on all its previous (past) states f (r) (a < r < t) .  Since we 
arc not aware of the dependence of the present statc3 of any process on 
the results of its devt'lopment iri  the future, only left derivatives arc 
considered in this book. Perhaps once the right tlerivativcs will also get 
a ccrtairi physical interpretation in terms of dyiiarriical processes. 

On the other hand, frorn the viewpoint of rriathernatics the right 
derivatives rerriirid us of the operators conjugate to the operators of left 
differentiatio~l. This ~neans that the complete thcwry of fractional dif- 
ferential equations, espccially the theory of boundary value problclns for 
fractional differential equations, can be developed only urit,h the use of 
botli left anti right derivatives. 

At present, the above i~lterpretat~ion of fractional derivatives anci in- 
tegrals, related to dynaniical processes. sccrris to be the rnost transparrant 
arid usable. Thcre was a11 attempt undertaker1 by R. R. Nigrnatlilliri [I651 
to derive a relationship hctwcen a static fractal struct~ire a i ~ d  fractional 
i~l t~grat ion,  but it follows frorn R. S. Rutman's [231] critics that a suit- 
able practically useful rclatiotlsliip between static fractals and fractioilal 
i~itegration or differentiation still has not been established. 

2.7 Properties of Fractional Derivatives 

Let us turn our attention to the properties of fractio~~al-order i~lt~egration 
and differerltiation, which are lliost frequently nsed in applications. 

2.7.1 Linearity 

Similarly to integer-order differe~it~iation, fractional cliffercntiation is a 
linear opera ti or^: 

Dp(h.f (1,) + pg(t)) = h DY f ( t )  + / I  D7'g(t), (2.176) 

where D" denotes any nlutatior~ of' thc: frac:tiorial differentiation consid- 
ered in this book. 

Tllc linearity of fractional dif'cerrntiation follows directly from the 
corresponding definition. For cxarr~ple, for the Criinwald- T,etnikov frac- 
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tional derivatives defined by (2.43) we have: 

Sirttilarly, for Ricrnanri Lio~lville fractional derivatives of order p (k - 
1 5 p < k) defined by (2.103) we have 

2.7.2 The Leibniz Rule for Fractional Derivatives 

Let us take two functions, ~ ( t )  and f (t) ,  and start with the know11 
Lcib~liz rulv for evi~luating the 71-Ch derivative of thc protluct p( t )  f (t) :  

Lct us now take the right-hand side of forlnula (2.177) and replace 
the integer parameter r~ with the real-valued parameter p. This rnearis 
that t hc int,cgc.r-ortfer derivative f ("-lc)(t) will be rcplaced with the 
Griinwald -Let liikov fractional-order derivative . ~ f - f f  (t).  Denoting 
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lct 11s c.valurtte t hca surri (2.178). 
First. 1ct us suppose that 1) = (1 < 0. Tha i  wc 1iat.c also p - k = 

q - k < O for all k .  aritl accor<lilig to (2.40) 

7L 
t 

1 
( t )  f ( r ) c l ~  (2.180) 

'Taking illto nccourit the reflection forrr~ula (1 .26)  for tlic g;lrrima func- 
tion. wf> Iiave 

;md, therefore, thc cxprcssiori (2.181) takes thr. form: 

si11(qx) 
fly, ( t )  = ----- 

7r 

(2.185) 
Using the Taylor tlicorriri u7c can writ(' 

n 

aritl therefore we ohtail1 
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1,c.t 11s aow corisidcr t lle case of p > 0. Our first stvp is t o  show 
that  the eva l~~~t , io l i  of i21;: ( t )  can be reduced to tlic c ~ ~ a l n n t i o ~ i  of f2:1, for 
a c*crtai~i 11~g;~tive q .  

'l'xkirlg into ;iccollnt that T(O) = x we have to piit 

alid ~isiiig the known propt.rty of the binon~ial cocfficiellts 

we can write 

(2.188) 
Hcplacirig k with X. + 1 ill the seconcl S I I I ~ I  gives 
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wliich can be written as 

Adding and subtracting the expression 

The relationship (2.193) says that tthc evalnittiori of fl$(t) can be 
reduced to  the evaluation of Rg-'(t). Repeating this procedure we can 
reduce the evaluation of fZP, (1) (p > 0 )  to thc evaluation of I?: ( t )  (q < 0) .  

Let us suppose that 0 < p < 1. Then p - 1 < 0,  and according to 
(2.186) we have 

I2g - ' ( t )  = .of-' ( q ( t )  f ( t ) )  + ~ , - ' ( t ) .  (2.194) 

To conibirle (2.194) and (2.1 93), we have to tfiffcrcntiate (2.194) with 
respect to t .  'raking into accolint. that 

and that, 
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(since 72 - p > 0): we obtain: 

= u ~ ? ( v ( t ) f  i t ) )  

arid the substitlition of this expression into (2.193) gives 

which has the sarrlc forrn as (2.186). 
Using niathcmatical induction we can prove that the relationship 

(2.198) holds for all p such that  p + 1 < n. 

Obviously, the relationship (2.198) gives, in fact. the rule for the 
fractional diffcrcntiation of the product of two fiirictions. This rule is 
a gcrieralization of the Leibniz rule for integer-order differc~ntiation, so 
it is converlierlt to prcscrve Lcibniz's name also in the case of fractional 
differentiatio~i. 

The Leibniz rule for fractional differentiation is the following. If f (7) 

is corltiniious in [a. t ]  and ~ ( r )  has n + 1 continuous derivatives in [a,  t ] ,  
then the fractional derivative of the product p ( t )  f ( t )  is given by  

where n > p + 1 and 

The sun1 in (2.199) can be considered as a partial siun of an  infinite 
series and Rg(l) as a remainder of that  series. 
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Perforn~irlg two subse<luent changes of i~itcgration variahles. first E = 
T + <(t - T )  and tlleii r = n + r)(t - (1) ive obtairi the followiilg ~xpr~~bhioil  
for R { ( t ) :  

~ , , ( t ,  <. 11) = f ( a  + rl(t - a ) ) p ( 7 1 + 1 ) ( a  + ( f  - ( I ) ( <  + T I  - < T I ) ) .  

frorn wllicli it directly follows that 

if f ( T )  and p ( r )  alorig wilh all its derivatives are continuous in [a. t ] .  
Uiltler this coriditiorl the 1,cibniz rule for fractional tliff't~rentiation takes 

Thc  1,eibiiiz nllc (2.202) is espc.ciallp usclfril for the t~vi~liiat ion of frac- 
tio11;tl tic.rivatives of a ftinction whir11 is a protluct of a polynomial and 
a functiori with kr~owii fractional derivative. 

'I'o justify the above operat ioris on R ! ( t )  we have to  show that R!(t) 
has a fiiiitc. val~i(> for p > 0. 

Tlic fiil~ction 
t 

f (7 )  [ $ ( l l + l ) ( < ) ( T  - <)t2d( 
7 - (2.203) 

( t  - T ) P  + I  

givw all indefinite cxpressiori 21 for T = t .  To find ttic. lirriit wc call ilsc 
tlre 1'JIospital rule. llifferentiating the n~iinc~rator and the ticnonlinator 
with rcsp(~tt to  T IVC obtair~ 

xvt~ic~lr agaiii gives a11 in<-lefiiiitr P X ~ ) ~ R S S ~ O I I  for T = t .  Ho\\r~vcr, if 
rr1 < 11 5 + I ,  t*li('11 i~l~plyillg the 1'Hospit:tl rulr T T L  + 2 tirrlc~s we will 



2.7. PROPERTIES OF FRACTION-4L DER,IVATIVES 9 7 

~ t ) t i ~ i l ~  ( t  - r ) p p V L - l  in the dc>norninator (giving i~lfirlity for T = t ) ,  while 
the numerator will consist of the tcrnls coi~taiiiing the lr~ultipliers of thc 
fonn 

i (() ( r  - ~ ) ~ ~ - ~ d (  (2 .205)  

which varlish as T -- t if rr > k .  Obviously, k c-an11ot be grcatcr than 
rrr + 2. so we car1 takt. 11 2 7n 3 2 and t11c function (2.203) will tc11c1 lo  0 
for r + 1. This 11iear1s that  the ilit('gra1 i11 (2 .200)  cxists in the clilssicitl 
scrisc (wen for p > - 1. 

Taking into account thc link I)ctwc~)l~ tllc Gru~lwald -Lctnikov frac- 
tiorla1 dc~rivativcs ant1 thc Riernarln - Liouville olics we see t hilt ~irltlcr the 
above conditions on f ( t )  and p(t) thc 1,cibnii: rule (2 .202)  hol(1s idso for 
thc Rirrriann Liouvillc derivatives. 

2.7.3 F'ract ional Derivative of a Composite Function 

One of thc uscfill conscqucrlces of the Lcibniz rule for the fractior~al 
derivative of a produrt is a rule for evaluating the. fractional dcriwtivc 
of a composite filnction. 

Let us take ti11 analytic fllnction q(t )  and f ( t )  = I - l ( t -n) ,  where H ( t )  
is the I-Icaviside functio~i. Usir~g thc Lcit)~~iz rille (2.202) anti thc forrnulu 
for the fractiotlal diffc.rt111tiation of the Heavisidc fil~iction (2.158) we call 
writc: 

Now let 11s sl~pposc that  p ( t )  is a corlipositc~ fun(-tion: 

Thr. k-tll orcler tlerivativc of +( t )  is cva11iatc.d with t h e  llelp of' t he 
Fak tii Brllno f o r ~ ~ ~ u l a  [2. Cha1)tc.r 24. $24.1.21: 
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where the surn C extends over all corribiriations of non-negative integer 
values of a l ,  nz, . . . , a,,+ such that 

C ra, = k and C a ,  = T ~ L .  

Substituti~ig (2.207) a t d  (2.208) into (2.206) we obtain the formula 
for the evaluation of the fractional derivative of a composite function: 

where the sun1 C and coefficients a,  have the meaning explained above. 

2.7.4 Riemann-Liouville Fractional Differentiation 
of an Integral Depending on a Parameter 

The well-known rule for the tlifferentiation of an integral deperidirig on 
a para~rieter with the upper liniit depending on t,he same parameter, 
nanlely [68] 

has its ttiialogue for fr;~ction;~l-order tlifferc~ntiatior~. 
The rille for Ric\nlann Liouville fractional differentiation of an iritcl- 

gral depending oil a parameter, when the upper liniit also depends on 
the parameter. is the following: 

t 

/ K ( t ,  T ) ~ T  = T D ~ l ~ ( f , ~ ) d i  + Iim . ~ ; - ' l i ( t . ~ ) ,  (2.211) 1 T + ~  -0 
0 0 

(0 < a < I ) .  
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Indeed, using (2.210) we have 

The following irnportant particular case must be mentioned. If we 
havc K ( t  - r )  f (7) instead of K ( t  , r), then relationship (2.21 1) takes the 
forrn: 

I t  is worth noting that while in thc right-hand side of the general 
formula (2.21 1) we tiavc fractional derivatives with moving lower termi- 
nal T, all fractional derivatives in (2.213) have the same lower terminal, 
~ ~ a n l e l y  0. This significant simplification can be very llseful in solvirig 
app1it:tl problerns where the fractio~ial differentiation of a convolutio~~ 
intt:gral niust be performed. 

2.7.5 Behaviour near the Lower Terminal 

We havc shown in Scction 2.3.7 that the Griinwalti- Let nikov derivative 
,Dy f (t) and tlie Riemann-1,ioiiville derivative ,D: f ( t )  coincide if f ( t )  is 
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rontiuuous and has a sl~ffici(>~lt iili~liber of coritiril~o~s d~r ivi~t ives  in t tie 
rloscd iiitcrval [ ( I ,  t ]  . 

To slutfy tl~rx 1)c~kiaviotir of the fractional tlt~rivativcs wt thc lowcr tcr- 
rninal, i.e. for 1 - a + 0, let 11s supposc tliat tlicb fiinctiori f ( t )  is analytic 
at least in tllc iritcrval [a ,  r ]  for so~nc. s~riall j)ositive r and, tlrprc3forc.. call 
ht. rcprcst~rited 1)y tile Taylor series 

" .f 'k, ' (a)  
f 0 )  = C T- ( t  - a)" 

k=O 

i11 this intcbrval, 
r 1 lerrii-by-tcrrri fractioual cliffi~rentiatioli of (2.214) l~sing the forrnula 

for the fi.action;~l cliffrrcnt iation of  tlic. powc3r fi~lirtion (2.117) gives 

from whidi it follows t l ~ i ~ t  if' f ( t )  has the for111 (2.214) tht.11 

lim .DYf(t) = liln (,Dy f  ( t )  = f ( a ) .  ( p  = 0) (2.217) 
t -+ct tO t - - i <~ - tO  x, (1) > 0). 

If we allow f i t )  to hare au  i11t cgrttble singularity a t  t = (1. thr.11 it 
(.;GI be written ill the for~n j ' ( 1 )  = (i - cl)(If,(t). nlhcrc~ f,(tr) # 0 arltl 
(1 > -1. Suppositlg 1 h i ~ t  ,f,(t) call rt~prrscntcd by its 'Taylor sc.ric.s. wc 
call writ(. 

Pcrfornliiig the tc~rt11-11y-tcrtn l<ic~~n;lritl I,iou\.illc frac.tiotia1 clifT(er(~i~- 
tiatiori of' t11c~ scrirs (2.21'3). wc. ol)tairl 



frorn urhidi it follows that 

and 
(7, < (I) 

1i1u f ( t )  = 
1 + t r i  0 

- (~)=( l )  

2.7.6 Behaviour far from the Lower Terminal 

To stutly tllc behaviour of the fractiorlal dcriv2ttivc fax. froill tht. 1owc.r 
tc.rrnina1, i.e. for t -+ x, let us start with the forr1111l:i 01)titiiied for an 
analytic. functioii p ( t )  in Section 2.7.3: 

Usirlg thc dcfirlitiori of the biiion~ial coufficierlts a ~ i d  the reficetior1 
forrriula for the gariinla function (1.26) wc cnri writ(: tSic rr>latioushiy 
(2.223) as 

Now lct 11s suppose t,llat, f is far from the. loxvr~r t cr~niri;il I L ,  i.c.. that 
It 1 >> / ( I / .  T l ~ r l ~  we car1 write 

aild t hcrcforc 

( f  - ( , ) k - i '  
tX' r, + ( p  - k ) ( l t k  

fl141 . (14 2+ 14). (2.226) 

I1(p + I )  s i l~(pn)  
(1 Il:'q(t) = qJk) ( t )  

7 l  
k -0 

( p  - G) k !  
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and using (2.223) gives 

Taking t + x we conclude that for large t 

This ~~ieaxis that  the irripact of tlie instant at which the dyrianiical proccss 
p ( t )  started (and therefore the impact of the transient cffects) vanishes 
as t --+ x, and therefore for large t the fractional derivative with the 
lower tcrlrlinal t = u can be replaced, for cxaniple. with the fractional 
derivative with the lowcr terrlii~lal t = 0. 

Another way of making the interval between the lower terrninal and 
the upper terminal larger is corisidcririg a -+ -rx, for a fixed vitlue of t .  
In this case we hav6. >> It1 arid therefore 

frorn which it follows that 

Sl1l)stitution of (2.231) into (2.224) gives 

ant1 irsing (2.223) wt: obtain 

Therefore, we may conclucic that ,  under certain coriditio~is on p( t ) ,  
for large ~ ~ e g a t i v c  valtlt~s of o tthc fractional derivative with a fixed lowcr 
tcrriiirial can loc replaced with the frat:tio~ial derivative with a rrioving 
lower tcrniinal: 

,D:'O(l,) = t-&'p(t). (2.234) 
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2.8 Laplace Transforms 
of Fractional Derivatives 

2.8.1 Basic Facts on the Laplace Transform 

Let us recall some basic facts about the Laplace transforni. 
The filnctior~ F ( s )  of the complex variable s defi~led by 

30 

F ( s )  = L{ f ( t ) ;  s) = / e-"'f ( t ) d t  (2.235) 
0 

is called the Laplace transform of the f~irictiori f ( t ) ,  whicll is called the 
original. For the existence of the integral (2.235) thc function f ( t )  lrlust, 
be of exponential order n. which nlealls that  there exist positive consta~its 
&I arid T such that  

e-'"l f (t)l < ill for all t > T 

In other wortls. the fiinctioli ,f ( t )  1n11st not grow faster the11 a certain 
exponr~~t~ ia l  function wllci~ t -, x. 

\Vc> will denote the Laplacc transforms by uppercase letters and tlie 
origirlals by lowercase letters. 

The original f ( t )  car] be restored froni the Laplace trarif'orm F ( s )  
with tlle help of the invcrxe Laplace tra~lsforrri 

('9 1 0 2  

f ( t )  = L - ' { ~ ( s ) ;  t )  = 1 e S ' ~ ( s ) d s .  c = Rr . ( s )  > q,, (2.236) 

C - - 2 N  

where c.0 lies ill the riglit half plane of the absolutc~ co~lvergerice of tlic. 
Laplace integral (2.235).  

'She direct ~~va lua t io~ i  of t11e inverse Laplace t r a r ~ s f o r l ~ ~  using the for- 
mula (2.236) is often co~nplicated; however, sornetirrie it gives useful in- 
forniation on the behavioiir of the uiiknown origirlal f ( t )  which we look 
for. 

The Laplace transform of the convolutio11 

f ( t )  * y( t )  = f ( t  - T ) ~ ( T ) ~ T  = f ( ~ ) ! l ( t  - 7 ) ( h  i o 1 o (2.237) 
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of tlie two functions f ( t )  and g ( t ) .  which arc equal to  zero for t  < 0, is 
equal to tlie product of the Laplace trarisforrri of those fii~lction: 

L{ f ( t )  * g ( t ) ;  s }  = F ( s )  G ( s )  (2.238) 

under ttit: ass~lniptiori ttint both F ( s )  ant1 G ( s )  cxist. i:ie will usc 
the property (2.238) for the e~aluat~iorl of the Laplace trarisforrn of the 
Riernn~l~i- Liouvillc fractional integral. 

Ariot her useful propcrty whicti wc need is the formula for the Laplace 
transform of the derivative of an iriteger orcler 72 of tllc furictiorl f ( t ) :  

7L- 1 71-1 

f (0) = snF( , s )  - sk f f ( r ~ - k - l )  I f 7  ( t ) :  s }  = , sT IF ( s )  - .s7'- k-' (k) (0). 
k. =- O L=O 

(2.239) 
whidi tar1 be obtainctf from tlie clefinition (2.235) by integrating by  parts 
urider the assuriiption that  the corresporltlirlg iritegrals exist. 

111 the following sections on the Laplace trttnsforms of fractiorial 
tlerivatives uTe co~isider the lower tc>rrninal ci = 0. 

2.8.2 Laplace Transform of the Riemann-Liouville 
F'ract ional Derivative 

\Vv will start wit!ll tbc Laplr~cc transforrn of the Rie1riaril1-Liouvillc and 
Griinwal(1-Lctriikov fractional integral of order p > 0 defined t)y (2.88).  
which we can write as a corivolution of tlie fu11c.t ions g ( t )  = t1'- ' aritf 

f ( t ) :  

I 
1 " f ( t )  =(I Ut  ' I f  ( t )  = -- / ( t  - T ) ~  I f  ( T ) ~ T  = tP-I * f  ( t ) .  (2.210) 

W)) (, 

Tl~crcforc. usirig the forlliula for thc Laplace transform of the corivo- 
11it ion (2.238) we obtain tflr 1,aplac.c t rarisforrr~ of t licl Ric~rrian~i- Liouville 
and tlirb Grii11w;tltl-Lctnikov fr:tctionitl iritc~grnl: 

I,{oD,"f ( t ) :  s )  = L I o  D t p f  ( t ) ;  s )  = s "kl(s).  (2.242) 
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Now let 11s turn to  the evaluation of the Laplace transform of the 
Rienlann Liouville fractional dcrivativc, which for this purpose we write 
i11 the form: 

o D f f  (t) = g ( " ) ( t ) ,  (2.243) 

(n - 1 < p  < n) .  

The use of the formula for the Laplace transform of an integer-order 
derivative (2.239) leads to  

The 1,aplacc: trarisforrn of the function g ( t )  is evaluated by (2.242): 

G(s)  = s - ( " - P )  F ( s ) .  (2.246) 

Additionally, from the definition of thc Ricrnann Liouville fractional 
derivative (2.103) it follows that  

Substituting (2.246) and (2.247) irito (2.245) we obtain the follow- 
ing filial expression for the Laplace transform of the I-iieniann L i o ~ v i l l ~  
frxiional derivative of ortlcr p > 0: 

This Laplace tra~isfor~rl of the Ri~rnaiin Liouville fractiorial deriva- 
t ive is wcll known (see. for example, [I791 or [153]). However, its practical 
applicability is liniitecl by the abserise o f  the physical interpretation of 
the limit valucs of fractiorial derivatives at tllc lowrr terrnirlal t = 0. At 
tlic time of writing, such an ir~terpretation is not known. 
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2.8.3 Laplace Transform of the Caputo Derivative 

To establish tlic Laplace transforrn formula for the Caputo fractional 
derivative let us write tho Caputo derivative (2.138) in the forrn: 

( n  - 1 < p 5 n ) .  (2.250) 

Using the formula (2.232) for the Laplace transforrn of the Riernann 
Lioliville fractional integral gives 

where, according to  (2.239),  

k=O k=O 
(2.252) 

Introducing (2.252) into (2.251) we arrive a t  the Laplace transform 
fornllila for the Caputo fractional derivative: 

Sirice this formula for the Laplacc transform of the Cap~i to  derivative 
involves the vahies of the fii~iction f ( t )  and its derivatives a t  the lower 
terminal t = 0, for which a certain p11ysic;~I iriterprctation exists (for 
example, f ( 0 )  is the initial position, f' ( 0 )  is the initial velocity. ff'(0) is 
the initial accelclrat ion). we can clxpcct that it can be usefill for solving 
applied problems leading to li~lcar fractional tfiffereritial ccluatioris with 
constant coefiicients with accompanying initial conditions in traditional 
forrrl. 

2.8.4 Laplace Transform of the Grunwald-Letnikov 
Fractional Derivative 

First let us corisider the case of 0 I: p < 1, when the Griinwald- Lctnikov 
fritctiona.1 derivative (2.54) with the 1owc.r terminal a = 0 of' the filnctiori 
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f (t). which is bounded a t  t = 0. can hc writt,cn in the followirlg form: 

Using the Laplace trarisforrn of t,hc power fiirictiori (2.241). the for- 
mula for the Laplace transform of the convolutio~i (2.238) and the 1,aplace 
transforrri of tht: intcgcr-order derivative (2.239) we obtain: 

An exarnplc of ail application of the formula (2.255) is given in [75]. 
The Laplace trarlsforni of the Griinwald Letriikov fractional deriw- 

tive of order p > 1 does riot exist in the classical sense, because in such a 
case we have non-iritegrablc functions in the sum in t h t  forruula (2.54). 
Thc Laplace trarisfornis of such functioris are given by diwrgerit integrals. 
However. the Laplace tranforrn of the power furict,ion (2.241) allows an- 
alytic continuation with respect to  the parameter p. This approach is 
ecluivalerit to  the generalized f~~rictions ((list ributions) approach [76]. Di- 
vt)rg~iit integrals in such a sense are called finite-part integrals. In this 
way, a,ssurning that m < p < rn  + 1. and iisirig thc Laplarc trarlsforrri 
of the power function (2.241), the formula for the Laplace transform of 
the convolutio~i (2.238) and the Laplace transform of the integer-order 
derivative (2.239), wc obtain: 

112 -"+" 
L{ OD; f (f); s )  = C f (k)(o)~{------ 

k-=()  r(-P+rn+ 1 ) ;  

We arrived apt the same forrrlula as (2.255). 
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In applications it is necessary to  keep iri rriirid tliat tlic forinula (2.256) 
holds in tlie classical sense only for 0 < p < 1; for p > 1 it fioltls 
in thc sclrise of gcnrr;tlizetl fi~nctioris (distril)utions) and. tliercforc. tllc 
fonn~~la t  ion of an applied problem must also be done using the 1;tnguagc 
of generalizccl functions, ~s \veil as ii~terprctatiori of the results ohtairicd 
in this way. 

2.8.5 Laplace Transform of the Miller-Ross 
Sequential Fractional Derivative 

Let us i~ltrotluce thc followirig notation for the Miller-Ross sequential 
~Ierivativc.: 

aDynL EE aDl)fn (, D Y ' ~ ~ - I  . . . (L DF1 ; (2.257) 

1%'~ car1 cst,ablish the followirlg forrriula for the 1,aplacc trailsforni of 
the seclueritial derivative (2.257): 

m- 1 

{ o D F ~ / ( t ) ;  s}  = ,sK~tt..(s) - s"7r1-"711-* [ o ~ ~ ' " " ' f  ( t ) ]  , 
t =O 

k=0 
(2.259) 

(1 Dtn"' - 
- 1  

a n j Y 7 r ~ - k - j  a ~ r 7 r ' - A  ' . . . nDP1,  

Thv partic-ular case of (2.259) for f ( t )  rn-tinm ditTerrntiable, a,,, = p .  
cll; = 1 ,  (k = 1.2. .  . . ,711 - 1) was ol)t,aiiietl by Caputo [23. p. -111 rnttch 
earlier. 'Paking trl = p .  tuk = 1, ( I ;  = 2.3.. . . . n ~ )  leads uric-ler obvious 
ilssl111lj)t io11s to the c1;issical forlii~ila (2.238). 

To provc t lic forlnllli~ (2.259) lrt, 11s first recall thc Lap1ac.c trarlsforrri 
forlii~ila for the Rit~11;~lin Liouvillt. fractioni~l derivative (2.2'48). wl~ich 
in tlie cast> of 0 < (1 < 1 takes the forrn: 

L{ f (t): s }  = so F ( s )  - [OD;'-' f ( t ) ]  t -o .  (2.260) 

arid then usc tlic forni~ila ((2.260) su1)hcrluerit ly rrl ti1nt.s: 



- - 1 L { v r  ' f ( t )  : .s} 

2.9 Fourier Transforms 
of Fractional Derivatives 

2.9.1 Basic Facts on the Fourier Transform 

The. c.xponentia1 Foilricr t rarlsform of' a co~~tirluous function h ( i )  allso- 
lutcly ilitegrahlc in (-m, x) is dc~fi~lctl 1)y 

X 

F6 { h  ( t ) ;  Y.) = / I i ~ ( t ) d t .  (2 .261)  
- X- 

alid the original h ( t )  ran 1)c restorcd from its Fourier tralisforrrl H ,  ( t )  
with the help of tllc irlvcrsc Fourier transforn~: 

3L 

1 
1, ( t )  = -- H, (d)r-'"'dY.. 

2 n  . 

As wl~o\.c~. \I.(. will tlc.~lotr origiriels hy lo\\lel.(.ilsc Ic t  t ~ r s ,  i ~11 (1  t 11c'ir 
tr:uisforrns 1,v iipl)cr(.asc lcttcrs. 

rTl~tl Fo11ric.r t,rar~sfornl of' the. ronvoli~tiorr 

I t )  * ( i )  = l ~ ( t  - r ) g ( r ) d r  = l l ( r ) ! ~ ( t  - T)& i 
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of the two functions h ( t )  and g ( t ) ,  which are defined in (-oo, m), is 
equal to the product of their Fourier transforms: 

under the. assumption that both H,(J )  and Ge(w)  exist. We will use 
the property (2.264) for the evaluatiorl of the Fotirier transforms of the 
Rienlann-Liouville fractiorial integral and Fourier transforms of frac- 
tiorial derivatives. 

Anothrr useful propert,y of the Fourier transforrrl. which is frequently 
used in solving applied problems, is the Fourier trarisforni of derivatives 
of h( t ) .  Namcly, if h ( t ) ,  h l ( t ) ,  . . . , h("-l)( t)  vanish for t 4 f m, then 
tlie Fourier tra~lsforrii of the n-t2i derivative of h ( t )  is 

The Fourier transform is a powerful tool for frequency domain anal- 
ysis of linear dyriarriical systems. 

2.9.2 Fourier Transform of Fractional Integrals 

First we will evaluatc the Fourier transform of the Riernann Liolivillc 
fractional integral with the lower terminal a = -m, i.e. of 

we assume 0 < a < 1 .  
Let us start with the Laplace transform of the function 

(sec for~nula (2 .241)) ,  which can be written its 
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Let us take s = -iw, where w is real. It follows froni the Dirichlet 
theorem [68, p. 5641 that  in slich a case the integral (2.267) converges if 
0 < a < 1. Thereforc, we immediately obtain the Fourier transforir~ of 

in the form 
F,,{h,+(t);  W )  = (-bw)-". 

Now we call firid the Fourier transform of the Rieniarin- Liouville 
fractional integral (2.266),  which can bc written as a. convolution (2.263) 
of the functions h+ ( t )  and g ( t ) :  

-wDt" f ( t )  = h,(t) * g ( t ) .  (2.269) 

llsirlg tlle rule (2.264) we obtain: 

where G ( w )  is the Fouricr transforrn of thc fuiictior~ g ( t ) .  
The fornlula (2.270) gives also the Fourier transform of tho Griiri- 

wald Letnikov fractional integral _,Dtag(t)  and thc Captito fractional 
intcgral Z m ~ t C k g ( t ) ,  because in this case they coincide with the Iticrn- 
ann Liouvillc fractional irltcgral. 

2.9.3 Fourier Tra~~sform of Fractional Derivatives 

Lct 11s now evaluate the Fourier transforri~ of fractional derivatives. 
Considering the lower tcrinirial a = -oc aild requiring the rc~sonablr 

behaviour of g ( t )  ant1 its derivatives for t -+ -K we can perform integra- 
tion by parts and write the Ricrnann Liouvillc, tllc Griinwald-Lctriikov 
and the Caputo definition in the sanie form: 

( n -  1 < a < n). 

The Fourier transforrn of (2.271) with the use of the Fouricr t,rans- 
form of the Kiemann-Liouville fractional integral (2.270) anti tEieri the 
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Fourier transform of an integer-ordcr derivative (2.265) gives the fol- 
lowirig formula for the cxy>onential Fourier transforrri of the Riemarin- 
Liouville. Griinwaitl-Let~likov and Caputo fractio~ial derivatives with the 
lower t,errrlirlal a = -x: 

wliere tlie synibol D" denotes any of thc rrientioned fractional differ- 
entiations (Rieinann Liouville _,D',', Griinwald Letriikov .,LlFg(t) or 
Caputo _ Z ~ ? g ( t ) ) .  

The Folirier transform of fractional derivatives 'tlm been used, for 
cxarnple. by H. Beyer and S. Kernpfle [19] for analysing the oscillation 
equation with a fractional-order darxiping terrn: 

by S. Kerrlpfie arid I,. Gaul [I151 for constructing global solutions of linear 
fractional differential equations with constant roeficients, arid ir~lplicitly 
by R. R. Nigmatullin arid Ya. E. Ryabov [I661 for studying relaxation 
processm in irlsulators. 

2.10 Mellin Transforms 
of Fractional Derivatives 

2.10.1 Basic Facts on the Mellin Trarisform 

Thc Alelliri ir~tegral trarrsforrri F ( s )  of a function .f ( t) .  \vliicli is defined 
in tllc intcrval (0, x) is 

X 

F ( s )  = ~ { f  ( t ) ;  3 )  = / j ' ( i ) t * - 'd i .  (2.274) 
0 

wlir-&re s is conlplex, such as 
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Figure 2.2: The Bmn~u~idl (Or) n71d the Han,kel ( H a )  contours 

The 5Icllin transform ( 2 . 2 7 4 )  exists if tlie function j ( t )  is piecewise 
continuo~ts i11 (very closeci interval [a. b] C (0, cm) anti 

If tho function f ( t )  also satisfies thc Diricfilt>t conciitio~is in every 
closed i~lterval ja, b] c (0. x), t,l.lcri the func.tiori f ( f )  can be restored 
usirig thc  invcrse 3Itllin transforrii fo r~nu l i~  

p i - z m  
1 

f ( t )  = 2m / F(s)1-'ds. (0 < f < m), (2.276) 
7 --- 1 3 C  

in which 71 < 2 < -,z. The integration coiltour ill ( 2 . 2 7 6 )  is tjht: Brorriwit*].~ 
contour (contour Br in Fig. 2 . 2 ) .  

It follows fro111 t,hc ticfillit ion ( 2 . 2 7 4 )  that 

~ { t "  f ( t ) :  6) = M { f ( t ) :  s f n )  = F ( r  t o ) .  

The hI(.llir~ trarisforrri of  t,hc hfelliil convolution 

X, 



114 2. FRACTIONAL DERIVATIVES AND INTEGRALS 

of functions f ( t )  and g ( t ) ,  the Mellin transforiris of which are F ( s )  and 
G ( s ) ,  is given by  the formula (see, for example. 22491): 

and combining (2.277) and (2.279) gives 

I~itegrat~ing repeatedly by parts, we have thc following relationship 
for the Mellin transform of art integer-order derivativt:: 

where F(.s) is the h~f(>llin transform of f ( t ) .  
If f (t) and Re(s )  arc such that all substitutions of the lirrlits t = O 

and t = ca give zero, then the forriiula (2.281) takes the simplest form: 
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2.10.2 Mellin Transform of the Riemann-Liouville 
&act ional Integrals 

Let us evaluate the hlcllirl transform of the Riemann Liouville fractiorial 
integral f ( t ) .  ( a  > 0) .  Using the substitutiort T = t,F we car1 write 

wherc 
( 1  i ) .  (0 5 t < 1) 

d t )  = { 0, ( f  > 1). 
The Mellin tnransform of the function g ( t )  givcs sirnply the Euler beta 

function (1.20),  

The11 using the fonnulas (2.280).  (2.283),  arlti (2.284),  we obtain: 

where F ( s )  is the Melliri trarisfornl of the fur~ctiorl f (l). 
The obtained ibrrnula (2.285) reminds 11s of t'he particular case of 

the Mellin txansfor~n of the n-th derivative of f ( t )  (2 .282) ,  which can be 
formally ot>tairied from (2.285) by putting a = -71. 

2.10.3 Mellin Transform of the Riemann-Liouville 
Fractio~ial Derivative 

Let us take 0 < n - 1 < a < n. According to  thc definition of the 
Riemann Liouville fractional derivative, we can write 
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Toinporarily dcnoting g ( t )  = 011, (" " I f  ( t ) ,  aricl usirig fi)r111111as (2.281) 
ant1 (2.285). wr have: 

I L  - l  11(1 - S + k )  
M {  "D;'f ( f ) :  3 )  = C ( 1  - S) [(,D;'-"'.f ( f )  t-"']; 

k-0 

If 0 < ct < 1. then (2.287) tal<cs 011 the form: 

(2.288) 
If tl-ic function f ( t )  aiid Re(s )  arr s11c.h that all stihstitr~tioils of t l i ~  

lirriits t = 0 aiid t  = xi in thc fornilila (2.287) givt. zoro. t h c ~ ~  it takes on 
thc~ si~liplest forrn: 

r ( l -  .s + (L) 
M{ O ~ ; k f ( t ) .  . s } = -- ~ ( s  - a ) .  (2.289) 

r ( l -  S) 

2.10.4 Mellin Transform of the Caputo 
Fractional Derivative 

Let us take 0 5 77 - 1 < tr < 1 1 .  'li~niporarily dcriotilig h( t )  = f ( " i ( t )  and 
using thc forinulas (2.285) arltl (2.281). we have: 
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- r(l  - s - n + tr) 
- rii - .T) 

r(i - 9 - ct.) 
F ( s  - tr) . 

+ r(1- S) 

For O < a < 1 the formlila (2.291) takes on thc form: 

If tlic f~lnctio~i  f (t)  ancl Rr(s )  arc such that all su1)stitlitions of tkic 
lirriith 1 = 0 and f = oc in the forrrillla (2.291) givr zero, then it takes on 
t he siniplcst forni: 

2.10.5 Mellin Transform of the Miller-Ross 
Fractional Derivative 

Let us 1.ccal1 thc followirig notation for the hlillcr-Ross seqiicntial frac- 
tional tlerivative defincd by (2 .257) :  

DTri -- D;,71 n ~ ; k f r l - '  . , . 1 : 
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P Let us start with VL = 2. Temporarily denoting g ( t )  = ( t )  and 
using thc formula (2 .287);  we have: 

M { o V ~ ' f  ( t ) ;  6 )  = ~ { i i D ; 1 ~ g ( t ) :  $1 

r ( l -  
+ 17(1 - s)  

{ [ o ~ p ' - l  f ( t )  tS-"'-l]$ 

It can be shown by induction that  in the general case the Llelliri trans- 
form of the Miller-Ross seque~ltial fractiorlal derivativc is given by the 
following expression: 

r(1-- s + a,) + -- ---- F ( s  - a,) 
r ( l  - S )  

If t,hc function f ( t )  and R e ( s )  are such that all substitutions of t hc 
limits t = 0 and t = cu in the forrriula (2.295) givv zero, then it takes on 
thc simplest form: 

~ { " ~ y j ( t ) ;  S }  = r(1- s + F ( S  - a,), r(i - S )  

which is the same as expressions (2.287) and (2.291) for the Rierriarln 
Liouville derivative and the Caputo derivative. Therefore, for functio~is 
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with suitahle behaviour for t  -, 0 and t  -t cc the Mellin transform 
of the Riemann-Liouville, Caputo, arid Miller-Ross fractional derivative 
may coincide. This is similar to  what we also observe in the case of the 
Laplace and Fourier transforms. 

Under the conditions of coincidence, using of (2.277) gives 

n 

f ( t ) ;  s} = ~ ( a ) I ' ( l  - s )  
ak: 

k=O k=O 
r(i - .s - a - I C )  

where Dm denotes the Riernann-Liouville, or Caputo. or Miller R,oss 
fractional derivative. 

In particular, we have 

M { ~ O + '  ~ " + ~ f ( t )  + taga  ~ ( t ) ;  s}= 
r(i - S)(I - ,$ - a) 

r(1 - - a )  
F (s) , (2.299) 

and putting a = 1 gives the well-known property of the Mellin transforrn: 

which is often used in applied problen~s. 
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Chapter 3 

Existence and Uniqueness 
Theorems 

In this chapter we consider the question of tlic cxistericc and ~iiiiqiicne~s 
of solutions of initial-valiic prohlerris for fractional-ordcr diffr~rent,ial cqiia- 
tior~s. All thc rcsiilts are given for cquatio~is in tertrls of the 14illcr-Ross 
seqiicwtial fractional tierivativc.s. This allows direct application of thc 
obtaincci results to fractiorial differential cqu~t~ ions  with the Hie~riariri 
Liouville. the Griinwald I,et~iikov, and the Caputo fractional derivatives. 
which can be consitlcrcd it,\ particular cases of the hliller-Ross seqnential 
fract ioiial derivative. 

First we consider thc case of linear fractional differential eqi~atio~is 
with continuous coefficients and prove the existcrice aiitl uniqllericss tlicl- 
orcms for a oiic-term fractional differential equation and for the 71-term 
fractio~xtl different id ecluation. 

Thcri wc give the t~xistc~nci~ and ~~niclucness t l -~ ro~cm for a gcncral 
fractional ciiffc~rciitial equation of gfmrlral form. \iVc d s o  d~rnoristr-at(. or1 
c1xainples that tllc 1tiet2io(l of the proof can so~~ictirries be useti dircctlv as 
a rnethod of soltltion of initial-value pro1)lerris for fractional differential 
tqiistions. 

Finally. we study the tlcperidellce of soli l t io~~s of a frilctio~ial diff'eren- 
tial eqilation of ;L gc11c>r;11 fo1111 ~ I J  iriit,ial conditions and show that siriall 
c-hangcs of initial cotiditions may cause only srnall changes of solution in 
tlic intervals not cotitai~iil~g tlic starting point of the interval (the lowcr 
terminal of f r x t  ioniil dcrivat ives appearing ill the ('oiisi(i(~r(vl ~ q l i a  t ion). 



3.1 Linear Fractional Differential Equations 

In this section the existence and uniqueness of soliltions of initial-value 
problems for linear fractio~lal differential equations with sequential de- 
rivatives are discussed. 

Let 11s considcr the followirig initial-value problem: 

where 

g k = C a j ,  ( k = l , 2  , . . . .  n): 

and f ( t )  E Ll(0, T), i.e. 

For sirriplicity of notation, in the following we assurrie f (t)  - 0 for t > 7'. 

As the first step, let us consider the case of pk(t) -- 0, (k = 1, . . . . n). 

'I'IIEOREM 3.1 o Iff (t) E L1 (0, T ) ,  th.en the equation 

has the unique solution y(t) E Ll(0, T), u~hich sc~tisfies the initial condi- 
tions (3.2) 
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Proof. Let us construct a solution of the considered problem. Appli- 
cation of the Laplaco transforni formula of a ~equerit~ial fractional deriva- 
tive (2.259) t,o equation (3.3) gives 

where Y (s) and F ( s )  denote thc  Laplacc trarlsforrris of y ( t )  arid f ( t ) .  
Using the iriitial conditioris (3.2). LVP can write 

and tlie inverse Laplace transform gives 

or, putting i = n - k ,  

Using the rule for the Itieniann Liouville fractional differentiation of 
the power furiction (2.117), and taking into account t,hat, 

we casily obtain that 

to, --Uk -1 

( k  < i )  
r ( a i  - ak)  ' 

0, ( k  2 i )  
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~vhcrc k = 1 .  2. . . . . 7 2 .  i~li(i 1 = 1. 2. . . . , 71. 
It follows frorn (3.7) that y ( t )  E I,1 (0 .  T ) .  1Jsi11g (3.8)  aritf (3.9) .  thc 

direct substitutiorl of tllc fi~nctiori ! / ( f )  defi~ied by tlic expression (3.7) in 
tlic etlliatiori (3.3) arid initial conditions (3.2) shows that y ( t )  satisfies 
thcrn. and tllercfore. thc existence of the solution is provc.tf. 

The ur~ic~ucncss follo\vs fro111 the liriearity of fractiorial differcntiatiori 
alitl thc prop(lrti('s of the Laplacc transform. Indeed. if t l~crc exist two 
solutions, yl ( t )  and y z ( l ) ,  of' the consitlcred probl~ni, t l1c.11 tlic function 

~ ( t )  = ( t )  - ? ~ ( t )  rril~st satisfv tile ccluat,iori z ( t )  = 0 ancl tlic zcro 
initial conditions. Thcri the. Laplacc tral~sforrri of z ( t )  is Z(s) = 0. a11d 
thcrcforc z ( t )  = 0 allnost cvcryhvliere in the corisitlered interval, which 
proves tlliit tliv sollition ill L1(O. T) is ~~liiqlre. 

Kow we can provr tlie cxistcnce wid unicpentss of tlic solutiori of the 
prol)lerri (3.1) (3.2) .  

TIIEOI~ERI 3.2  o I f f  ( t )  E LI(O. T ) ,  ci,ndio~(t) ( j  = 1 ,  . . . , rc)  arc cor~ t i7~-  
U O I L S  J~L. I I .c~%~TL.s  in the closcd ir~te7l:al; [O: TI, then the initial-caluc pmble~rr. 
(3.1)- (3.2) I ~ a s  CL %Inzque sol~~tZ'on y ( t )  E Ll (0, T )  

Proof. The rnetliod of proof of this thcoreni uses the basic idca found 
in the paper by hl. RI. Dzhrbt~sl.iyan arld A. B. n'ersc\syar~ [50j. 

Lct us assunic that tlic. prob1t:rri (3.1 ) - (3.2) has a solution y(1) .  arid 
tIc11otr 

oq"'.y(t) = &I. (3.1 0 )  

Csing Tlworcirl 3.1 we can write 

S~~bs t i t  uting (3.11) illto eyuatiou (3.1) writtcrl iri tlic forn~ 

and using (3.8) ,  wt. obtain the Voltcrrtz integral ecluatiorl of the second 
kind for tlic funct,ior~ q(t):  



Si~iccl tlicb fur~ctioiis ( t )  ( j  = 1 ,  . . . , 7 ) )  it.r<! coritinuo~is ill [O. TI. t h~11 
the kcrricl K ( t .  r )  (*art be written in thc forrii of a weakly singular kerriel 

I<* ( t .  7 )  
K ( t .  7 )  = ( f  - r ) l i ' .  

where K* ( i ,  r )  is cont iliuous for 0 5 t 5 T ,  0 5 r 5 T ,  and 

Sirriilarly, g ( l )  (-an bc writtc.11 i11 thc for~ti 

u.11t.re g*( t j  is corit,inuoiis i11 [0, TI. arid 

v = ~ ~ i i i ~ { u ~  , . . . , oTL: 0 2  - 01, . . . . or, - 01: 

o:< - m2. . . . . (T,, - mt; . . . ; o,, - (Ti, 1 )  

= i ~ i i i i ( o ~ .  . . . . 0,: 112. . . . , tr,,) = ~liiri{ck~, (12, . . . . (2,)). 

Obviously. 0 < p 5 1. 0 < 11 < 1. It is krio~vri (for ~xarriple. [220]) 
that the equation (3.12) with the -rwakly singular kenicl (3.13) and tlic 
right-hand sitlc g ( t )  E L1 (0. T )  llas a uniq~ic. soliitiori ~ ( t )  E L1(O. T ) .  
'l'heii. according to Thcorr~ni 3.1,  the  iiniquc sol~itioil y ( t )  E L1(U. T )  of 
the problc~n (3.10), (3.2).  which is at  the sarrie tinie tile sol~~tiori  of thc 
prol)lc~ri (3.1) (3 .2) ,  call bc dctermiiiccl usiiig thc f01.11il1li~ (3. I I). 'Fliis 
ends the proof of 'I'hooreni 3 .2 .  

111 niar~y applirtl ~>~.ol>lcilis, whicli arc consicleretl i ~ i  this 1)ook. t licl zcxro 
irlit ial contlit ions on tlie f~~i ic t ion y ( t )  a i ~ d  its ilit c.gcr-order tlerivativcs 
are used. Tl~crcb arc. t1ir.c~~ r~iain rcasorls for this: 

ollr physical intt\rprt.t;ltiori of fractional deriviztivc.s ( s c ~  Section 
2.6) ,  frorri which it follows that xc'ro i~iitial coriditioris rr~eari thc 
al)soliit,c begi~lriirig of t lie process r.c~prcsrntet1 by the furictiori y ( t ) ,  
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difficultics with riurrierical approximation of initial cor~ditions of 
the type (3.2), 

the coincidence of the Riemann-Liouville, Griinwald Letnikov, Ca- 
puto, and Miller-Ross derivative in the case of a. proper numbcr 
of zero initial conditions on tile function y ( t )  and its integer-order 
derivatives; this coincidence prevents niisinterpretation of the prob- 
lern formulation and solution. 

Because of this, we consider this particular case of Theoreni 3.2 sep- 
arately. 

Let us suppose that. m - 1 2 u, < m, and that 

In such a case, using the composition rule for the RiemaririLiouville 
derivatives (see Section 2.3.6), we can replace all sequential fractional 
derivatives in equation (3.1) by the Riemann Liouville fractional deriv- 
atives of the same order a k ,  which gives: 

Recalling Section 2.3.7. we note that it follows frorri the zero initial 
conditions (3.15) that all the coriditions (3.2) are zero, i.e., bk = 0, 
k = 1,2, .  . . , n. Moreover, f ( t )  can be taker1 to be continuous. and the 
following statement holds: 

THEOREM 3.3 o If f ( t )  and p j ( t )  (' = 1, . . . , T L )  are continuou.s func- 
tions in the closed intervul [O, 7'1, then the initial-vulue problem (<?.l6), 
($.Is), wherem-  1 2  u7, < r r ~ ,  u, > un-l > an-2 > . . .  > a2 > 01 > 0, 
has a unique solution y ( t ) ,  luh.ich i s  cor~tin.u.ous in 10, T ]  

3.2 Fractional Differential Equation 
of a General Form 

Besides linear fractional differer~tial equations, non-linear equations also 
appear in applications. Because of this, in this section we discuss the 
existence and u~liqueness of a solution of an initial-value problem for 
the fractional differential equation of a general form in terms of the 
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R/liller- Ross sequential fractional derivatives. Due to the link between 
the Miller -Ross, the Rieman~i Liouville, the Griinwald-Letnikov, arid 
the Caputo fractional derivatives, the results given below can be used 
for all these mutations of fractional differentiation. 

Let us consider the initial-value probleni 

where, as in the previous section, 

Let us suppose that f (t, y)  is defined in a dornain G of a plarie ( t ,  y), 
and define a region R(h, K )  c G as a set of points (t, y) E G, which 
satisfy the following inequalities: 

where 11 and h' are constant. 

O < t < h ,  

TIIEOREM 3.4 o Let f ( t ,  y) be a real-~~alued contir~uou.s fur~ctio?~,, defined 
in  the dornain G, satisfying in G the Lipschitz condition with respect to 

t(T, -61 
t )  - 4- 5 K.  (3.19) 

i=l r (0 i )  

such, that 
I f ( t , y ) I I h f < o o  forall  ( t , y ) E G .  

Let also 
Mhur~-fll+l 

K  > 
F(1 + OIL) . 

Then there exists in  the region R(h, K )  a unique and continuous so- 
lution y ( t )  of th,e problem (3 .17)  (3.18) * 
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Proof. The method of proof of this thcorern is based on the ideas due 
to E. Pitcher and 1:. E. Scwell [188] arid X I .  A. Al-Bassarii [A].  

First, let us reduce the problem (3.17)- (3.18) to an cql~ivalent frac- 
t,ional iritegral equation. 

Using t hc forirlula (3.7). or perfornlirig subscqucntly t he frnct ional 
iritegratio~l of order a,,, a,,-1, . . . , (21 with the help of the corr~yositiori 
rlilc (2.108). we obtain 

JYc scc that if ~ ( t )  satisfics (3 .17) (3 .18) ,  the11 it also satisfies the 
cq~iatioil (3.20). 

On the other liarid, if y ( t )  is a solutior~ of (3.20), then applying to 
(3.20) thc seque~itial fractional tlerivative operator and the for- 
mula (3.8) we obtairi for g ( t )  the fractional diffcrcntial cquation (3.17). 
Tllc ustl of (3.9) shows that if y ( t )  satisfies (3.20). the11 it satisfies the 
conditions (3.18). Therefore, the cquation (3.20) is equival~nt to the 
init ial-value problcm (3.17) (3.18). 

Now let us cl(>firic the sequcllcc of functions yo(2). 91 ( t ) .  ! j 2 ( t ) ,  . . . . by 
the following rclationsl~ips: 

JT'e will show that lini y,,, ( t )  exists and givtls the. rt.cluircti solution 
r r ~ - 3 t  

y ( t )  of tlle cquatiori (3.20). 
First. it call bc show11 by induction that for O < t < h wt. have 

y,,,(t) E R ( h ,  K )  fix all 1 1 1 .  Indcetl, 
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*Jft". -"It1 A  f -"1 +l 

I I I K ,  (3.23) 
7 r(l+Gl) 

arid for the same reasons we have the same inecluality for yl (t ): 

F ~ i r t h c ~ .  it car1 be shown by iriductioil that for all rrc 
Af A"1 -lt"l",, 

I97r1 ( t )  - yT,l-l(t)l 5 
I'(1 + ma,,) 

Indeed, usirig (3.23): we have for m = 1: 

Let us suppose that  

Thrn. lisirig (3.22) and (3.26).  and recalling t,hc Rierriaiiil -Liouville 
fractioilal derivative of the power fiinctiori (2.11 7), we have 

A ~ A  t?> - 1 Trio,, 
- - 

t 
r(l + ma,,) 
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This means that (3.24) holds for all m. 
Now let us consider the series 

According to  the estimate (3.24), for 0 5 t < h the absolute value of 
its terms is less than the corresponding terms of the convergent numeric 
series 

where fi,,(z) is the Mittag-Leffler function (see Section 1.2). This means 

that  the series (3.28) converges uniforn~ly Obviously, each term (yJ ( t)  - 

(t)) of the series (3.28) is a continuous function of t for 0 4 t 4 i ~ .  
Therefore, the sum of the series (3.28), y*(t), is a continuous function 
for 0 5 t 5 h,, and 

is a contiriuons function for 0 < t 5 h. 
The uniform convergence of the sequence of y,,,(t) allows us to  take 

rn -+ x in the relationship (3.22). This gives the equation (3.20). show- 
ing that y(t), the limit function of the process defined by (3.21) and 
(3.22), is the solutiori of (3.20). 

Finally, let us prove the uniclueness of the solution. Let us suppose 
that  J(t) is another solution of the equation (3.20). which is continuous 
in the interval 0 < f < h.  'Then it follows from (3.20) that tfic function 
~ ( t )  = y(t) - y(l) satisfies the equation 

frorn which it follows that  z ( 0 )  = 0. Therefore. z(t)  is continuous for 
0 I t I h. Then lz(t)l < B for 0 5 1, 5 h ,  where B is constant, ar~d we 
obt,ain from the equation (3.30) that 
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Repeating this estilrlates j times, we obtain 

In the right-hand side we recognize up to the constant millti- 
plier B - the general term of thc series for the Mittag-Leffler function 
E , , , I ( A t z ) ,  and therefore for all t  

Taking the liniit of (3 .32)  as j --. m, we concludt) that z ( t )  = 0, and 
:c/(t) - y ( t )  for 0 < 1 < h. This ends the proof of Theorem 3.4 .  

3.3 Existence and Uniqueness Theorem 
as a Method of Solution 

In some cases: Theorem 3.4 can be used directly as a method for the 
solution of fractional differential equations. We will illustrate this below 
on two ex;inlples. 

Example 3.1. Let us consider the initial-value problern in terms of 
sequential fractional derivatives (the notation is the same in Theorem 
3.4) :  

o'D??l(t) = Xy( t )  (3 .33)  

In this case we have f ( t ,  :y) = Xy. In accordance with the proof of 
Theorem 3.4,  let 11s take 



ITsirig (3.33) and (3.36). alitl applying tlie formula, for the fr;~ction;ll 
tliff'ert~ntiatioli of thc powcr filnctiori (2.11 71, wc. oh1 sin: 

and i t  can 1~ sliou.11 by intiuc-tion that, 

Taking tplic) liniit of (3.37) as 17r -+ x. wc ol~t-tlili the solrrtion of thc 
prohlcn~ (3.33) (3.33): 

11 -25 ~h  / k g , ,  ra t  I 71 

y(f) = 6, C ---- - = C 6, t " ' - ' ~ ~  ,,,,' ( X I " " ) .  (3.38) 
1=1  k t 0  r(kfl1, + 01) z= 1 

wl-tcrc~ E(,. j(z) is tht' \littag-Lcfflcr f~llictiori (see Section 1.2). 111 this par- 
ticular cx;tmpl<>, tlne solutia~i (3.38) WII also be ol)tsi~ied 1)y thc 1,aplac.e 
t ra~isf'or~u r11c.t lio(1. 

If n - 1 w ~ r t f  (1.1 = I ,  t l i r~ i  tlic initial-value problem (3.33)- (3 .34)  
f akcs oli t11e form 

;111(1. taking into accollnt t llc rclittionsllip (1.57). tlie f'onnula (3 .38)  givvs 
tllc classical solul ion of t hc. p~.ol)lt>rri (3.39): 



Example 3.2. [4] Let us consider thc followirig i t  lit ial-value prot)lem 
i11 tcrrns of tlie Iticrnann -1,ionville fractiorlal d ~ r i v a t i v ~ s :  

wherr 0 < (1 < 1. 
In tliis case f ( t ,  y )  = t'*?j. In acc.ortl;ulce with t hta proof of 'I?llt~orc~rll 

3.4. 1t.t us tskc 

m = l . 2 ,  3. . . .  

'Csing (3.35) illld (3.36), anti applying thc. formula for the fractional 
tfiff(~reritiat ion of t hc power function (2.11 7). it can bc show11 by iiidlictioii 
that 

!tr-l  T ~ I  ~ ( 2 4  ~ ( ~ l n )  . . - r ( 2 k 0 )  t 0 ( 2 k , ) - ,  

( t )  = - + b C r ( (~ )  /"=I r(a) I'(3rr) . . . r(2li(r + (I) 

alicl taking the lirnit as rn -+ = givvc~ the soliltion: 

3.4 Dependence of a Solution 
on Initial Conditions 

1n this set-ti011 wc collsider t lie cllariges in tlie solution wliic.11 art1 c-alwctl 
1j.y s~r~it l l  c11angc.s i r l  iriitial cor~tlitioris. 

Let 11s introduce sniall char~gcs in the iliitial coritlitions (3.18): 

wlricrc ciA (k = 1 ,  . . . . 1 1 )  arc3 srhitrary const;~nts. 
The Sollowirig tlieorcni is a gcrir~ralization of Al-Bassam's rcs~rlt [4j. 
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THEORE~I 3.5 o Let the ussurrlptions of Theorern 3.4 hold. If y ( t )  is a 
solution of the equation (3.17) satisfyi~~g the initial  condition.^ (3.18'); 
and i j( t)  is a ~olutzor~ of th,e same equ.ntions satisjying the initial condi- 
tions (3.44), then for 0 < t 5 h the following h,olds: 

where Ecl,,8(z) zs the Mittag-Lefler function. 

Proof. In accordance with Tlieoreni 3.4 we have: 

and 

1 t. 

L = o + ( t  - 7Yn -l f (7, ow,-1 ( ~ ) ) ( 1 7 ,  (3.49) 

711 = 1. 2, . .  . 

From (3.46) and (3.48) it directly follows that 

Usirig st~bsequcritly the n:lationships (3.47) and (3.49), the Lipschitz 
condition for the furlctioil f ( t ,  y), the inequality (3.50), and the rule for 
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the Riernann-Liouville fractional diff(:rentiation of the power filnction 
(2.117). we obtain: 

11 to, -1 r~ to r~C%-l  

=C1611 +~CIszl 
1=l ?=I  r'(0,L + at) 

Similarly, we have 
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Taking the limit of (3.51) as VL + m, ure obtain 

which ends the proof of Theorem 3.5. 

It follows fro111 this theorem that for every E between O and h sntall 
changes in initial conditions (3.18) cause only s111all changes of the solu- 
tiori in the closed interval [E, h]  (which does not contain zero). 

On t,he other llantl. the solution rnay change sigriificantly in [O. E ] .  In- 
det.tf. if the non-disturbed i~iitial conditioris (3.18) arc zero (i.e .. hk = 0,  
k = 1,2. . . . . n). than the non-disturbed solution y(t) is contirtuous in 
[0, E ] ,  arid therefore boundetf. However, the solution ij(t), corresponti- 
ing to the disturbed initial conditions. rrray contain terms of the forrn 
6, tff7-'/r(o,), which for o, < 1 will rriake the disturbed solution un- 
bouliiied at t = 0. 



Chapter 4 

The Laplace Transform 
Met hod 

Differeritrial equations of fractional order appear morc arid niore fre- 
quent,ly in various research areas and cngiriceririg applications. An effec- 
tivc and easy-to-usc nitltliod for solvir~g sricl~ equations is 1ic.etled. 

FIo~vever. known rlicthods have certair~ dis;~dvantagcs. Methods, de- 
scribed in dctail ill [179. 153. 131 for fractional difftwntial eqliatiolis of 
rational order, do not work in the citse of arbit,rary real order. On the 
otlier hand. thert. is an iteration met,hod described in 12321, whic.11 allows 
solutior~ of fractional differential equations of arbitrary real order but it 
works effectively only for relatively sirilple equations, as well as the series 
iriethod [179. 701. Other a~~tl.iors (c.g. [13, 291) usccl in their invcxstiga- 

z A i ions the orit.-paranieter hlittag-Lcfflcr function E,, ( z )  = CF=C=o m. 
Still other authors [2;25. 801 prefer thr. T'ox 11-function [CiS]. which seems 
to bc too gc.11eral to be frequently liscd in applications. 

Tristcaci of this variclty of diffcrcnt mcthotls. we iritroduce here a 
r ~ i ~ t l i o d  which is fret of these disadvantages arid suitablv for a wid(. 
class of iriitial value problelns for fractiorial differcriti:tl clq~~atioris. The 
tnet hod ltscs the Laplace trarisforrn tct*hr~ique axit1 is based on the formula 
of t11~ Laplacex trarlsforr~i of t 11~. hlit tag-Lcfier functioli in two pararricJ- 
t cxrs E(':,,,,j ( 2 ) .  We hope that this riietlioc~ could hc3 11sefirl fix obt airring 
solutions of diffcrclit npplietl problerns appearing ill pl-iysics, clieniistry, 
c~lec.trocI~err~ihtry. e~igiricering. ctc. 

This rlrapter tlcals with the solutiori of fractional lint1ar cliffererltial 
equat ions wit li coristttrit c.oeffic*ierit s. 

111 Section 1.1 we give sol~ltions to some. initial-v:tlnc. prol)le~r~s for 
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"standard" fractional tlifferential ecyuations. Sorne of thern were solved bj- 
other autliors earlier by other methods, and tlie romparisori in such cases 
just underlines t,hc simplicity and the power of the Laplace transform 
rriethod. 

In Section 4.2 we extend tlie proposed method for the case of so-called 
"scqucntiall' fract,iorial differential equations, i.e. equations in terms of 
tlir: hlillcr- Ross seqlicntial derivatives). For this purpose, we use the 
Laplacc transform for the Llillcr-Ross 5equeritial fractional derivative 
given by formula (2.259). The "sequential" analogues of the problems 
solved in Section 4.1 are considercd. Naturally, wc arrive at solutioris 
which arc. diffcrerit froin those obtairicd iri the Section 4.1. 

Tlie operational calculus, wliich can be applied to the fractional dif- 
ferential equations co~isitfcr~d in this chapter. has beer1 developed in the 
papers by Yu. F. Lnchko and H. 11. Srivabtava [128]. arid by S. B. Hadid 
ant1 Yti. Luchko [100]. R .  Gorenflo arict Yli. Liiclriko also developed an 
operational rriethod for solvirig generalized Abcl integral equations of the 
secorid kind 1861. 

4.1 Standard Fractional Differential Equations 

Thc following exa~riplch illustrate the use of (1.80) for solvirig fractiorial- 
ordcr differential equations with cor~starit  coefficient,^. In this chapter 
wcl use the classical formula for thc Laplace transform of the fractior~al 
derivative. as given. e.g.. in [179. p. 1341 or [ I S ,  p. 1231: 

3c. I & -  1 / eust  f ( t )  d t  = saF(i) - C S' [OD;' -'f ( L ) ] ~ = ~  , (4.1) 
0 k=0  

( n -  1 < n < n).  

4.1.1 Ordinary Linear F'ractiorlal Differential Equations 

In this section we givp solrie exa~riplcs of the solution of ordir~ary liriear 
difft~reritial equ:ttions of fractional order. 

Example 4.1. A slight gerieralizatioli of an ctluation solvcd in 1179: 
p. 1571: 

,)o;/'f(t) + (1 f ( t )  = 0. ( t  > 0); [ o ~ ; " ~ f  (t)Iryo = C. (4.2) 
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Applying the Laplace transform we obtain 

ant-1 thc inverse trarisforrri with the help of (1.81) gives the solution of 
(4.2):  

f ( t )  = c ~ - " ~ E ,  (-(I.&). 
2 ' 2  (4.3) 

Using the series expansion (1.56) of E,,fj(t), it is easy to chcck that for 
a = 1 the solut,io~i (4.3)  is identical to the solution 

1 
f ( t )  = C(---- - 

J-irt 
f:fcrfc(&)), 

obtained in [I791 in a. riiorc complex way. 

Example 4.2. Let us consider the followiiig equation: 

whidi '+encounters very great difficulties except when the difierencc q - Q 
is integer or half-integer" [179. 1). 1561. 

Suppose that 0 < q < Q < 1. Ttie Laplace transforin of cquatiori 
(4.4) leads to 

( s Q  + s q ) F ( s )  = C + H ( s ) ,  (4.5)  

= ji,o;-'f ( t )  + OD?- l f  ( t ) ]  t =O 7 

and then 

After inversion with the help of (1.80) for cr = Q - q and B = Q, we 
obtain the solution: 

f ( t )  = C' G ( t )  + / ~ ( t  - r)h(r)dr ,  (4-7) 
0 

c = [,D,v-' f ( t )  + al~P1 f ( f ) ]  , G ( t )  = t Q - l ~ C ~ - q . ~ ( - t Q - q ) .  
t=O 
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The case 0 < q < Q < n (for example, the equation obtainetl in 
j18-11) car1 be solved similarly. 

Example 4.3. Let 11s consider the following initial value problern for a 
non-ho~nogcneous fractional diffclrcntial cquation under noli-zcro initial 
conditions: 

o D y y ( t )  - Xy(t) = h(t). (t > 0 ) ;  (4.8) 

where n - 1 < a < n. 'l'lie problei~i (4.8) was solved in [232] by the iter- 
ation method. VITith the help of the Laplace transform and tho formula 
(1.80) we obtain the sarlie solution directly arid easily. 

Indeed. taking into accotlnt the initial coriditioris (4.9), the Laplace 
trarisforrri of equation (4.8) yieltls 

H (s) n, s k - l  

Y (s) = - 
.sN - ,+Z:4-, k=l 

and the inverse Laplace transform using (1.80) givc:s the solution: 

t 

~ ( t )  = 2 b k t ( k - k ~ a . a - p + l ( ~ t n )  + / ( t  - T ) ~ - ~ E , , , , ( X ( ~  - ~ ) v ( T ) ~ T .  
k - l  b 

(1.11) 

4.1.2 Partial Linear Fractional Differential Equations 

The proposetf ttpgroacli car1 be s~~ccessfully used for solvirig partial li~iear 
differential equations of fractional order. 

Example 4.4. Nigmatullin's fractioxlal diffusion equation 
Let 11s consider the followiilg initial boundary value prob1t:ni for the 

frac-tional cliffusion equation in one spact. tlirriension: 



\;t'e asslime hcrc 0 < tr < 1. An equation of the typc (4.12) was deduced 
by Nigmstulliri I1641 and t)y 1ti.stc~rIurld [253] and studied by hlainarili 
[131]). will give a simple solution of pro1)lerri (4.12) denlonstrating 
oricc again the. adwntage of using the LJittag-Lcffltlr fiinction in two 
parurr1ctc.r~ (1.56). 

Taking into account tilt. bout~tlary c-onditio~ls (4.10). the Fourier 
trarisforni with rcspccbt to variable .I. gives: 

~DFG(P .  t )  + ~ ' ~ j * ; i 7 ( ~ j ,  t )  = 0 (4.11) 

[ ~ ~ ? - ' i i ( - r .  t ) ]  t -o  = ~ ( , j ) .  (4.15) 

whcrc 3 is the Ei,urier trarisforr~i paramc~ter. Applying the Laplace trans- 
for111 to  (4.14) arid using thc initial condition (4.15) we obtain 

The inverse Laplace t,ransforn~ of (4.16) l ~ s i l ~ g  (1.80) gives 

;tnd then the iriversc Fouriol. transforin  product.^ the solutioti of the 
init ial-valuc problclri (4.12) - (4.13): 

Let 11s t:vitluate integral (4.1'3). Thc 1,aplace transforn? of (4.19) and 
l'or~rnula 1.2(11) frorri [G2] protfucc 
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Performing the substitutions a = s t  and z = IzlA-lt-p ( p  = n/2) 
and transforming the Brornwich contour Rr to the Hankel coritour H a  
(see Fig. 2.2). as was done iri a sirnilar case by Mainardi 11311, we obtain 

where IV(z, A ,  11,) is t,he Wright functior~ (1.156). m-e would like to note 
that, in fact, we have just eval~iat,ed the Fourier cosine-transform of the 
functiori u l ( /3 )  = tCx-' E , , , ( - ~ ~ / 3 ~ t ~ ) .  

It is ~ k s y  to  check that for n = 1 (the traditional diffusion equation) 
the fractional Green furlctio~i (4.22) rcduces to  the classical expressio~i 

Example 4.5. The Schneider-Wyss fractional diffusion equa- 
tion 

The following exarnple shows that the proposchcl method can be ef- 
fectively applied also to  fractional integral equations. Let 11s consider 
the Schneidcr-Wyss type formulatiori of the diffusion equation [235] (for 
sil~iplicity and comparison with the previous exarrlple - -  in o ~ i c  spatial 
dirnensioll) : 

I ( x ,  i) = 0, u(x, 0) = ~ ( x ) .  (4.25) 
x + * w  

Applying the Fourier transform with respect to the spatial variable 
x and the Laplace transform with respect to time t. we ol>tain: 

where u ( ~ 3 : ~ )  is the Fouricr Laplace trarisforrr~ of u(x, t ) ,  P is the Fouricr 
transfrom parameter and p is the Laplace transform parameter. 

Inverting Laplace and Fourier transforms as was done in the previous 
Example 4.4, we obtain thc solutiori of probleni (4.24): 
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E,,,1 ( - ~ ~ $ ~ t " )  cos ps dp. 
K .  

0 

Lct 11s evaluate integral (4.28). The Laplacr transforrn of (4.28) and 
formilla 1.2(11) from [62] produce 

and the inverst~ Laplace transform gives: 

Perforrriirig the substitiltiorls ~r = st a i d  z = IzlXplt-" ( p  = cr/2) 
and trarlsforrrii~ig the Bro~nwic*li contour Br to  the Hankel contour Ha 
(see Fig. 2.2), as w m  done in a siniilar case by hlainardi [131]. we obtain 

where A l  ( z .  p )  = I/I'(-z, -p. 1 - p) is the hIairiarcli firnctioii (1.160). 
The last expression is itferitical to the expressiou w1iicl.l was obtainc*d 

by Xlainardi [I311 in another way. 
W would like to note at this point. as in the previoiis exarnple, 

that we have just evaluated t,hc Foiiricr cosine-transform of the ft~rictiori 
,,,(ij) = ~ , , . ~ ( - ~ ~ / 3 ~ t " ) .  

For tr = 1 the fractional Groeri's functiori (4.31) also retluccs to tllc 
classical exprcssiori (4.23). The case of an arbitrary riurriber of space 
dirrlensions can btl solvcd sir~iilarly. 

h r  ct = 1 both genc~ralizations (Nigrriatullin's as well as that by 
Sclrneider and Wyss) of the tliffusiori problern give the standard diffu- 
sion problcm. and tlicl solutions reduce to the cl;issical solution. Ilowever, 
it is ol-)vious tlii~t the asymptotic bchaviour of (4.18) ar~ti (4.27) for t -+ 0, 
and t -+ x is diffcrerit (see also t h i ~  disc.ussion in [80] on t,wo c-liffercnt 
generalizations of the standart1 rclaxatioii equation arid thc discussiori 
in [72] on two fractional modcls -- one basetl on fractional derivatives 
and the other basecl on f'ract,ional integrals for niechanical stress re- 
laxat ion). 

This difference was caused by initial coriditions of different types. 
Thc class of solutioris is detcrminc~l by the n111ri1)er and the type of 
initial conditions. 
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4.2 Sequential Fractional Differential 
Equations 

Let us consider initial value problenis of the form: 

, ] L t y ( t )  = f (t): U ~ ~ k - l y ( t ) l  = b k .  ( k  = 1. . . . . r ~ ) ,  (1.32) 
t=O 

where the following riotation is used for the hiiller-Ross sequential deriva- 
tives: 

Tlie fractional tfiffereritial equation (4.32) is a sequential fractiorial 
(1ifferc:rltial eqtlation. according to the ternliliology used by Miller and 
Ross [153]. To extend the Laplacc transform method lising the advali- 
tages of (1.80) for such cquittions wit11 constant coefficir:rlts. the fonnula 
(2.259) car1 be usetl. 

4.2.1 Ordinary Linear Fractional Differential 
Equatio~ls 

I11 this scctiori we give solutions of the "scquer~tial" aiialogucs of "stan- 
dard" linear ordinary fraction:~l (diffcrt.litia1 ec/untions with constarit co- 
efficients. Of c o ~ i r s ~ .  we ili~ist t 8 k ~  appropriate iriitii~l coriditioris. also in 
terrlis of secj~lcntial fractioi~al tlcrivntivcs. 

Example 4.6. Let 11s consider. t,lic. scqiicnt ial analogue of Exanlplc-. 4.1: 



The formula (2.259) of the Laplace transform of the sequential frac- 
tiorla1 derivativtl allows us to utilize the init,ial conditions (4.35). To 
tisc (2.259), we take ol = 3, = 0. alid 711 = 2. Therefore, crl = 3, 
crz = Q. +ij. Then the Laplace transforrn (2.259) of equation (4.311) gives: 

(saLr' + a ) Y  (s) = .subz + bl , (3.36) 

froin which it follows that 

s" 
Y ( s )  = h2 

1 
pi'' + fl + bl <s"+!j + ' 

itllcl after the Laplacc inversion with thc help of (1.80) we firid the sollit ion 
to thc problertl (4.34) (4.35): 

For J = 0 and c t  = 112 (arid ;issu~ning, of course., h2 = 0) ,  we car1 obtain 
f ron~ (4.38) the solution of Example 4.1. 

Example 4.7. Let us now consider tlie following scqilelltial analogue 
for the equation ~ons ider~ t f  in Exaniple 4.2: 

w h e r e O < n < l , O < ~ J < l , O < q < l . r r + ~ ~ = Q > q .  
.l'lie Laplace transfor111 (2.259) of equation (4.39) gives: 

IVritirtg Y (s) in the forin 

s-"H ( s )  , s f k - i ~  .Y -'I 

Y ( " )  = tsfk+,j-q + 1 + ,sck+ .I-  {I + 1 + bl  p ~ - + i i - q  + 1 (4.41) 

i ~ r i t l  finding t h ~  invcrso Laplacc transform witti the help of (1.80), wc 

obtain t Iic sollitio11: 
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It is easy to see that this solution contains the solution of Example 
4.2 as a special case. 

Example 4.8. Let 11s consider the following initial value probleni for 
the sequential fractional differential equation: 

[OD; '  ' (uD;"y( t ) ) ]  t=o = b l .  [OD:'- 'Y(~)]~=~ = b2. (4.44) 

Let us consider 0 < a1 < 1: 0 < n 2  < 1. The Laplace transform 
(2.259) of equation (4.43) gives 

and after inversion using (1.80) we obt,ain the solution: 

Let us take a the sarne as in Exarnple 4.3. Using (1.56). (1.82) and 
(2.213). it is easy to verify that (4.45) is the solution of (4.43). It is also 
worthwhile to note that if bl # 0, b2 # 0, then (4.45) is not a solution of 
the equation o D r g ( t )  - X?j(t) = h(t)  fro111 Example 4.3; also (4.11) is not 
a solution of equation (4.43). On the other hand, equations (4.8) and 
(4.43) arc very close to one another: the froct7onul Green's ~ ~ L ~ L C ~ Z O T L  in 
both cases is G ( t )  = (t)"-' E,,,(Xtm). We will return to this obscr~at~ion 
in Chapter 5. 

4.2.2 Partial Linear Fractional Differential 
Equations 

Exarnple 4.9. Let us consider h4ainardi7s [I311 initial value problern 
for the fractional diffusion wave equation: 
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where 0 < cr < 1. 
The type of the initial condition (4.47) suggests that the fractional 

derivative in equation (4.46) must bc intcrpretcd as a properly chose11 se- 
quential fractiorial derivative = @DF2 The liaplace transforrn 
formula (2.259) for tr, = cr - 1. a1 = I .  and k = 2 (this gives Caputo's 
for~nula [24]), i.c., 

applied to the problerri (4.46) -(4.48), yields: 

Applying now the Fourier exponential transform to eq~iation (4.50) 
and utilizing the bolilidary conditions (4.51). we obtain: 

where br(p, p )  mid F(P)  are thc Fourier trarlsforrris of ti(,., s)  and f (x). 
The inverse Laplace trsnsforrn of the fraction sa- ' /(sU + A202) is 

E,,J (-x~@"~) (where Ex,p(z) is the Mit,tag-Leffler function in two pa- 
rameters). Therefore, the ir~vrrsiori of the Fourier and the Laplace trans- 
form gives t11c sulutio~i iri the following form: 

1 
= -t -"M~(-z, -p ,  1 - p) ,  

2X 
(4.54) 

where W ( z .  A ,  p )  is thc Wright furictiori (1.156). This solution is identical 
to  the solution of the Schneider Wyss fractional (intcgro-differential) 
diffusion equation (4.27). 
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Chapter 

Fractional Green's 
F'unct ion 

Thcrc is sorriethiiig comnlorl in solut,ions of the corrcsponiiing "standard" 
and "sequential" fractional diffcreritial equatiorls c-onsidered in Chapter 
4: th ty  both havc the sarne fructzonal Gi.een'.c fi~nctzon. 

It seems that  the riotior~ of Green's function of a fractional differential 
cqudion apprared for t h ~  first time in thc book by S. I. Rleshkov jl/l9], 
narrrc~1.y for the equation of the forrr~ (5.19), which is considerrd below. 

The cfefinition of fractional Green's function suggested and used by 
K.  S. hlillcr arid B. Ross [153. Chapter V] applies to fractio~lal differcritial 
cyuations containirig only derivatives of ordcr k a ,  wherc k is integer. 

In this cliapter, which is based on the papers [201. 2081. we give a 
nlore g c ~ ~ e r a l  definition of tlie fractior~al Green's function arid discuss 
sorric of its propt'rtics, necessary for construc*ting solutiorrs of iriitial- 
valuc~ problt~nis for fractional liricar diffc~renlial ecluations with constarit 
coefficients. 

Fl'c givc the solutiori of the init ial-value problcill for the ordinary frac- 
tior1;~l linear differential clquation with constant coefficients l~sirlg only its 
Green's function. Due to tliis result, the solutioli of such initial valuc 
problcins reduces to findirig tlie fractional Grecn's fiinrtions. 1l;c ob- 
tairicd explicit exprtssior~s for thc fractionitl Grerll's functiou for somt> 
sj)eciaI cases (one- , two- , thrce- and four-term equations). 

Thcl cxplic-it ~xpn.ssion for an  arbitrary fr;tc.tional linear ort1ina.r.y 
cliffcrclntial equation with constarit coefficients ends this dlapter. 



5.1 Definition and Some Properties 

We consider here equatior~ (4.32) urider hon~ogencous initial conditioris 
hk =O. ( k  = 1 , . . . .  T L ) ,  i.e. 

& y ( t )  = f ( t ) ;  [~D:* - ' y ( t ) ]  = 0, ( k  = 1 . . . , T )  (5.1) 
t=O 

71-1 

( )  5 C I ~ ? Y ( ~ )  + ~ k ( t )  a ~ ? - * y ( ~ )  + ~ n ( ~ ) l / ( ~ ) l  
k=1 

. / ~ p h  ,LU;k ,D;~-' . . . (LD;l; Uvp-l 5 n ~ : k - l  n ~ p k - l  . . . ",D?l;  

k 

r k  = c a3 , ( k = 1 , 2  . . . . .  n ) ;  O I a , < l ,  ( ~ ~ 1 . 2  , . . . .  rj). 
3=1 

The. following dcfirlitiorl is a "fractionalizatioii" of the definition given 
in [IGO]. 

5.1.1 Definition 

The functiori G ( t .  T )  satisfying the following conditions 
a )  T C f G ( t .  T )  = 0 for every T E (0 ,  t ) ;  
b)  l i ~ r ~ , , t - o ( , D ~ ~ - ~ ~ ( t , ~ ) )  = iSk ,n .  k  = 0 . 1 . .  . . , n, 

( d k  is Kronecktar's dclta); 
c) lim 

r t 4 40 
( r D ; T " G ( f , r ) )  = 0. k  =Oil,. . . , n -  1 

T < t 
is called the Green's functio~i of equation (5 .1) .  

5.1.2 Properties 

1. Using (2.211): it can br shown that y ( t )  = j;: G ( t ,  T )  f ( T ) ~ T  is the 
solution of prot)lerr~ (5.1). 

Let us o u t l i ~ ~ e  the proof of this ~tat~ement .  Evaluat,ing 

using the rule (2.211) and coridition (b)  of the definition of the Green's 
function, we obtain: 
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hilllt,iplying these equations by the corresponding coeflicierits arid 
surnmarizirig, we obtairi 

which completes the proof. 

2. For fractio~ial differential equations with constant coefficients we 
have 

G(t,  T) = G(t - 7). 

This is obvious because in such a case the Green's function can bc ob- 
tained by thc Laplace trarisforn~ method. 

The type (standard or secluential) of the equation is not irilportarit 
for determiriitig the Green's fu~iction, because due to condition (b) in the 
Green's furiction definition all non-integral addcnds vanish. 

3. Appropriat,e derivatives of the Grcrn's furiction G(t,  T) form a set 
of linearly indcperident solutions of a hornogerieous (f ( t )  E 0) equation 
(3.32) (for a sirriple illustration, see Exarnples 4.3 ant1 1.8). 

Let 11s dcnionstrate this for the case of the linear fractional tliffcrcntial 
equations with constant co~~Ecierits, whicli are the main subject for stlitly 
in this work and for which we have G(t,  T) G G(t - T ) .  

Let us take 0 < X < R,. First, the filnction 

is a solution of the corresponding Iioniogerieous eqiration. Indeed. 

We used here the fact that o ~ >  = OD> 0Lt, which follows fi-or11 
conditiori (c) in tile definition of thc fractional Green's function. 

Secontl, 
( ) ~ ; " - " ~ ~ ~ ( t ) i  t=O = 1 .  (5.9) 



5.1. ONE- TERAI EQ UATIOA' 

In fact. 

[ ( l ~ : ~ " ' - ~ ? ) ~ ( t ) ]  t=o = [ o l ) ; " - ' - l ( ( ) ~ ~ ~ ( t ) ) ]  t=o 

= [ , D ; ~ G ( ~ ) ]  t=o = I. (5.10) 

Here wc3 used the relationship 

whicli follows frorii corlditiorl (c) of the definition of the Grecri's function. 
and then condition (b). 

We see that having thc fractiorial Grccm's function of equation (5.1). 
we can deterrninc particular sol~itions of tlic corresponding hornogencous 
equation, whicli arc necessary for satisfying iril-ioriiogeneous initial cori- 
dit ions. 

Therefore, tllc sollitiori of linear fractional differential equations with 
coristarit coefic-iciits rctluces to firicfirlg the fractional Green's hinction. 
After that, lye can ~i~inlediately write the solution of the inhorriogeiirous 
equation satisfying given inliorriogericous initial conditions. 

This sollltiori has the forrri 

t!lk(t) = o D ~ n - " h G ( - t ) ,  oDr'l-"h E (L~l;'TL-' . . . DTh ' I .  

(5.14) 
Because of this. it1 thc followiiig sr~ctiorls we lii~d sorrlc explicit cxprrs- 

sioris for fractional Green's fiirictions, incllldiiig general lincw fractional 
differential equation. 

5.2 One-term Equation 

The fractional G ~ P ~ I I ' s  f~~rictiori GI ( t )  for the orle-teriii fractional-order 
differtlritial cquatioil with co~lstatlt cocfficirnts 
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where the derivative can be either "classical" (i.e., considered in the book 
by Oldhanl and Spanier) or "sequential" (Miller arid Ross). is found by 
the inverse Laplace transform of the following expression: 

The inverse Laplace transform then gives 

The solution of equation (5.15) under homogerieous initial conditions 
is 

f(r)dr 1 
= - " D t Q  f (t). 

(t  - r)l-" a 
0 

Using [188, lemrna 3.31, we can easily verify that expression (5.18) 
gives the sollltion of equation (5.15), if f (x) is continuous in [O. x). 

5.3 Two-term Equation 

The fractional Green's function G2(t) for the two-term fractional-order 
differential equation with constant coefficients 

a, oDry(t) + hy(t) = f (t) ,  (5.19) 

where the derivative can be either "cl~sical"  (i.e., ronsidered in the book 
by Oldham and Spanicr) or .'sequexltial" (Miller and Ross). is found by 
the inverse Laplace transfor~n of the following expressio~i: 

which leacis to 
1 11 

G2(t) = -ta--'&,a(--ta). (5.21) 
0. a 

For instance, the funct io~~ G2(t) plays a key role in the solution of Ex- 
arrlple 4.1 and 4.3. 

Taking in (5.21) b = 0 and using the definition of the hiittag-Leffler 
function (1.56)' we obtain the Green's function Gl( t )  for the one-terrr~ 
equation. 



5.4 Three-term Equation 

The fractional Green's furiction G3(t) for the three-term fractional-order 
differential cquatiori with constant coefficients 

U. " ~ f ~ ( t )  + b "U;y(t) + c y(t) = f (t). (5.22) 

w h ~ r e  the derivati.ves car1 be either "classical" (i.e., considered in the 
book by Oldhanl and Spanier) or "sequential" (Miller and Ross), is found 
by the inverse Laplace transform of the following expression: 

Assurriirlg jj > tr, we car1 write g s ( p )  in the forrn 

The terni-by-tcrrn illversion, based on the general expansion tlieorern for 
the La.place t ransforrn given in [42, $221, using (1.80) produces 

where Ex,,,(z) is the hlittag-Lefflcr fu~ictiori in two pararneters, 

MJc assunie in this solution that c~ # 0. because ott-ierwise we have 
the two-term cquation (5.19). ?Ve can also assume c # 0, because for 
c = O  

1 
- - P-" " ( p )  = + bp" + t ) ,  

and the Laplace irivcrsion can bc dorw iri the sarne way as in the case of 
the two-term equation. 

Two special cases of equatiori (5.22) were considered by Brigley and 
r . lorvik [16] (for ,8 = 2 and (1 = 312)  and by Caputo [24] (for 0 = 2 and 
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(1 < ( 1  < 1). It is easy to show tliat our solution (5.25) contairls Caputo's 
solutiorl as a particular castse. 

Indeed. substit~iting (5.26) into (5.25) and changing the order of s~irn- 
rniitio11. we obtain: 

h r  ,'j = 2 this exprtlssion is ideritical with the expression obtained by 
Caputo [24, f o r~~ i i~ l a  (2.27)). 

5.5 Four-term Equation 

Tlic fr;~ctiorial (:recri's fiinction G,4(t) for tlic four-tenn fractional-order 
diffi~rcntial equation with constant coefficients 

w-licre the derivatives can be. as in thc previous section, either "classical" 
or "scyucntial" . is found by the invcrsc Laplacc tra~isforni of the following 
cxprcssion: 

I 
s4 (P) = (5.31) up7 + bpN + (Y(, + d ' 

Assurni~lg 7 > /j > a,  we call write y(p) in tllc for111 



5.5. GENERAL CASE: :V-'llERM EQLrA?YON 157 

Thc terrri-by-terrri i~ivcrsion. based 011 tlic gcricral exparisiori tlicorein 
for the 1,aplat.c. transforrli giw:ri iri [42, 9221. usirig (1.80) gives thc final 
c\xprt:ssion for tlle fractional Green's furiction for rqliatiori (5.30): 

l ? (n)+ l ) - c tX  1 ~ ( 7 r t )  7 - j  
? - b j , - , L , j 7 r > - c k k ( - - t  (1 ). (5.33) 

\I3 :~ssullicd in this solutiori that o # I), becausc in the. opposite case 
we haw. tlicl tliree-term cquutiori (5.22). We call also assllrrle d # 0. 
~)cc:tiisc~ in tlie case of (1 = 0. after writing 

p-O 
91b)  = (5.34) 

( I ~ Y - ~ ~  + bptj-" + (* 

tlie Laplare iilversiori can he do~lc in the sariic may as ill tlie case of tlic 
thrw-tcrrri equation. 

5.6 General Case: n-term Equation 

'I'lic above results can bc esscritially genera1izt.d. 
Tile fractiorlal Green's ful~ction G , ( t )  for the 7%-tcrlll fractional-ortlcr 

differential cqutitiori with coristilnt coefficiel~ts 

a,, UjnY(!) + U r l  -1  D ~ ~ T ~  - Iy ( t )  + . . . + (11 ~J j l y ( t )  + 11,) ~ ~ [ ) , ( t )  = f ( 1 ) .  
( 5 . 3 4  

~vlic~rc. the tlei.ivatives U" r car1 be. iLs i11 t11e j )~~viol is  ~(v-tiolls. 
vitklt>r "c.lassica1 " or "sequential", is founcl by the. invcrsc Laplace trans- 
f'ornl of the followirig expression: 

1 
""(' = =+ G'YPT 1 + . . . + al$l + LL(,''L~o . (5.36) 

T , t t  11s iissllrlie I$,, > ;J,- 1 > . . . > > 30 and write g7,(p) in t tic. 
form: 
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where (m; ko, k l ,  . . . , kn-2) are the multinomial coefficients [2]. 
The term-by-term inversion, based on the general exparlsion theorem 

for the Laplace transform given in [42. $221, using (1.80) gives the final 
expression for the fractional Green's function for equation (5 .35) :  



Chapter 6 

Other Methods 
for Solution of Fractional 
Order Equations 

In this chapter some further analytical niethods for solving frac:tional- 
order integral and differential equations are described, namely the hiellin 
transforrn method, the power series method, and Yu. I. Babenko's sym- 
bolic method. mre also iriclut-fe the method of orthogonal polynomials for 
the solution of integral equations of fractio~lal order, and give a collec- 
tion of so-called spectral relationships for various types of kernels. All 
the rriethods described in this chapter are also illustrated by examples. 

6.1 The Mellin Transform Method 

In sorrie cases, solutions of fractio~ial tlifferential equations car1 be ob- 
tained using the Mellin transform (see Sections 2.10.1- 2.10.5). 

Example 6.1. Let us consider the cqllatiori 

If we suppose that, 

then I)" can rrleari the Riemann-Liouville, or the Caputo, or the Miller 
Ross fractional derivative. 
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Applyirig the Mellin transform to equation ( G . l ) ,  arid using thc for- 
rriula (2.299): \v(y(: ohtairi 

If the invcrsc hfellirl trarisfoi-ill g ( t )  of the furictioll G ( s )  is known. 
the11 the solut,ion of equation (6.1) is the l'dellin convolution (2.278) of 
tlic fi~nrtions f ( l )  aiici g(t): 

Tt car1 be sl.iowri that g ( t )  = 0 for t > 1. Inderd. its hIcllir~ transform 
G(s)  can IN. written as 

Tlie inversca ilZellin trarlsforrris of tlie functioris GI  (s )  and G z ( s )  car1 
be found using formlilas 7.3(20) arid 7.1(3)  from tables [62]: 

(6.7) 
arid using t l ~ e  forrnula 6.1 (11) from t,hta same tables. wc have thcl inverse 
transforrii of G(s): 

It, follows from thc3 cxprcssioiis (6.7) for I h t ~  fiinc.tioris g l ( t )  a i d  p2 ( t )  
that g ( t )  = 0 for t > I ,  arlcl tlii-~f for 0 < t < 1 
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An explicit expression for the function g(t) for 0 < t < 1 can be 
obtained t)y evaliiatirig tlic integral (6.9) or by inverting G(s) given 1)v 
(6.4). In the secorid raw. we can use the resitllic theorem. 

Thr  f~tnction G ( s )  lit& a idol~ble pole a t  s = tr arid ordinary poles 
at s = - 7 ~  + Q - 1 (71 = 0. 1, 2, . . . ). ill1 lying in the left half-plane. 
Tllcreforc. using the residue theore111 gives 

- - 
t r Q  

( i t  + - r) 
r(0) 

where y = 0.577215.. . is the Eulrr constant, aritf $ (s )  = T f ( z ) / l ' ( a )  is 
the logarith~nic tlcrivative of the garrlrria fiinct,ion [63, Section 1.71. 

Therefore. the solution of cquation (6.1). which varlishes at t = 0 and 
t = m , i s  

I 

0 

whert. t11c function g(t) is givcll t)y the exprcssio~~ (6.10), in which thc 
power series conve1rgcs for ) I -  1 < 1. 

A fractional diffilrrrit,ii~l eqilation of the form 

car1 bc solved sinlilarly with tlic llclp of forrnl~la (2.2'33) 

6.2 Power Series Method 

The power series ~licthotl is t hcl most t rarisparont 111ctlioc1 of so lu t io~~ of 
fractional diff+r~~lti i~l ~tnd integral c~clutitioiis. The. it1t.a o f  1 his nit.tl~od is 
to look for tlic solution i r i  tElr form of a power scrics; the cocfficiei~ts of  
t llr sc.rics lr~list 1)e dt>terniilird. 
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Sometimes it is possible to find the general expression for the cocf- 
ficients, at  other tirnes it is only possible to find the recurrence relation 
for the coefficients. In both cases. the solution can be computed approx- 
imately as partial surn of the series. This explains why the power series 
method is frequently used for solving applied problems. 

The considerable disadvantage of the power series rnethod is that it 
requires the power series expansions for all known (given) functions and 
rion-constant coefficients appearing in the fractional-order equation; in 
real problems, however, known functions and non-constant coefficients 
arc often the results of measurements and in such cases their pourer series 
expansions are unavailable. 

On the other hand. there are important problerns leading to non- 
linear fractional differential and integral cquatioris or to fractional-order 
equations with non-constant coefficierlts. which could be solved at present 
only with the help of the power series rilethoti. 

Let us consider several examples of the use of thc power series 
method. 

6.2.1 One-term Equation 

The first cxaniplc is the equation which we call t,he one-term ecluatiori, 
because there is only one term in its left-hand sidc: 

where we suppose 0 < a < 1. 
a) Let us first take the initial condition 

and assurrie that thc fuiiction f ( t )  can 1)e exparrtfed in the 'Taylor series 
converging for 0 5 t < R, wtlrlre R is the radius of convergence: 

Recallirig the rule for tliv R ir~xni~~~rl-I,iouville fractional difftkrcntiation 
of thc power function (2.117) we can write 
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Taking into account the formula (6.15) we note that we can look for 
the solution of the equation (6.12) in the form of the following power 
series: 

00 30 

Substituting the expressions (6.16) and (6.14) into the equation (6.12) 
and using (6.15) wc obtain: 

and comparison of the coefficients of both series gives 

Therefore, under the above assumptions the solution of the equation 
(6.12) is 

In the case of the simple equation (6.12) we can easily transform the 
expression (6.19) : 

Of course, since we looked for the solution y ( t )  satisfying the zero 
initial condition (6.13) we could directly apply a-th-order fractional in- 
tegration to both sidcs of the equation (6.12) and an application of the 
composition law for the Riemann-Liouville fractional derivatives (see 
Section 2.3.6) would give the expression (6.20). However; the use of the 
inverse operator is often impossible. 



This approach car1 also he used if thc righte-hand sidc of tlle cq~iatiori 
(6.12) has the for111 

In such ;L case we car1 look for thc sol~ition satisfyirig the initial con- 
dition (6.13) ill t h t~  followirig for~n: 

itlicl dcterrnirie the cotficier~ts !j,, in thc same rlianner as above. The 

1,) If we have t o  solvc the equation (6.12) urtdcr the non-zero initial 
condition 

~ ( ( 1 )  = A, ( A  # O ) ,  (6.24) 

then the solution ~xist,s only if (see Sectiori 2.7,s) 
\ 

At-" X 

+ C htn-". 
( t )  = ~ ( 1  - n)  

, l z ,  

where tile c%ocfi ici~nts j',, are kllown. 
Thc.11 wc call look for thc solution i11 tlre for-rri 



and therefore 

c) Finally, lct us consider the followir~g initial corldition for the eclua- 
tiori (6.12): 

O~: . - lv ( r ) /  = B. (6.30) 
t = o  

where I3 is constant. 
In this case we can look for the solutiorl ill the form 

Lct us assurnc that f ( t )  car1 be expandetl in the Taylor series (6.11). 
Substituting (6.31) and (6 .14)  irkto equation (6.12), using the derivative 
of the power fu~ictiori (6.15) arld recalling that l/r(O) = O (see Scction 
1.1.2) wc obtain aftcr tlic obvious changc of surnrnatio~i index 

and the comparison of the coeficierits gives 

The coefficicrit yo rrlust be dc~tcrnlined from the initial collditio~i 
(6.30). Using the fornllrla (6.15) wc liavv: 

Thew cxitrriplt~s show that ever] lh(- sinlplest fraction;tl-ortlcr equa- 
t ion, suc.11 ;is (8 .12) .  r ~ q t i i r ~ s  bl)c%ciitl at  tent i011 l o t lif-l fo1.111ula1 io~i  01 t 1 1 ~ ~  
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initial condition. The initial condition anti the right-hard side of this 
equation determine the class of solutions. We can get an idea about the 
possible forn~ of the solution only aftcr the analysis of the initial condi- 
tion. the right-hand side artcl the determination of the class of solutions. 
In thinking about the form of the serics representing the solution the 
key role belongs to the rule for the differentiat ion of the power furiction 
(2.117) or (6.15). 

6.2.2 Equation with Non-constant Coefficients 

Let us cor~sidcr the following initial value problem for the fractional dif- 
ferential equation: 

where the function f ( t )  is a given function. For certain particular types of 
f ( t )  the problem (6.36)--(6.37) allows us to obtain an analytical solution 
by the power series method. For example, let us assume that 

Then we can look for thc solution y ( t )  in the form of a similar frac- 
tional power series: 

XI 

The substitution of (6.39) anti (6.38) illto equation (6.36) and com- 
parisor1 of the coefficients of the resulting power series lead to tile fol- 
lowir~g recurrence relationships: 

Due to the const,ruction of the solution (6.39). the initial condition 
(6.37) is satisfied auturnatic.ally. 

If we take, for example. 

f ( t )  = 1 - Ji? (6.41) 
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thcn from (6.40) it follows that 

For an arbitrary X the series (6.39) coriverges in the inttarval 0 <_ t < 1. 
If 

t,hcn the solution y(t) is giver1 t)y a finite suni, for cxample, 

If wc. take f ( t )  in the for111 [Ill 

then tl.ie solilt,ion is givcri by 

7'1lt. pllysical problerii leading to tlic frac.tiona1 differential equatiori 
(6.36) and the numerical solutiorl of the initial-value problern (6.36) - 
(6.37) arc considered in Srction 8.3.3. 

6.2.3 Two-term Non-linear Equation 

Lct us corisidcr the followilig initial-value problerri for the two-term noii- 
liriear fractional diff(1re1ltial ecluatiori: 



whcre X and yo  are given ronstants. 
In this case we can look for the solutiorl in the for111 uf the fractional 

power series 

1 /2 t~ascd on tlie observatiori that both "D, y(t) and (y - A)2 proctuce 
series of the same form. Obviolisly, the solutiorl (6.49) satisfies the initial 
condition (6.48) automat,ically. 

Substituting (6.49) into equation (6.47)) lisir~g the forml~la (6.13) ant1 
comparing thc coefficients in the fractio~ial power series. we obtain the 
followiiig recurrence relatioils for the cocficierits y,: 

Firlding the cotlvcrgrrlce iiitcrval for the serics (6.49), when. the cocf- 
ficicnts ?/, arc defined by thc above rec.urrc.rice rclatioliships, is clifficult. 
Howrwer, c.oulput:itions show that this series car1 be used for computing 
thc solution for stria11 t .  

6.3 Babenko's Symbolic Calculus Met hod 

111 tliis section wc> describe tlie riictllod uscd 1)) YII. I. B;thr~riko in his 
1)ook [l 11 for solving various types of fi actional iiitegral iirid (iiffert~nti~l 
ecl~lations. Tllc ~rlc.thotf itself is close to the Laplace tt;t~~sforrn rnethod. 
It cat1 be used in rrlore cases than, for exarriple, tllc Laplace transforrr1 
rr1c.t liotl. b11t it is alu7:tys rlcccssary to c1iec.k for the validity of f lie fol-rriizl 
solutions. 1x1 ttlc. gcnc~ral c a e .  snch cllecking is 110t ;I si~rlple task. 
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6.3.1 The Idea of the Method 

l i e  will explain the idcn of I3abcnko.s rnctliod on tho followir~g exaii~ple. 
Let us consicier thc Ahcl integral equation of the secorld kind: 

where we suppowL cr > 0. X is constant. De~iotirig 

we can writc equ;ttioii (6.50) in the forrn 

arid the solutiori c ;~n  be i~riincdiately writtcri in the syrrtbolic forrri 

y(f)  = (1 +  XI)-'^)-^ f (f) .  (6.53) 

wlierc (1 + AD - ' I ) - '  dcnott3h the left inverhr operator to the operator 
( 1  + XU-"). 

Thc (~xprcssion (6.53) is concise, but not sliita1)le for practical pur- 
poses and colnputatiori. I:sing the t)iiior~iial exparisiori of (1 + AD-")- ' .  
wc. can writc (6.53)  as 

Since for rriany fiinctio~w f ( f )  all the f'ritctiorial integral5 i r ~  tljc right- 
hand side of the cxpressioli (6.54) can hc tvalliatctl explicitly. tlie forinlila 
(6.54) givcs in those cases the formal solutions in the. forn~ of a series. 
tlic suiii of which can son~ctirncs be evaluated. 

For example, let us t;tk(. f (tq) = t. An appplicatiori of the forrnula 
(2.11 7) for t lie Riernnnn -Lioiivillc frnct,ional diffcrc~itiation of tlie power 
f~inctio~i then gives 
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alicl sul>stitutirig tliis cxprcssion into (G.33) we obtain tile sollltion: 

whcrc E,,,,+(t) is tJie hlittag-Leffler fu l lc t io~~ definctf 1)y (1.56). The so- 
lution (6.55) C;LII also t ) ~  obtairieci by the 1,aplacc trarlsforrri rnetho<l 
thscr ilwd in Cllaptcr 4 with the 11s~ of forrr~iila (1.82) for the arbitrary- 
order tliffcrcr~t iatiorl alltl int egrlttior~ of the RIit tag-Lcffler f~~~lnctiorl. 

Aforeover. the exprcssiorl (G.53)  can also t)e llscd for ol,tai~~ilig the 
closccl-for111 sol~ition of the c'cluatioi~ (G. , jO) .  For example, using t,he def- 
ir~it ioi~ of tllc l < i e n t a n ~ ~  Llouvillc fractionill intcgral (2 .88)  and the dcfi- 
~iition of tile illittag-1,cfflcr fiir~ction (1.56) vri? (-an writ(. 

Thc solution o1)tainetl in this In;brlncr' is forrliill; thc intcrc.hal~ge of 
s~iri~rnatiori and iiitcgratiorl rcquircs justific-atioli or tlw siilil(> filial rcsult 
1111lst t ) ~ >  ~ h t i i i ~ ~ e d  t ) ~  S O I I ~ ~  (31 IICY ~ ~ l ~ t l i o ( l .  For ~ ~ i t l l i ~ ) l ( \ .  in t h ~  c o ~ ~ s i ( i ~ r ~ ( l  
case the exprcssioli (6.56) c;in also b c .  ot)taiiic~l kvitli tlic 11r.lp of thc 
L;tl)lnco t ra~~hform nletliotl c-lcscrihcvl ill C'haptcr -1. 

6.3.2 Applicatioil in Heat and Mass Transfer 

As the followilig C X ~ ~ I I I ~ ~ C  shows, 13at)~i1ko's 111ctllod call also be 1rst:d for 
holvi~~g certain problcn~s rclatcd t,o part ia1 diffrn~~it  ial tl<l\lilt ~ O I I S  01' lleat 
ailct rrlass traiisf(.r thcory. 



Let us <.onsitfcr tlic following sainplc heal trttnsf(>r prot)len~ for the 
llalf-pl~illc~: 

a a2 ( z -  ~2 + ) (  ) = 0 ( t  > 0: 0 < .r < r). (6.57) 

whew thc~ cbonstant 3 t-lrltl thc ftii~ction T,(t) arc piv('11. Let 11s look for 
thr. lrleitt flrix at t l-~c boundary. i.e. for 

'I'hc first step is to  suppose that clquatior~ (6.57) ran 1)c written in 
the forrri 

T11c.n ~ - ? ; c  ( ' i ~ i ~  ritilize~ t11e bonlidary c.olltiition (6.59) for noticing that 
all (1cc:;tying solutiolis of thr  origirial equation (6.57) are also the solutions 
of  ttlc tquatior~ which corres1)ond to t l ~ c  scco~ld oprrator in (6.61): 

l)llttil~g J' = O it1 (6.63) wcl obtain the rct l~~irc~d heat flux at tlicl 
boundary: 

q,\(t) = -,,"D-T5(f). (6.64) 

h r  c.o~iip~it:ttioris wc iliust have ail i r~tcrprcta t io~~ of t,l~c. opcrixtnr i l l  

(6.64). Thc first way is to 11s~ t l lr .  forr~lal bi11o111ia1 exl)nnsion: 
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The second way suggested by Yu. I. Babenko is based on tllc ideritity 

which in sorrle cases allows us to write the operator L in the forrn 

Indeed, if f (0) = f ' (0) = 0 (this is a necessary coriditio~i: see Sectiori 
2.3.6), then 

L2 f ( f )  = ( e - ~ t ~ 1 / 2 c ; ~ ~ )  ( C . ~ D ~ / ~ ~ ~ ' )  f ( t )  

= e - 7 ' ~ e Y ' f  ( t )  = e-"{r"Dl(t)  + n y T t  f ( t ) )  

Thercforrl, if t,he giver1 surface temperature 7b(t)  satisfies the corldi- 
tions 

T,(O) = T,'(0) = 0. 

then the heat flux (6.64) can be written in t,hc for111 

where LI1I2 denotes the half-order Riemanri Liouvillc fractional deriva- 
tive. 

Iri general, the justification of Bttbenko's approach is not known, and 
tliercforc it is necessary to look for siicli jiistification for each particular 
~)rol)lrm. Howc%vc.r, it is a powcrful tool for determining the possiblc form 
of the sohitio~i. Nunierous exaniplcs of the applicatio~i of this svnlbolic 
rncthod for solving integer- arid fractional-order diffcr~rit ial eyiiatioris ap- 
pearing in heat ant1 m;~ss transfer. problenls are givcn by Yu. I. Babenko 
i r ~  his 1)ook [Ill. 

6.3.3 Link to the Laplace Transform Method 

There is a certain link bet,wecrl Babeliko's mcthocl and thc L;~pl;icc traris- 
fo~rri rnrthotl. 

Let us corlsidcr the heat coritfuctiori problerri (6.57) (6.60) for a half- 
pl;tne for 7 = 0. In such a case we have 



arid t,he sollltio~i for the heat flux at  the boundary takes on the forrn 

This result can be obtained by the Laplace trarlsforrri method as 
described below in Section 7.7.3. 

6.4 Met hod of Orthogonal Polynomials 

It is well known that tlic solution of the integral equation of the first kinti 
is an ill-poscd prob1t:rn [248]. For exarnple, in the casc of the classical 
Abel's intcgral (quation ( 0 < n < 1 ) 

the lnai~i difficultj- is the differentiation which appears in the explicit for- 
mulas for t,hc solutior~ of the ccluation (6.72). In nlany applied problenis 
the functiori f ( t )  is kriowri froni nieasurcn~cnts (or computed approxi- 
tnatclg), and diff(.rc~itiation leads to magnification of noise in measured 
data and to wrong ntirrlcrical rcsults. Attcrnpts to circ~lmvent this dif- 
ficulty are ticscril.)td. for exarnplc, in [67]. [154], arid [H'L]. It is clear 
that the form of solution wliich does riot require differentiation will be 
rriorc useful for t o ( l i ~ ' ~  11111rierous applicatioris in physics. engineering 
ant1 other fields. The rnethotl of orthogonal polynorriials developrd by 
G. Ya. Popov [211] arid descrihcd in detail in his monograph [21:1] pro- 
vides a tool for tilt. rit~nic.ricnl solution of cc.rtain classes of intcgral e q ~ ~ ~ -  
tiol~s of tlie first kind i11 tlie prescrise of noise in f (t) .  A similar approach 
was suggesttd rllso by R. Gorcriflo arid Y. Kovetz for the solut,iori of 
Abcl's intcgral cyiiat ion [85]. 

111 this section wr. tical with tlie application of the method of ortliog- 
onal polynolnials to the solution of fractioiial intcgral equations. We 
briefly d(1scribc the method, present a collection of spectral rc~lttt,ionsl-lips 
and give two examples. ?'he special function notatior~ is ill accordance 
with [2]. 

Thrl following notation is usclcl t~elow: 

&I ( i: ;; : : i: 1 z )  is the kiypergeomctric function: 

I'(z) is the Euler ganirna function; 



6. OTHER AIET1iOD.S 

B(.r. y) is tlie Eulcr beta ftlctioi~; 
1 ' ; 1 . ' ( f )  is thc Jacobi polynoinial; 
0;; j(t) = ( 1  - t ) " ( l  + t )3~; ; . " ( t ) .  

6.4.1 The Idea of the Method 

I,ct 11s illtrotl11c.c the idea of thc mcthod of ortl~ogorial polpriorrlials oli an 
exaniplc of the. solution of the so-called characteristic. Callchy singular 
integral crluation of thr. first kind 

wl.tlcrc the. fu1ic.tio11 f ( t )  is givcxrl arid y ( t )  is unkliowri. 
Ecluatioii ((5.73) plays an important role in the. thcxory of elttsticity, 

ill fractllrc nieclianics. in fluid riu~c1i;uiics. in tllc theory of' electricity. in 
acoust,ics ;-tilt1 ill otlier applicti sc.it>nces. 

To oljtairl the solution of t~quntion (6.73) we will use the followiiig 
thrcc rclat,ioiiships: 

1 
CT,, ( T )  J F 7 t l - r  / -T-r = -Tr,+l(f) .  7r 

- 1 

whcrc ?;, ( t )  is t ht. Chrbyhhrv ~>oly~io~liii-ll of' t lie first kiri~l, I / , ,  ( I )  is tfi(' 
C'l~c~byshcv poly~lorriial of the. sccoii(1 kind ;tnd ~ $ - ' ' ( f )  is the. J;tcol,i poly- 
iiori~ial. 

12elnt ions11il)s (6.74) (6.76) arc cilll(1tl f h  r~ spc.c.f.ml rr~lof iorr,sh~l)l,s. 



The natllrc of tlic applied problern. whicll was redurcd to thc Cilucliy 
singular irltc\grsl cquation (6.73), tietcrrr~il~cs the class of solutioris. I11 tlir. 
classical theory of  t11e Cauchy singular iritegral cqu;ltioris tlic following 
I1i1.c~ c-asps arc. rolisitferctl: 

it) solution u~ihoundcd s t  t = 5 1 ;  
11) sol~itioli unbou~itlctl at f = -1 and bo~~r ld (~d  at t = 1 (or. what is 

ctluivalciit, bounded at t = -1 arid unl)o\i~idetl at t = 1 ) :  
c) soll~t ion I)oundctl at f = 51. 
'l'hcl ~rir~tliod of orthogonal poly~ionij;lls allows 11s to ot)tairi a. solution 

i11 all tllrcc. cascs. 

a) Solution Unbounded at f; = k1 

Let us suppose thilt wc look for the sollilio11 1111t)o1111dc~l at 1,ot h cnds 
t = f 1. TIIPII, ro~riparjr~g cqrlatiorj (6.73) and the ~ ~ > ( ~ r t r i ~ l  relationshjp 
(G.74), wca sc>e that it is possiljlr to look for tlic solution y ( t )  iri t11c for111 
of a scries of C~1ieI)yslicv poly~iorniuls of the first kin(]: 

we obtain: 

'ro clet,crrrlinc~ y,,. we ~nultiply 1)oth sicl~s o f  tllr. t>qllittion (6.78) by 
/?,-l(i) and i11tt~gr;itc fro111 I = -1 t o  i = 1. 'fikiiig illto tic(aoilr~t l 1 1 f )  
c~rtllogonality of tllc. C:hel)yslicv polyriorr~ials ol' t l ~ r l  scronct kirld 



6. OTHER AJETHODS 

we obtain: 

The corlstant yo call be fourid from the additional coriditio~~ provitling 
the uniqucrless of the solution. For example, if the additional condition 
is 

I 

arid t,herefore 

The formulas (6.77), (6.79) arltl (6.82) give tlie soliltion of the rqlta- 
tiori (6.73) in the  class of unbonnded functions. 

b) Solution Unbounded at t = -1 and Bounded at t = 1 

Let us now suppose that we look for the solutioli whidi is unbounded 
at f = -1 and bot~ilded at t = 1. 111 this caw, cornparing tlie t.cluatioii 
(6.73) anti thc spcctral relationship (6.74), \VC> stxc that it is possit,le to 
look for the solutioil y ( t )  in the forin of a series of ,T;icot)i poly~io~nials 

where the coefficicrlts y,, must be dctcrmiriect. 
Siibstittlting (6.83) inlo equation (6.73) and applyirig the spcc.t.ral 

rcllationsl~ip (6.75) we obtai~i: 



To determine !I,, . we niultiply t,ottl sides of ~qna t ion  (6.84) by P , ; ~  ( t )  
and integrate from t = -1 to t = 1. Taking into account thc orthogo- 

I 1  

rlality of the ,Jacobi polyllolnials ~ ," ' ( t )  

we obtain: 

Tile forrriulas (6.83) and (6.85) give the solution of the cquation (6.73) 
in terms of t<llc class of functions unbounded at t = -1 ant1 bounded at 
t = I. In contrast with thtl case of a11 unbounded solution. we do not 
need arlx additional condition for dctrrrninirig the unique solution of the 
equation (6.73),  bccause the sc~lecteti class of solut ions is narrower. 

c )  Solution Bounded at 1; = f 1 

Finally, lct us suppose tliat wt. look for the solutiori whicli is bounded at 
both ends t = f 1. 'I'hcn, coniparing the (1q1i;ition (6.73) and t l ~ e  spect,ral 
rclatioriskiip (6.76). we scc that it is possible to look for the solutio~i y ( t )  
in the for111 of a scrics of Chcbyshev polynomials of the second kind: 

wllero tl.1~ cocficicnts y,, rnust 1 ) ~  tlelcrrr~ir~ed. 
Substituting (6.86) into equation (6.73) and ~~tilizirig the spectral 

relat,ionsliip (6.76) wc ot)tai11: 

'li, tletr~r~nine y,, . we multiply bath sidcs of cyuation (6.87) by T,+ I ( t )  , 
( 7 1  = 0. 1 . 2 , .  . .), ailcl integrate frorn t = -1 to 1 = I .  Taking into account 
thc orthogonnlitj. of tlie Chebyshev polyriomials of the first, kind 
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we obtain: 

hll~ltiplying (6.87) by lI ,(t)  and int,rgratirig fro111 t = -1 to t = 1 we 
ohtairi tlic coiiditioii for the existc~ncc. of tlie solution of equation (6.73) 
i11 terrrls of tlick c-lass of f~iiict~ior~s bouiiclcd s t  t = f 1: 

If tlie riglit-liaiid side of the Cauchy singlilar ilitcgral cquatioii (6 .73)  
sat is fit)^ the co~lclit ion (ti.89), thcrl thc solutiorl y(f ) is givcn by forrriulas 
(6.86) and (6.88) : otlierwiscx the soll~tiorl doc.:, ?lot exist. 

It is worth noting that tlir spectral rclatioriships (6.74) (6.76) allow 
us also to ot)tain a solution of ti](. characteristic Calicliy sirigular integral 
eqliatiori of tlrc second kiricl 

arid of the so-call<bd coi~iplctc equatio~is corrt~spontfing to tlic c1iaractc.r- 
ist ic orlcs (6.73) and (fi.90), iiaillcly 

nlic~rc t lit. kt~rriel K ( t .  T )  clocs not coutniii singulilrit,ics. The corrcspo~itl- 
i11g integral cc/i~;ition is rcdut:ed to an inliriite systeru of 1iil~;~r ;llgcbrsic 
t'cluiltio~is. \vliosc. approxirriate so111i io11 car1 h(1 foillid 1)y the rncthod of' 
rcductioii. Thc dct;~ils i-tlid t h e  jl~stificatio~i of s~icli a sol~ltion proc.c~cl~lrc 
can i)t. f'o~i~lci i t1 [213]. 
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6.4.2 General Scheme of the Method 

Now lct 11s l~riefly describct the gcrleral sclic~rric~ of thc rllctliotl follonfing 
[213]. 

Let us corisitier th r  i r l t  cgral c?quatio~i of tlie first kiricl 

Suppose. t herc is w 61)~('lr.(11 wI( i t1o~i~1~zp  for tkiv integral oprrator with 
tlic. kcrricl K ( t  . 7 ) .  This nlealis that  there are two fainilirs of ort hogorial 
polyrioriiials, { p ; ( t ) } ~ = o  and (11,; (t)}zTo. iflid riori-L~SO 1i111nI)el.s ((T~):=~ 
~11~11 t l l i~ t  

i K ( t ,  T ) ~ :  ( T ) ~ ,  ( T ) ( ~ T  = c~,,!j+ ( t ) ] ) ;  ( t ) .  (a < f < b. ri = G j  
0 

(6.94) 
1,ct 11s suppose that the polyriorriials / ) : ( I )  a ~ i d  1); ( t )  tire ortlionormal 

i r i  ( ( 1 .  t ) ) ,  i.c. 

R.~(>I-c ;S7,,,, is tlic K r o ~ ~ c c k ~ r  (lelta. 
'I'liei1 m c-a11 look for tlir. soltit ion of t,hc cclllittion (6.93)  in the foriri 

wlierc thc coc~ficicrits y,, iri~ist I)c dct ernlinc~tl. 
Su1)stituting (6.96) into thc eyui~tioll ((j.9:)) aiid lisiilg tlie spc.c.tr;ll 

relatiolisliip (6.94)  ivt. obta i~i  

Z 
- 

!/-, ( 1 )  x orn!~rr i l ) , ,L i l )  = . f ( t ) .  ((2 < 1 < (6.97)  
rir -0 

hl~~ltiplyiiig t)ot 11 sitlcs of (6 .97)  hy p- ( t ) j j , ,  ( t )  itilcl irltrgri~tillg f'roni 
(L to I )  with tlic iisv of tlie ortliorior~~iality c.oliclit iori (6.!)5) gi.r?c\s 



frorn which wc find y,,. Therefore. the solutior~ of the ecluation (6.93) 
can Ijc written in thc explicit forrn 

In tlw case of the equation of the first kind 

with the kernel R(t ,  T )  for which t.he spectral relationship is nnknowr~. it 
nlav often lje possit)le to write it in the forrn 

where D(1, T )  is a rcy,iilar kernell. Thcri substit,~ltiori of (6.96) into (6.101). 
the use of tlic spcctral relationship (6.9-2) and the orthonorniality contli- 
tion (6.95) lcad to  the irlfiiiite systeln of lirlear algebraic equations: 

where f,, is the sunlc as abovt.. 
The infinite systtXn~ (6.102) car] bc solved approximately by the rc3duc- 

tion ~nc t  hotl. I t  is worth rioting that the solutiou of tllc intcgral cqutxtion 
of the first kind (6.101) is rcdiiccd t o  the solutiorl of the irifinitc li~lcar 
alget)l~~ic systt>rn of t he s e c o ~ ~ d  kind (6.102). which is an advantage fronl 
tile point of vicw of approxirnixte riurlierical solutions. The conditions of 
corivergenc'e of f hc rc.dtiction method for the s y s t e ~ r ~  (6.102) are given in 
[ l lz] .  [ill], and [213]. 

For solrlc ktarncls K ( t .  r )  more than one spect ral rc.lationship rnay be 
known. For cxa~nplc. i r ~  the case of the Cauchy sirlgular kernel (1 - T )  

we have three spcctral relationships for classical Jacobi polyllornials ( h e r  

163, forrriulas 10.12(47) and 10.12.(48)] and [213, formula 14-12.4. y. 304]) ,  
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and an irifi~ii t~ rlurnbcr of thcni for generalized Jacobi polyriornials [I921 
(note also t he spcctral relationships (6.114). (6.113). arid (6.117) below). 
In sudl a cab(>. t l i ~  dofi~lito choice of the spectral relationsl~ip depcnds on 
the character of the problerr~ resulting in tl.1~ corisidered iritegral eqiia- 
tiori; the character of the prot>lerri detcrrnincs the class of solution. The 
spcctral relationship must be srlectcd aftcr choosirig the class of solu- 
tions arld is accorriplishetl, if neccssiiry. with additional conditions for 
tletcrrl~iriir~g atftlitional coilstarits (i.c. fiililirig the iiliiq~ic so111tiori) or 
wit11 tlic. co~iditions (usually for thc right-kland side) of solviibilit~~ (scc. 
for exarnple. [I921 arltl [193]). 

The availability of a suitabltl spectral relatiorisliip is a riccessary con- 
dition for thc applirat,ion of thc rricthoci of ortl.iogona1 polynoniiuls. A 
wide collt~ctioii of spectral relationsliips for vtirious integral operators of 
the first ant1 thc sccond kinds is giver1 in [213], 1)11t it does riot contain 
t11c relatioiisliips giver1 irk this paper. 

In t lrc subsections lidlowing below wc. present ti collection of sprctral 
relatiol~slr~ips for the three tj-pes of frac.tiona1 ctifft>rc~itial operators: 

tho Ricsz fi.actioriil1 integrals with the kcr~icl R( t ,  T) = It - T I - " .  

thr left Ric.rnar111 -Liolivillc fractioiial iili cgrals 

thc right fractiorial Hic~ini~rin Lioiiville integrals (sorric~tirric~s also 
c-allcd the FVeyl fractiorial integrals) 

6.4.3 Riesz Fractional Potential 

We will start by obtaining tho spectral relationships for the i~itcgral 
operator wit,l~ t,ht kernel 1.1: - I )  ' calletf thc Riesz potential operator 
[232]. 



'T I IEOHE~I  6.1 o If > -1, d > -1, 0 < v < 1 urld : 1s ( I n  arbzfr.nr.?/ 
I P ( I ~  nurnbcr., then lor - 1 < .r < 1 tllr follovlzr~,g hold 

- 
sill x ( 7  - g ) @ l ( x )  i- hi11 j 7 ( ~  + - . j )@2(x)  - rrt = 0 .1 ,2 , .  . . . 

T ( v )  sir1 cos 7 x 
(6.105) 

cuh~113 
1'(7n + rr + l ) r ( r ~ ~  + v)i7( , j  - v + I)(-1)'" 

Proof. To prove this ~tat~crricnt. let us collsitlcr the following iritcgral 

1 

(1.9, O < v < l .  (ti. 109) 
0 

Si i1 ) s t  i t  11tir1g (6.109) illto cql~:itioi~ (6 .108) .  i~i tcr(~l ia~~gi~ig t11c or(1er 
of integration. using thc  13otlrig1it~ fi)rrrl~ilw for Jnc*ol)i polyl~oiriials arid 
irrtegratirig 1)y parts wc ol~taili: 



Evaltintirig integral (6.110) with the help of [62. for~riula Ci.9(9))] and 
thcn using 163, for~riula 2.10(2)], we find 

~ v l ~ e r e  $1 (.c) and a2( . r )  arc3 given 11y (6.106) and (6.107). 
Or1 the othcr hand, with the hc3lp of [62. form~ilas fi.;i(l) ;tnd 6.5(21)]. 

irltrgral (6.109) (.an be cspressed in the forin 

S1it)stitiitilig (6.112) i r~to  (6.108), takirig irito account the c.qil;ttion 
(6.1 1 1) , arid scparat,ing tile irriaginary part. wc oljtairi (6.105). which 
tmtls the. proof of T~IC~O~CIII  6.1. (Consitleratiori of the real part ;ift,cr 
replacing y with y + $ leads to the xtmle final cxprcssion.) 

T H E O ~ ~ E R I  6.2 0 I f  Ck > - 1 ,  ' j  > -1 and 0 < L' < I .  the11 ,for 1 < 
.r < 1 Ihr fo1lou:aog hold 

I Proof. T'liis is a p:zrt,icul;tl. c-nsc of Tfirorclri 6.1 for -, = , . 
'I'~~eor~r;hr 6.3  o If c\ > -1, ij > -1 clrrd 0 < 11 < I ,  the71 for. -1 < 
J < I the  folloculng hold 

Proof. This is a. l)artic.ular case of Theore111 6.1 Sol ? - 0. 
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T f f ~ o n ~ k r  G.4 o If 0 < I/ < I ,  n, i s  a n  arbitr.u,ry real 71u7nber und r. and 
k are in teger  7~1~rnbe.r.s s ~ ~ c t ~  tt~a,t r > 1 + y - i, I; > -1 - -y - g ,  the71 
,for -1 < J. < 1 the ,follo.wing hold 

i7(-1)' tk+l sill n(y - !)2r+k+lr 
- - 2 (7n + v) 7+g-7-~.--,+:-k I - 

7r~!r(v) sir1 7 ('os(yr) sin n(- y + - k) ' T I L + T  ~ k f l  
(4. 

(6.113) 
rrt + r .  + k + 1 2 0 .  

Proof. Incleed, taking in (6.105) ;3 = 2 + + k (in this rase the second 
terrri in (6.105) disappears) and tr = -7 + $ " + r. (due to this ciioirc al (x) 
t)eco~nes a polynomial). we obtain (6.1 13). which c.on~pic%cs the proof of 
Thcorcln 6.4. 

Thcorcr~l 6.4 is a gerlcralizatiorl of Popov's forrnula [213, fornlula A- 
6.3. 1). 2981. 

T r 1 ~ O r i ~ h 1  6.5 (Spectral relationship for the cl~ssiciil Ricsz potvntial) 
o If 0 < v < 1 arr,d 1 .  and k are zatcgcr nun~bc.?;s such that  I. > - q, 
k > -y, thcn for -1 < ne < 1 fhe  jollou)~ng hold 

( t )  i7(-1)~2~+~+'1' ( r r ~  + v ) ~ , + ~ , % - A  
ctt = 

~n! I ' ( v )  cos rn+ri k+i ( J . )  

1 I'roof. This is a particular case of 'l'licorcrl~ 6.4 for 2 = 2 .  

In thc general casc, the Jacol~i polynorriials in the right-hand side 
of equatio~is (6.1 13) ;xnd (6.114) art' the Jacobi poly~iornials orthogonal 
with 11011-integrable wc.ight Sl11ic.tio11 [192]. 

I11 order to considcr clax4cal Jacobi polyr~ornials, we must havc, in 
aciclition to the conciit ior~s of 'I'llr~ort~rn 6.5. 

T h c ~ e  is only onc pair of values for I .  arid k which simultaneously sat isfics 
tlich conditions of 'Theorclirl 6.5 arrd (6.115): r = 0: k = -1. 111 this rase, 
ecluation (6.11 4) t akcs tllc following simple forrri: 
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TIIEOREM 6.6 o If 0 < v < 1: then for -1 < x < 1 the follouiing h,old 

1 u-1  u - 1  

~ r ( m + v )  * ~ 
dt = Pm" ' (x): 

V L ! ~ ( V )  cOs y (6.1 16) 

1 

' ~ E I E O R F ; ~ ~  6.7 o If 0 < v < 1 and and k are znteger numbers R U C J L  
that r > -1 - i, k > -1 - g ,  then for -1 < :r < 1 the follow~~zg hold 

i sign(z - t )  ;+r,5+k ~ ( - l ) ~ ( r n  + u) g -  7 ~ , ; - k  - I  
6.2m (t)dt = lx - tIu 2-r-"-lrn! r ( v )  sin ?f I ? t + r + k + ~  (2). 

- 1 

Proof. This is a particular case of 'Theorem 6.4 for y = 0. 
There are four particular cascs of Tlieorern 6.7 for classical Jacobi 

polpnornials. namely 
(i) r =  k =  -1 ; 

( i i )  7. = -1, k = 0 ; 
(iii) r = 0. k = -1 ; 
(iv) r = I; = 0, 

but only three of thcm are differe~it, because (ii) anti (iii) lead to the 
sarric. form~lla. \+'c have: 

TI-IEOREM 6.8 o If 0 < v < 1; then for. -1 < .z: < 1 the following 
for.rnulus are valid: 
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Taking in (6.118) (6.119) v -+ 1,  nre obtain the well-known for~nu- 
las of the Hilbert transforrri of weighted Chehyshev pol?;norrlials of thcl 
first and the sccortd kinds [63, formulas 10.12(47) aritl 10.12.(48)] and 

_.! I 
weighted Jacobi polynoniials P,, " ( . E )  [213. formula A- 12.1, p.3041. 

6.4.4 Left Riemann-Liouville Fractional Integrals 
and Derivatives 

TE~EORERT 6 .9  o If 0 < v < 1,  und r and k are ~nt(~.qer  numbers such 
thc~t  r > v - 1 ,  k > -1 - v ,  thrn for. -1  < x < 1 the f0110~17~g hold 

/ ~y+*(t )  ~ ( - 1 ) ~ + ~ 2 ~ + ~ + ~ r ( ~ ~  + V )  v - r - l .  
d t  = ' - ' (x:).  (6.121) . ( I C - t ) "   IT)!^ ( v )  ~il l (11~)  prn+r+k+l 

-1 

Proof. Tltis is a particular case of Theorem 6.4 for y = v / 2 .  
The relatioristtip (6.121) ca t  bc written also using the syrnbol of 

fractiortal tliffc.rentiatiol1: 

In the. g('11eral case, the Jacohi po1ynorrii;ils in tktc right-hand siclc 
of cquat ion (6.12 1 ) arc the Jacobi polynornials orthogonal with non- 
irttty,rable wciigltt functiort [192]. 

'Ti, consicter classical Jacobi yolyrto~nials. we nlust haw,  in addition 
to thc conditions of Tltc~orc~ril 6.9, 

'r11ere is only ouc pair of values for r ant1 k which si~riultancousl?; satisfies 
the coriditio~ls of Tlieore~n 6.9 anc1 (6.123): r = 0, k = -1. In this case. 
c.qu;~tion (6.1 2 1 ) 1~cc.ornes 

TIIEORE~I 6 .10  o If 0 < 11 < 1 ,  tl'le?~ for - 1  < .r < 1 fhc followzr~g hold 



Putting u = 1 - X (0 < X < 1) arid perforrrii~lg obvious substitutio~is 
of variables, we obtain 

O < y < l ;  .rrz=O.l.'L, . . .  

Thc intcgritl in t,hc left-haiid side of (6.125) is a multiple of tlic 
Kieinanrt Liouville fractional integral of ortictr A. wl.licli is tiefinr.cl 1 ) )  
(e.g., 1179. 2323) 

u 
1 

.~.y*f(,y) = - /(y - T ) " ' ~ ( T ) ~ T ,  (y > a ) .  (6.126) 
I7(X) 

Usirig this notation, we can write eqiiatiori (6.125) as 

Tllrson~br 6.11 o If (1 < X < 1, the71, for 0 < t < 1 the followzrtg llold 

TI-II.;OIZEXI 6.12 o If 0 < X < 1, then fo7. 0 < t < 1 the fo1lou;i~rg holds 

Proof. Applyilig the operator of Riernann-Liouville frac.tioria1 diffcsr- 
entii~tion to both sides of cquatiorl (6.127) anti usir~g the wc4-lmown 
propc.rty (e.g. [179, 2321) 

we obtain equat,ion (6.128). 

TI-IEOILERI 6.13 o I f  0 5 ri - 1 < 11 < r ~ .  12 zs z~iteger. f h ~ n  for 0 < t < 1 
the followcrry Icolrls 
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Proof. Differentiating both sides of equation (6.127) rL times with 
rcaspcct t o  t and ~ i s i r~g  [63, formula 10.8(17)]. we obtain 

dT" x 0,-x ' X ( 2  - 1 )  (m  > 7 ~ )  - ,uy Q,, (at-1)= 2 rn! 
dtn (m  < n) .  

(6.130) 
In the left-hantl side of this relationship we recog~iize the Riernnnii 
Liouvillc fractional derivative (e.g., [179, 2321) of order p = n - A. Tliis 
allows us to  write equatiori (6.130) as (6.129). 

THEOREM 6.14 o If a > -1, 0 > -1 and X > 0, then for. 0 < t < 1 
the following holds 

Proof. Putting in (6.105) y = we obtain 

i sin ~ ( v  - p)  
(Z - t ) - " ~ % ~ ( t ) ( l t  = @ 2 ( ~ ) .  (6.132) 

r ( v )  sin(7rv) 

Substituting now (6.106) into (6.132), setting v = 1 - X and ~ising 
[63, formula 2.9(2)] we obtain (6.131). 

6.4.5 Other Spectral Relationships For the Left 
Riemann-Liouville F'ract ional Integrals 

The following spcctrsl relationships for the Chebyshev and Legcndre 
polyiiomialh were o1)tainc.d by J. Podlubriy with the lielp of the properties 
of the finite Fourier transfornls [191]; the formula (6.135) can also bc 
fouricl iu [2, forrriula 22.13.101 



There is a spectral rclationsliip relatirig tlie Cegcxibauer polynorriials 
and t he Jacobi polyrlonlials (see. [2 16, for~ilula 2.21.2(9)], [91]): 

13. Askey obtained allot her spectral relationship for the Jacobi poly- 
noiriials [8] : 

- l~ ; "{ ( l  + t)5~;:1~i(t)} = l'(n f 0 + 1) P;;-w,Lj+,l (t).  (6.137) 
17(n + ,j + ,d + 1) 

The following formilla for the Li~gii(~rre polyilornials was pro1)al)ly first 
obtaiucd by E. I<ogbetlia~itz (see [217. Task 20, p. 383 of the Russian 
edition], whertl a rc~fererice to thc Koghetliantz's paper is given): 

6.4.6 Spectral Relationships For the Right 
Riemann- Liouville Fractional Integrals 

'I'hcl following spcct ral rc.lntio~isips for tlie C:kiel)ysli~v aritl Lrgcndre poly- 
~io~li ials  wclre obtairic~cl 1)y 1. I'odliil)r~y wit 11 1 l l t l  holp of the propertit>s of 
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the finite Fourickr transfi)rrris [1!11]; thr: forr~~ula (6.141) car1 also be follrid 
in 12. fonriula 22.13.111 

t ~ ; 1 i 2  {un(~)m} = * ( ~ < ~ ( t )  2 - P ~ , + ~  ( t ) ) .  

2J;; Tr, ( f )  - T ~ + I  ( t )  (6.141) 
JF.7 

R .  Gorenflo atld VII Kim Tuan obtained t h e  spectral rclationsliip for 
the Cegenbauc~ polyrio~iiials [91]: 

(It1 < 1. rr =O,. k =O,). 

whcrc tho filnctioris 

cos ( n  + srccos t )  
y p ( t )  = ( 

d l - 7  

are orthogonal on (-1. -1) with tllc weight ui ( t )  = d m - :  

[ y ik l? )  ( t )yp2) ( t )  J C F d t ,  = %7L71L 
2 

and call be expressed in t,clrrns of tlle (':het)ysl~ev polyriornids ( I / - ,  ( t )  50): 

- 7  ( t )  for cveli k . y k 2  ( I )  = ( - t 1 n+l (6.143) 

1 ~ ! i . l 2 ) ( ~ ) = _  ( i l  -t2)-1/27. 2 1/'Lu 

fi 
- t - 1 - 1  ) ,,y(tj), for odd I;. 

r r t ,  

(6.144) 



The followirig spcctral relationship for the ,Jacobi polyrior~iials nr&% 

obtained by R .  Askey [8]: 

r'(7) + Q + 1 )  
t ~ ; p { ( l  - t)".P;;*"t)} = p;+p,L<- P ( t ) ,  (6.145) 

r ( n  + tr + IL + 1) 

The spectral relationship for the Lagucrre polyriornials was given by 
G. Ya. Popov [213, fornllila 73-7.2. p.3071: 

6.4.7 Solution of Arutyunyan's Equation 
in Creep Theory 

As tlle first siniple exar~lplc of the use of the mrthod of orthogonal poly- 
nornials we will corisidcr the equation deduc.ed hx S.Kh.Arutyunyan [7] 
for the plane coritact pro1,lcrli of linear creep tlicory, which can 1)(. re.- 
tlucetl to tlie solutioll of  tile equation with the Riesz kcriiol: 

Let us obtairi the solution to cyllatiori (6.147) using the method of 
ortl~ogor~al polyriornials. 

T l i ~  spectral rc~lat,iorlsliip (6.1 16) suggests the followiiig forrn of thc 
solution: 

n = O  

Substit~ition of (6.148) into eqliatio~i (6.147) arid the hul)scq~icnt use 
,1ves: of the spect r d  ~-~lationship (6.116) b' 

W xI'(1z + (Y) C r h  ,,, ~ 7 '  2 ((1) = j'(t). (ltl < 1 1 ,  (6.139) r t !T(a)  cos 
11=0 - 

and lisiiig the ortliogorialitv of the Jacobi polyno~nials we fir~ci the roef- - 
ficierits p,, (7) = 0. m): 

(2n + (y)r2 (71 + ( L ) ~ ( ( L )  cos (7 
I ) ,  = f,, -- (6.150) 

n 2 " r 2 ( n  + 9) 
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The formulas (6.148). (6.15O). and (6.151) give the explicit solution 
of the equation (6.147). For the riu~r~erical coniputation of the solution 
G. Ya. Popov's quatlrature forrnulas [223. pp. 37-39] car1 be used. Those 
qiladrature forrnulas do not require kriowledgt~ of the roots of the Ja- 
cobi polyrlolnials and take into accourit the oscillations of tlie iritegratetf 
filrict ion. 

6.4.8 Solutiori of Abel's Equation 

As the sccorid example let us consider the classical integral equ a t' lon 
(6.72) of H.N.Abe1. 

I,ct us supposc that  the right-lland side f ( t )  is bou~lded at t  = 0. In 
this case, it is kno~vn that y ( t )  - corist - t - ( I ,  ( t  -+ 0). Thrrcforc. wc 
call use the spectral relationship (6.127) and look for the solution in the 
forrri 

Tlic usnal procedure of the ctctrrrriination of y,, leads to tlie followirig 
result: 

The forniillas (6.152) and (6.153) give the explicit solution of t hrl 
cquatiori (6.72). For t hc nurricrical computation of tlic solution t,he 
above-rncnt ioried I'opov quadrature forrriul~s (.all hc used. 

6.4.9 Finite-part Integrals 

In t l ~ e  al)cjvc scctioiis we give somc spectral rclat,ionships for tlle .Tac*obi 
polynoniials ort hogor~ill with r~orl-integrabltl weight funct ion. The dc>vcl- 
oprrient of tht. tlicory of such gcricralizcd polyl~ornials I i i ~  just started 
recently. so in this scction arlti in tlic subsequent one we givc orllj vcry 
basic i~~forrriatioli. which is nc.c.t3ssary for applicat iol15. 
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Bccausc of the non-integrability of the weight fiinction. the rnain 
instrument is thc riotion of the finite part of a divergent integral. 

The dcfirlitioi~ of the finite part of a divergent integral was give11 by 
Hadamard ['39], when he was cor~sideririg the intclgral 

Hr obtai11r~c-l and used the first rt:gul;irization fornlulas for divergent 
integrals with nori-ir~t~egrablc wcight furictiori like (6.151). 

I11 the paper [192] a class of Jtro1)i polynomials which are orthogonal 
wit11 non-integrable weight is studied. Anlong other results, the followir~g 
regularization forinula for the finite-part integrals was ohtainetl: if f ( x )  
is coritiriuously difft>rentiablc in [- 1, 11, then 

where a and d rnust satisfy the follou~ing conditiorls: 

If hot11 integrals ill the right-kiantf sidc of (6.155) exist in the usual 
sense. thcn t11c valiic of the  right-hand side gives the finite valuc of the 
integral ill the left-hantf sidc. hlathcriiatically, we use here a~lalytiriil 
c-orltinuatio~~ wit11 rcspcct to a arid ,7. 

Orle of rri31iy particular ca.scls of t he rcglilarization fornjrila (6.155)' 
which will h r  ~ i s ~ c l  Ir>elow, is for tr = i,' = $: 

CVc can also rnentioii tlie following t ~ v o  particular ca.\es uf the forrnula 
(6.1 55): 
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Using (6.156). we can casily evaluate, for instance, the following 
finite-part integrals: 

In the case of equnlztzes the rules applicable to integrals in the classical 
sense can be usc~l also for the rnanipulation with finit,<.-part integrals. For 
exarnplc, it holds that 

and so on. 1Iowevc:r. rrianipulation with ineq~~nlitzes requires sorrie care. 
For cxamplc, krlowirig that f ( t )  is positive in [a. b] , we can say nothing 
abotlt tho sign of the finite-part iritcgral of the type (6.153) or (6.156). 
Indeed, it rriay also he zero (6.151)) or negative (6.160). 

l3stimatc.s for finite-part integrals can bc obtained usirig the regular- 
izat ion form111as. 

It, is intcrcst,irig to note that tllc n ieniarlri liiouville frilctiolial tlcrita- 
tive can t-,e writteri in th r  for111 o f  a finite-part integral 

which can also bc considered as a convolution of I wo generalizect func- 
tions: @-,(t) = t " 'IF(-tr) arid f ( t ) .  Tllt.rcfore, the finite-part in- 
tegral for111 of tllck fractional derivative is equivalent to the generalized 



fi~r~ctions approach dcscribcd in Sectiori 2.4.2. I-Iowcvcr, it setrns to 11s 
that the finite-part ir~tcgral approach car1 be in a certaitl sc~isc. rnore 
transparent. 

6.4.10 Jacobi Polynomials Orthogonal 
with Non-integrable Weight F'unction 

'l'he witliors of the Baterkiaii hI;~iiusc.ript Project [64] noticctl that tho 
1ri;rjority of t hr rc~latiorlsliips for t11cx c.lassica1 .lacobi polyr~oniials ~ ; " " ( t )  
(*a11 be (formally) usccl cvcn if cr < - 1 .  or 3 < - 1 ,  or botli (I < -1 i111d 
l j  < - 1. That rcriiark opened a way to tfic generalization of the Jacobi 
polynornials coilsidering urlrc.strictcd vril~les of tlie parameters (1 ancl ,j. 

The first real appliration for slich gcncralizccl Jacobi polynornials was 
found by G. Ya. Popov and 0. V. 0riishcl.iuk [181]. The j~  rcdliccd the 
pro1)lcrn for a plate with a rigid iiiclusio~i to all iiltegri~l cqilation witli 
a so-called sn~ootli kernel. for whicli thc Jacobi polyrlomials ~,:."(t). as 

they ~'rovcd. are t l l ~  cigtnfilrictioris. This allowcd them to ot~tain thc 
solutiori of tllc integral equatiori in the. for111 of i~ 1;ourier ,lacobi sc)ric.s. 

In this sectio~i we use sorrie parts of tlie thcory prtscntccl in [192]. 
For thv application of ,lacobi polylioniials ortliogonal with nori-i~itcgr- 

able weight fllnct ion to the solnt ion of fractioiial i11tcgra.1 aiitl tlifferential 
equatioris we first of all  ired a tool for the cvalilatiori of tlic Fo11ric.r 
Jitcobi coefficients of the filnction f ( l ) .  The follo~ving forrnula providcs 
such a tool: 

(6.164) 
uncltr the assunlption that f ( t )  is continuously tliffc~rc~ntiable in the closed 
interval [- 1, 11, 0 < a.  ij < 1, (L # 0, i j # 0. and tr + d # 0: 1. 

Tht: forrnula (6.164) allows easy evaluation of thc squared ~iorrrls of 
the corlsitlered Jacobi polynolliials for rr 2. 1: 

1 / ( K  a-1,-,$-I 

- - 
271 . (1 - t)" ( I  + t ) I 9  

- 1 



Frmri the forrriitl point of view. the expressiorl (6.166) is the sanie 
as thc formula 10.8(4) from [MI. Howcvcr, in our case the cxprcssioti 
(6.166) represents the regularized value of the finite-part integral. 

It follows froni (6.166) that for rl >_ 1 wcl 11ave 

> 0. for 71 > n + p +  1 
= 0, for 71, = (L + /? + 1 (6.167) 
< 0 ,  for n < a + 13 + 1 ,  

which rrlcans that squared rlorrtls of the considered Jacobi polyriornials 
are not always positive. but ran also bc1 negative or zero. dcpcntlirlg or1 
a cornbinatiori a ,  B ant1 n. Such a rlorm is called an ~r~definzte riorni 
[10]. The convergerice of Fourier series in such ortl-logorla1 po1ynomi;ds 
should bc ir~vestigatcd irk inticfinite rnctrir spaces 3loreover. sirice we 
have only a finite nurn1)er of polynomials with negative squared norm. 
thosc indefinite rrietric spaces arc Pontryagin spaces (definitions can be 
found in [ lo]) .  Mrc give below only a very brief overview of some results 
wl.iicli can be useful for proper application of the considtwd generalized 
,lacobi polynon~ials. 

Q-metrics and Q-orthogonality 

Let I+' be a linear space of coiiti~~uously c1iff~:rcntiablc fiinct,iolis in t,ha 
closed iritcrval [- 1. 11. Lct us cor~sider the real linear for111 

The following properties of this for111 are obvious: 

3. { f ,  f} can be positive, negative or zero. 



Indeed. it follows from (6.159); (6.160), and (6.161) that for n = 0.5 arid 
r/ l l  = 0.5 we have 

{ I ,  1) = 0, 

{t ,  t)  = -7r1 

The lisiear forrri {f, g) is an indefinite rnetric (Q-nletric) in F [10]. 
It is \aid that f ( t )  is Q-posztzvc. (2-negatzve. or Q-neutral, if { f ,  f }  > 0, 
{ f. f )  < 0, or { f ,  f )  = 0, respectively. 

If { f .  y) = 0. then the filrlct,ions f  (t)  and g (t) are called Q-ol-fhoyor~ul. 
which wc denote as f  {l}g .  

For exaniple, f  ( t )  = t is Q-negative. y(t) = 1 is Q-neutral. h ( t )  = 
1 - t q s  Q-positive, aiitl f { i ) y ,  because {t. 1) = 0. 

Similarly to the classical Jacohi poly~lorriials we have: 

THEORE~I  6.15 1.'--'r-1.-4-1 
n (t) i s  Q-orthogonal to all polynomials of 

lower order n,, (t): 

{ e n - c ~ - l , - ~ - ~  , I }  = 0 (771 < n). 

Ue also liave the Burliakowski inequality: 

THEOREM 6.16 o I f f  (t)  E F andg(t)  E F are r~ot  Q-negative functio,rw, 
then 

A systern of functions S = { ~ , ( t ) ) , ~ ~ ,  where I is an arbitrary set of 
indiccs, is callcd t i  Q-o7~tho~ul-~ul sgstem. if 

(6,, is the Kronecker delta). 

T~k;onsiu 6.17 o The system S,,II = {P;"--'.-"-' ) is o Q-orlhoqor~al 
systern. 



A Q-orthogonal systrrri S c I; is called a &-closed s y s f t ~ ~ n .  if there is 
110 fiinction f2(t)  E F sllch that h ( t )  $ S and h ( f  ) $ 0 arid h { l ) S .  

THEOREM Ci. 18 o .So,$ 7,s n Q-closed sy.sterr~. 

Let us divitlc S in two subsystcrns. s+ and S - .  consisting of thc Q- 
positivr and Q-ncgativc. functior~s rc.spectively. Tlic iiurnber of functions 
in R srriallcr subsysteni is callcd the r . r ~ ~ ~ g e  of zndefi~tzterlt- '~~ of the system1 
S. and denoted r ( S ) .  

THEOREM 6.1'3 o For l , l l ~  s:ystc.m S,,,:j wc, have 

[ r t  + /3 + 11. for e + 9 + 1 > 0. 
~ ( S ; Y . J )  = • for. t r + B + 1  < 0 .  

The range of inclcfi llitcrlcss of the systelri of the classical Jacobi poly- 
nolrlials is equal t,o 0, arld the Q-~rt~liogonality beco~nes the usual orthog- 
onality. 

The Fourier-Jacobi Series 

Let us snpposc. as :ibovc, that O < a < I ,  0 < j3 < 1. (1 +- 8 # 0; 1, and 
rcciill that F is a linear space of' continuously differenti:~blc furictions in 
the closet1 interval [- 1, I]. 

Tllc considcrcd gcrlcralized Jacobi polynomials, which arr orthogo- 
nal with ~ioli-iritc.grablc wight filnction, allow forrrial developlrierit of 
fulletions in Fourier-Jacobi series, arid such series have the uniqueness 
property: 

THEOREM 6 . 2 0  o If for fl ( t )  E 4' and f 2 ( t )  E I*' thezr Pourzer series h r l  

Jacob? polynomtals P,;*-"-~-' ( t )  are zdentzcal, then f l  ( f )  = . f i ( t ) .  

Aild these serics converge for f~i~lctions from &': 

THI.:ORI.;M 6.21 o For the Jilnct?o~t f ( t )  z t s  Founer  sel-zes tn ./ac.ot)~ pol!j- 
rlorrlzals I:, " '> '' ' ( I )  ~~r~ t f o r rn l y  1~of~ue7yes to f ( t )  zn t h ~  closed ~ntervn l  
1-1 + F ,  1 - €1, W ~ P T P  c zs a n  arbztrary c07~sta7zt b t , t ~ l ) ~ ~ n  0 a n d  I .  

For thc cvitluation of the Fourier Jacot~i coc~fficicrits of sucll series the 
forrrlulas (6.164) and (6.166) rnust be used. 



Chapter 7 

Numerical Evaluation 
of Fractional Derivatives 

In this chapter we describe a sirriple but effective rnethod for the eval- 
~iatiori of fractional-order derivatives. This approadi is based on the 
fact that  for a wide class of functions, which appear i11 real physical 
and cngincering applications, two definitions Riemann Liol~villc and 
Griinwald-Letnikov are equivttlent. This allows 11s to use an approxi- 
niation arising from the Griinwald- Letriikov tlefiiiitior~ for the cvtil1iatiori 
of fractional derivat ives of both types. 

JVe also formulate the principle of "short memory". which rrduces 
the aniount of corriptxtation. and give two examples of its ir~t~ernlctliate 
usage: corrip~itation of lieat fluxes in a blast furiiacc wall and rll~rnerical 
cvaluatiori of finitc-part ir~tegrals. 

7.1 Riemann-Liouville and Griinwald- 
Letnikov Definitions of the Fractional- 
order Derivative 

The Riemann-Liouville Definition 

Recalling Section 2.3, the Rirrrlann- 1,iouville definition of the fractiorial- 
order derivative is 

t 
1 f (7.) dr 

('L); f ( t )  = (71 - 1 < tr < T I , ) .  (7.1) r ( T ~  - a )  
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The Griinwald-Letnikov Definition 

Let us also recall the Griinwaltl-Let.nikov definition (see Section 2.2): 

[?] 
a ~ y  f ( t)  = liin ~ ~ ? f ( ~ ) ,  .~ : f ( t )  = c ( - 1 )~  

h-.O /2(k 
f ( t  - jh) ,  

3 =0 

(7.2) 
whcre [ X I  means the integer part of x.  

For a wide class of functions, iniportar~t for applications, both def- 
iriitioris arc equivalent (see Section 2.3.7). This allows one to  uscl the 
Riemann Liouville tlefi~iitio~i during problem forn~ulation, arid then turn 
to  the Griinwald Letnikov definition for obtaining the nunlcrical sohl- 
tion. 

7.2 Approximat ion of Fractional Derivatives 

7.2.1 Fractional Difference Approach 

We use the followirig approximation, arising from the Griir~wald-Let nik- 
ov tlefinition: 

aDrf  ( t )  u n E f  ( t ) .  (7.3) 

I11 Figs 7.1-7.4 (see page 201) fractional derivatives of order a (0 < 
cr 5 1) of the Hcavisidc function, sine, cosine arid logarithniic fu~iction 
are given. Colnpiltations were performed ilsing approximation (7.3). 

UTc sce the t,ransit,ion from n: = 0 to  n = 1, for which we obtained 
conventiorlal first-order derivatives. Derivatives of the Heaviside function 
and the cosine function are uriboundcd at t = 0. l'his is in agreerritarit 
with the well-kliown asyniptotics o f  the ltiemann- 1,iouville fractional 
tlcrivativc of a function which is noli-zero (hut hounded) at th r  initial 
point t = 0 [153, 179, 2321. 

Since log(t) and its derivatives art. infinite a t  t = 0. val~ics for a srnall 
ncighbourhood of t = O arc not depicted in Fig. 7.4. 

7.2.2 The Use of Quadrature Formulas 

Another type of approxirrlation can be obtained fiorn the Hiernann 
Liouvillc definit io~~ by n-t,ilnes i~ltegrat~ior~ by part,s ancl suhseque~it ap- 
proxiniatiou of the integral coritairiirig f (n) ( T )  (see also [179]). In t his 
work we prcfcr t o  systeniatically use approxirriation (7.3). 
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Figlire 7.1: Fractzonnl drr~vcztuies of ordc~.  O 5 a 5 1 of the H e t l . ~ ~ t s ~ d ~  
funr tzon 

I u 
.lociun:i<c clroer I P ~ P D R ~ C U ~ ~  lia7:able 

Figure 7.2: If3-actZonr~l derivatizres of order 0 <_ tr 5 1 of sin(t) 
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Fracrtonai derivatives of :uncl~o? y=cos(\i 

Figure 7.3: Fractional derivatives of order 0 5 CI 5 1 of cos(t). 

Frectrofial dP:rvailues of t,incl,or y-irg(l!:) 

< $ P : > ~ ~ I / P  orcs3f trsjeuc~~derr (31 abl+c 

Figure 7.4: Fractzonal derzvatzves of order O 5 cu 5 1 of log(t). 



7.3 The "Short-Memory" Principle 

For t >> a the number of addends in the fractiorial-derivative approxirria- 
ti011 (7.3) arid. therefore. in foririulas (8.4). (8.25) and (8.55) (see Chapter 
8) bcco~~ics  cnorriiously large. Howcvcr, it follows froni tlie expression for 
thc coefficients in tlie Griinwald Letnikov definition (7.2) that for largc 
f tlic role of the "history" of tlle hckiaviour of the f~inction f ( t )  near 
tho lower terini~ial ( the "starting point") t = a call bt. neglected under 
ccrtain :~ssurriptio~is. Those observations lead us to the forrnlilatiori of 
tlie "sl~ort-irieir~ory" ~trinciplc. which rnearis t,akirig i~ i to  ;~cc.ctu~it tlie be- 
liaviour of f ( f )  orily iii the .'recent p i ~ t " ,  i.c, ill tl1c interval jf - L, t], 
where I, is tlic "mcrriory lcngth" : 

,ud'f ( t )  t - ~ D ; ' f  ( t ) ,  ( t  > u + L) .  (7.4) 

Iri other wortis, acc.ortfiiig to the short-rricu~ory principle (7.4), the 
fractional derivative wit11 t hc 1owc.r limit a is approxirnatcd by the fr;lc-- 
tional derivative with inovirig lower limit t - L. Due to this approxiina- 
tiori, the riu~nt)er of addentis in approxirnatio~t. (7.3) is alway no grcutcr 
than [Llh] .  

Of course. for t,his siiriplificatiori we pay a penalty il l  tile forrri of 
sornc: inaccuracy. If f (i) < Al for cr 5 t 5 b. which iisually takes place in 
;tpplications. then. risi~lg (7.64), we el-tsily estal,lisli the following estixnate 
fitr the error iritroducc~d by the short-rne~nory principle: 

kfL-"  
n ( f )  = 1 nDFf ( t)  - t - ~ D r f  ( t )  1 < . (a  + L 5 t 5 b) 

Ir(1 - 
(7.5) 

This inequality can be used for dtbtcrrriiriing tlic "rriernory lcngtli" L 
providing t hc rcquircd accuracy c: 

'li) finish this section, we woul(1 like to  mcntion that the formulated 
"short-nierriory" prii~ciplc (7.4) alorig with tlic error estirriatio~: (7.5) 
corripletc~s, i r i  a, ccrtain sense, t l ~ r  answer to  1,ovc's qlicstion formulated 
in [182] (the relationship for thc fract,ional integrals with different lowcr 
liriiits was established in [232]). 

Frorn thcl historical poirit of view, t he appearance of a similar idea 
("lirnited after-effect" assumption) ir i  Voltcrra's work [252, chapter IV], 
rr~ust 1~ mentioncd. 
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We use the short-~nernory priilciple below for computing changcs in 
the thernial loading of blast filrriacc walls by rricarls of the fractional 
dcrivativo. 

7.4 Order of Approximation 

Lrt tm first recall some basic facts on tlie approxi~natior~ of intcger-0rdt.r 
derivatives. 

It is well known that 1)ackwarcl finite tliffererices can be used for 
approximating intc.ger-order derivatives. For exaniple. for a fixed t  and 
a sniall step h we can approxirnate the first-order derivative by tlie two- 
point backward diffcrcnrc: 

wl~ich is obtained frorn the classical definition of the first-order derivative 
by omitting the operation lirn. Due to  this, there is an inaccuracy in 

/ I  4) 
thtl relationship (7.7), which depends on h. arid which can be estimated 
ln~tier the tlsslnription that  wr 1i;lve the exact values of y j t )  and y ( t  - h). 
12'riting y ( t  - h )  in the for111 of tlir! Taylor series, we have: 

which rriearis that  
y ( t )  - yq) = O ( h ) ;  

in other words, the two-point backward difkrencc forrrit~la gives the first- 
order approxi~nat~ion of yf(t). 

I,ct us show that forrriula (7.3) gives ttie first-order approxirriation for 
tlric ck-th derivative. For simplicity, it is cortvenicnt to  assurrie that  ii = 0. 
aricl that the disc+rctizatioii step h and the number of' notles 7~ are related 
by t = nh .  whtrc t is the point at which f he t i e r i ~ a t i v ~  is evaluated. In 
this case, wc can write the approximation of the a-t,li derivative as 
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To introtlnce the idea of the considerations w~hich will follow, let us 
take the siinplcst furiction fo(f) E 1 ( 1  > 0). i$'c already krlow that its 
exi l~t  (L- t11 derivative is 

On the other hand, thc approximation (7.10) gives the approxirrlate 
v d  i ic 

Using the known s~irnmation for~nula for the 1)inoniial coefficients 

and the asyrriptotic forrllula [63, fortrlula 1.18(4)] 

we h a w  for fixetl t 

ar~tl t1icrt:fore for fo(t) -- 1 ( t  > 0 )  

which is si~rlilar to t,ht rc~lationship (7.8). 

Let us now consitler f,,(t) = trr', In = 1, 2, . . . . In this case, the 
exact a-tl.1 derivative is 
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and the approxirnation (7.10) of the exact derivative becomes 

or, after expanding the binomial, 

( ( )  = t i -  ( I )  ) - 2 y - ; - ) ( 7 . M  
r=O j =0 

The sun1 

can be transforrrled to a Inore convenient forrn irlvolving thc  Stirling 
numbers of the second kind a!?), wliicli are tlefiaed as coeficierlts of the 
expansion of srl in a sun1 of factorial poly~lorriials xiZ] [2: Chapter 241: 

Usirig (7.17) and (7.18), and substitliting z = j, we obtain: 

and therefore 
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Now using the forniula (7.11) we obtain 

or finally 

Substituting (7.20) into (7.15) givcs 

Using the asymptotics of thc gamma function (7.12) we can write 

r )  Taking into i i~co~ltr t  that 0: = 1 for d l  r ;  arld using the sumrriatio~l 
formula ([215, formula 4.2.2(43)]) 

we cwily obtain 

- 1  ( )  = a ,  7, + I ) ?  
r=O 

arid thcrcfore, since for a fixed t we havc O(n-') = O(h,). 
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'rllis rrlearls that if a funct,ion f ( t )  car1 be written in the forrr~ of a 
power series 

X 

then the fractiorial differerlcc. ;tpproximitt,ion (7.3) gives the first-ortfcr 
approxirriatior~ for the fractional derivative of order cu at any point of the 
corlvergrnce rt.giori of the powr  series. 

Thc conditions on f ( t )  car1 also be weakerled. 

7.5 Computation of coefficients 

For irr~plcr~~cntirig the fractiorlal differcncc method of the cornputat ion 
of fractional dcrivatives it is necc3ssary to corrlpute the coefficients 

where a is the order of fractional differerit.iation. 
Onc of the possible approaches is to use the recurrence relationships 

This approach is suitable for a fixed value of o.  It allows f he creativrl 
of an array of coefficients whicli car1 be used for fractional tliffcrcntiation 
of various functions, and otl~er silrlilar repeatcti oprrations. 

However. in sorlle problenls (c.g., in svsteln itleritification) the rnost 
appropriate value of tr rn~ist bc found: this rncwis that various values of 

r ,  itre corlsidr)rrd, and for each particular value of rr tlie cocfficicrits wt?) 
must be complited separately. In such a casc, thc. rccurrtXnc.e relatiorwhips 
(7.23) are not very suitable. Instcad, the fast Fourier transforiri rnetl~od 
[lo51 can be used. 

Tllr. ~ ~ o ~ f i i c i ~ ~ i i t  s 711i-0) CRII he col~sitlerrd as the coefficients of the power 
scrics for tllc. furlctioll (1 - 2)": 
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Suhstituting: 2 = e -'Y we have 

and the coefficiertts u ~ p )  are expressed in terms of the Fourier trarrsforrn: 

Teclinically, the corfficients u i f )  can be computer1 using any irnplo 
lnelltation of the fast Fourier transforril. Since in this case we always 
obtain only 2% finite ~tulnber of the coeffiricnts us?). the fast Fourier 
trar~sfornl ntethotl should always t)c co~nbined with the "short-rncmory" 
principle (see Scctiol~ 7.3). 

7.6 Higher-order approximat ions 

We saw that the first-order fractional diffc~rcnce approximation (7.10) of 
the ci-tli dcrivativc. can hc written in thc fornt 

it l ld 
f ( t )  = h-" C ,rip) f ( t  - kh) .  

k=O 

where tltc weights usp) (k  = 0. 1. 2, . . . . r ~ ,  n = [ a ] ) ,  assigried to the 
vl-ilues f ( t  - k h ) .  are t 1 1 ~  first n + 1 coefficie~tts of the Taylor sclies 
cxpnrtsior~ of tile fiinction 

Tlic coefic.ierlts 1 arltl - 1 in thc function 4 ( z )  = 1 - z arc. a t  the same 
tilne the cocflicicnis in the two-point backwar(] cliffereric~ approxi~natiolt 
of t hr first-order clerivativc (7.7). 

J%-e have nlr~atly s t ~ n  thilt the fu~~ctiort -1 ( z )  generates the cocffi- 
cif.~its for the first-ortfcr approxirr~ation of thc first-order derivativ~, and 

n 

its 1 p o w  1 t i  ( 2 )  = (dl (2) )  , gt3ilc.rates the coeffi- 
cients of tlie first-order approxirriatio~t o f  t h ~  tr-t,h order tferivativc. 

So. wt3 rili~y ask: 'rhe ( p +  1)-poiltt backwarcl tlifferertce gives thc y t h  
orc-lcr approxiniation o f  tlie tirst-or(1t.r clc.riv;ltivc: will the ti-th power of 
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tlie (p + l ) - ~ o i n t  backward difference approximation of tlie first-order 
derivative give the p t h  order approxirnation of thc u-t h derivative'! 

The answer to  this question has been given by Ch. Lubich [127], 
who obtained appr~xiniat~ions of order 2. 3,  4, 5 ,  and 6 ir i  the form of 
(7.27), where the coefficients ulr) are the coefficients of the Taylor series 
expansions of the corresporiding "generating" functions 

Iri each case, the coefficierits in parentheses in the right-liand side of 
tlie cxpressior~ for w ~ ) ( z )  are tlie coefficients of the p t h  order (p + 1)- 
point backward difference approxirnation of the first-order derivative. 

The easiest arid the rriost efficie~lt method of coniplrtation of the 
coefficients nip' for the liigher-order approxirriations of the forrri (7.27) 
is the fast Fourier transform method, ant1 the procedure is the sanie as 
described in Section 7.5. 

7.7 Calculation of Heat Load Intensity 
Change in Blast Furnace Walls 

111 this sectio~i thc fractional-order drrivativt. is used for thc calculation 
of changes in the heat flux intensity in a blast fi~rnacc wall. In contrast 
to sta~idard approacl~es which rely on tcrnperaturc measurements at two 
different points of the wall, thc proposcd rnrthod neetfs tt~~npcrature 
rneasurc3rnerit at on(. point only. Rc.sl~lts arc giver1 and arialyscd for the 
t1escrit)ed ~netliod arid for a con.rrer~tional finite-differcrlce rriethod. Thc 
possibility for an exterisive use of tile describccl ~riethod in the solution 
of sirrlilar tasks for rliatcrials wit11 high tllernlal resistance (c.g.. fireclay) 
follows fro111 tlie conlparison. 
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7.7.1 Introduction to the Problem 

From the point of view of operation and technology, one of the important 
rnonitorcd parameters of a blast furnace is the intensity of the thermal 
flux in its walls. The. staridard methods solvc: the task of cornputirlg 
thc heat Aiix by ~nclasuring two temperatures in tlic wall. subsequent 
sir~lulstior~ of the ther111a1 field, and the corrip~itation of the heat flux a t  
some poirit frorr~ the tc~mpcraturc differcrlce in the vicinity of this poir~t. 
-I'hcse ~rirthotls require the use of two ten1per:~tllre nlonitors a t  two points 
with different depths wit llin the furriace wall. It is nccessizry t o  take into 
acc.o~int their rclativcly high malfunction rate as a corlseyurtce of higher 
operatior1 te11iyt:raturcs ~ L I I ~  t,he possibilities of nlechanical da~riage after 
wearing of t  he wall fro111 within. The replaccmellt of inlaid thermoc.ouples 
is coniplicated and sorric~tirnc~s there is no other way of doirig this than 
to temporarily shlit tht. furriaco down, which leads to  losses. Therefore, 
the met hod basrd on the ~ncasurcrrie~it of t iw  temperatures in the wall 
oftc.11 bccolnes unusable. bye prrsent here an attPmpt to  solve the abovc 
~>roblellls. 

we give a. tlescriptiori of two methods which were irnpler~lerited arid 
colnpared. The first oric (denoted iri the followi~ig as rnethod A) is un- 
convcwtional. It is based on the use of fractional-order cierivativcs and 
rriakes it possi1)lc to cfficicntly use the temperature r n e ~ ~ u r e r n e r ~ t  a t  orlo 
point of the fur11iic.c wall only. It should be 11otetl that the possibility 
of thc use of' fractiorial-ordclr dcrivat ivcs for the corrlputat ion of the heat 
flux beh;tviour, txtscd on the knowri 1)chaviour of temperatures. was first 
pointed out ill [179]. A sclcond rnethod (henceforth derlotcd as method B) 
is staridartl. It is based on the ~iic~asurcrrient of the furnace wall tcrnper- 
ature a t  two poir~ts. and on a ~iurrlerical solutiol~ of the heat conduction 
equation. It was used for testing the first rnethod. A rnutual clualitative 
ant1 quar~titittive cornparison of thcse two nicthotls is given. 

7.7.2 Fractional-order Differentiation 
and Integration 

Let, us for ronvc~~ience recall the Etielnarlri -Liouville definition of a frac- 
tional derivative and a fractional integral: 

where 12 is arl integer, r ( z )  is the Gi~uss garri~na-functio~~, and t > a.  



Closely relatcd to  fractiollal-ordcr diff(1rcntiation is fractional-order 
i11tt:gration: 

It is necessary to keep in mind that 

which gerlcralizes an analogous property of integer tferivatives arid inte- 
grals. 

Lct us also recall (see Chapter 4) that the 1,aplacc trarisforrri of frac- 
tiorla1 derivatives and integrals is given by 

for arbitrary real a ( F ( s )  is the Laplace transform of the filnct,ioiz f ( t ) ) .  
In the case of an iritegral of fractiorlal order (a  < 0). tlie sum in the 
right-hand side will vanish. In the case of a fractional-order derivative n 
is the sarne as in (7.29). 

7.7.3 Calculation of the Heat Flux by Fractiorlal 
Order Derivatives - Method A 

Derivation of the Basic Relation 

Lct us co~isi<lt:r the following spatially one-tlirne~~siorlal lieat coriduction 
prohlern for a serrli-infinite body (Fig. 7.5): 

w1lc~r.c 
t is tinie [s]. 
.r is the spatial coordinate in the tlirection of ht:;it co~ldliction [ni], 
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Figure 7.5: Blah t f.n.rnoce v,m,ll. 

i: is the heat capacity [,J kg-' K-'1. 
,6 is the mass density [kg I I - ~ ] ,  

T ( f .  r )  - is the, ter~lperatlirr [K], 
is the coefficierlt of licat c.oriductivity [LV ln-1 K-'1. 

We introduce an auxiliary function 

'I'lle Laplace tsarisform o f  equation (7.38) yields 

liin ~ ( f ,  .r) 11+ -I 
- d2~ ' ( . s .  r )  

P p l !  (s, :r) = X 
d.r2 

< m, 

The sohition of cquetion (7.42). I~oundetf for :c -+ -IW, is 
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From the relatioris (7.43) ant1 (7.44) we easily find 

1 rlU A 

-- 
fi d : ~  

( s ,  0) = p U ( s .  0) 
i 

frorn whicli, aftcr usirig the inverse Laplacc transforni, we obtain i r i  view 
of (7.32) 

7 

axid aftcr using the property (7.31) and the liriearity of the fractional- 
order differentiatiori operator we arrive at 

We can iiow rcturli to the filrictiori ?'(t. r) with tlic aid of relatiori 
(7.37). Taking irito account the coriditioii (7.35),  wc. obta i~i  tlic basic 
analytical relation for tlie c;tlculation of tlie heat flux a t  the point .r. = 0: 

- 3T where qA( t )  = A= ( t .  0 )  is tlic rcslilting heat flux. 

The Numerical Method 

Thc problem o f  cleterrrtisiir~g ttie hcat flux is now reduced to the cal- 
c.ulatiori of tlir tlcrivativcl of order cw = 1/2 in the dcrivcd formula 
(7.48).  Since wc arc ir~tc>rcstc>d in sirriulatioris for large tirric intc-'rvals, 
the known relations (see. [I791 and [203]) for the calculation of fractional- 
order derivatives arc riot suitable because of all canorrrtous riurrilter of sum- 
rriands in these relatior~s arlcl Itecalise of the accuniulatio~i of thc effects 
of round-off errors. 'To reduce thc cornputatioii cost and to  clirniriatc., in 
a certain sense. tlie round-off error a c r ~ ~ r n ~ i l a t  ion wt. ;tpply t he principle 
of 'Lsliort memory", forinulntcd in [203] (in this work, see src-tiori 7.3). 
Thai is, we p i l t  approximately 

1/2 ( t )  ( t )  = , ? l ( t ) .  
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where L is the '.memory length". It follows frorri tlie esti~rlations derived 
in [203] (in this work. see scctiori 7.3) that in our case the nor~ned error 
of this approximation is 

whence we have the following constraint for thc choicae of the "mernory 
Ic11gth" L: 

wliere do is the ~r~aximuni adrriissible non11alizec-l error. 
For an approximate calcolatioll of the derivative ( , + L l ~ ~ " g ( t )  we 

tlicrefore use the relatior1 (see section 7.3) 

( [ z ]  is the i~~teger  part 2). 
For the calculation of the coefficients c,  it is advantageous to use the 

uihicli follows from t11e properties of tlie l)ino~riial coefficients. 

7.7.4 Calculation of the Heat Flux Based on 
the Simulation of the Therrnal Field of the 
Furnace Wall - Method B 

For a11 t~xperirrirntnl verification of the proposed rriethotf we have also 
irnplcrricntctl the st;inclnrtl approartl. With the goal of fint1i11g t h ~  trllc 
lirr~its of applicability of the method t1esrit)ed above, we have assumed i11 
this part that the thermophysical proper tic.^ of tlir. rrlaterial of the  all 
depend on the tcrripcrnture. 

On thrl basis of arl atialysis of' the t hc~rxxial situation ant1 dirne~isio~is 
of the furnace walls frorrl thc vlcwpoint of the thcrnlitl load of the  furnace 
walls it is possible to rnake the si~nplifying assi~rnption of one-dirnerisional 
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heat conduction. Noii-stationary heat conduction is described by the 
Foliricr equation: 

a 
- (c(?')p(T)T(t: x)) = - X(T) a t  ax Y ax 

wherr -H < x < 0, with the initial conciition 

T(0 ,  .I-) = f (x) (7 .55)  

and wit11 boundary conditions of the first kind 

where 11 is the thickness of the wall determined by both thr~rrnocouples 
(see Fig. 7.5). 

For a numerical calculation of the lieat distribution T ( t ,  x )  we first 
make a spatial and te~nporal discretization. 

In the space int,erwxl -U 5 z 5 0 we choose 12 points 

in which the terr~peraturcs will be determined at discrete time irltervals 
of le1lgtl.1 T .  Thr distalice between thtl interior points x, and x,+l (i  = 

2. 3. . . .  71 - 2) is 
h = H / ( n  - 2) (7.57) 

and the distance betwec\n the exterior poirst z l  (resp. x,,) and the interior 
point nearest to  it. sz (resp. .r,,-,), is h/2. 

After the cliscretization of ecluation (7.54) with an implicit lnethoct for 
the whole inner rc>gion -fI < .r < 0. we obtain the followirig non-linear 

n Ions: system of algebraic cqii' t '  

2 X ( k + 1 )  
- - r ' ( ~ $ k ) )  T2 (k) - - 1.2 ( i+l)  

7- 
h 91 
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( k )  < ( k i l )  
- - - K ( G - 1 )  Jn-l ( k )  - - 2An-1.7, ( k + ~ )  

7 
h y2 

while from the initial coridition (7.55) it follows that: 

T'O' = f ( z t ) ,  pre i = 2 , 3  . . . . ,  n - 1 .  (7.59) 

The systerri (7.58) allows the calculation of the temperatures a t  the 
points of a chosen spatial grid for the next tirne step based on known 
temperatures a t  the same points of the preceding tirne step and known 
bounclary conditions (7.56). 

For the solution of the rton-linear systerrt (7.58) we have used the 
iteration mctltod. while the arising linear algebraic systerns were solved 
via the Gauss eli~riirlation rncthod. 

After deteriniriing the temperatures for the tirrle step (k  + 1) we 
calculate the change of the heat flux intensity for the sarlie tirrie a t  tlie 
spot of t11c intcrior rneasurerrient point (i.e. a t  x = 0) according to  the 
relatior1 

( k + l )  = ~ ~ ( " 1 )  = ( k +  1 )  - (0) 
Y B  - 9 (I 7 (7.60) 

where q(u)  is tihe heat flux a t  the point .I = O at tirne t = 0. 



218 7. WCrhlERICAL EVALUATION O F  FRACT. DERIVATIVES 

7.7.5 Comparison of the Methods 

Fireclay SK-1, from which the wall of furnace no. 2 in VSZ Kosice, 
Inc. is made, is a material with a very high heat resistance (low heat 
concluctivity). The therniophysical properties of this kind of fireclay are 
the followirlg [lo31 : 

p(T)  = 1750 , X(T) = 0.75 + ~~0.35.10-\ c(T) = 870 + 0 . 1 4 . ~  
(7.61) 

where the temperature T = T - 273. These relatiorls were used in the 
colnp~iter i~nplernentation of n~ethod B (i.e. of the test method). The 
distance between the two points of tcrriperature nleasure~r~ent (i.e. two 
thermocouples) is H = 0.15 rn. 

For the riurrierical realizatiori of the tested mcthod A we chose 

where T, = 450 "C is the average technological t,emperature of the 
furnace wall material. The allowable norrrird error wa.. tsSo = 0.01. To 
cnsure this precision we must have L 2 3184 (i.e. the nlinimum "niemory 
length" cantlot be shorter than 3184 seconds). L = 3600 has been used 
for the calculations. The step r in the formula (7.52) (which a t  the sarrle 
timc is a. timc step for method 13) was chosen to be r = 60, which corrcA- 
sporitls to  a real one-minut? tirne irtterval bctwt-:en two measurements of 
the temperature. 

Thc comparison of the results of calculations of the intensity change 
of the tllern~al flux in the fireclay wall by Inearls of rnethod A and niethod 
U for the t)oundary conditioi~s of t h t  for111 

g, ( t )  = T, + 20 sin ( 2 7 i k ~ /  120) , ( = 1 2 ( k  = 0,) (7.63) 

(i.e. for tiiffcrcnt functions of  lnei~sured tentperatures gl ( t )  and %(t)  = 
'I:,,,k ( t )  ) was done [204]. 

It wa.5 observed that for the te~nperature difference 300 "C the results 
of the computations accordir~g to  method A match well with titost1 ac- 
cording t o  nlcthod B. The rr~axirrrurri relative error in tliis canye is around 
15%, which is still acceptable from the viewpoint of rnany engineerirtg 
applicwtioris. 

The coltlparisorl leads to the co~~clusion that the rrict hod based on t 1.1e 
use of fractior~al-order derivatives and of thc tchmperature measurement 
in only one point, can hc USCCI. S U C C C \ S S ~ U ~ ~ ~  for ~riaterials with low heat 
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conductivity, since it correctly reflects the process both qualitatively and 
quantitatively. 

The reasoll for this success is that for these materials the approxima- 
tion of the wall's width by a semi-infinite body ensures very satisfactory 
adequacy of the 11iode1. 

Numerical espcrirnents show that in the case of rnaterials with large 
heat conductivity, the proposed niethod is less successful; however, it can 
still be used for a rough estimate of the changes of tlie heat fl iix intensity. 
if for some reason (for instance, rrialfunctiori of orit of t8he therinocouplcs) 
only the ternperaturt3 a t  oric point of the furnace's wall is known. 

Not to  bc rieglected is the fact that, compand with the classical 
rnethods (finite-difference method, finite-elcriier~t rnethod) the fractio~ial 
derivative based rncthod requires fewer calculations and in contrast to 
then1 allows thc cdculation of the heat flux a t  a giver1 point without 
calculating tlie distrit)utiol~ of temperatures along tlie entire width of 
the wall. 

Elom a general point of view, this chapter demonstrates t,tlat even 
in classical problems such as heat conduction problem, fractional-ordcr 
derivatives make it possible to  find new, cffective non-conventional solu- 
tions to iniportant tcchrlological problems. 

7.8 Finite-part Integrals and Fractional 
Derivatives 

Iristead of the classical form of the Riemaiiri-Liouville definition (7.1). 
wc may use tlie equivalent form of that definition (6.163), which leads 
to integrals, whidi are divergerit in the classical sensc : 

Namely, for a > 0 the integral in (7.64) is a divergent integral. How- 
ever, it is possible to  define a so-called finite-value of a divergent int egrd,  
which has real physical rrleariing [213]. 
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Tablr 7.1: Approxsmute vul~ies of the ji~~zte-pu~.t z~tt~'gr.ul.s Ik 

h=0.001 
h=0.0001 
h=0.00005 

Exact value 

7.8.1 Evaluation of Finite-part Integrals Using 
Fractional Derivatives 

The finite-part integral (6.155) with tlie non-integrable Jacobi weight 
can be in terms of fractional derivatives: 

U'kicn approxiniatirig fractional derivatives, we obtain formuias for 
the nurr~erical evaluation of tlic finite-part integral (7.65). Wheri we 
apply relationship (7.65) to the niirncrical evaluation of the integrals 
(6.159)-(6.161) with the help of t tie first-order approximation (7.3), the 
rchults were in agrccmelit ('l'able 7.1). 

7.8.2 Evaluation of Fractional Derivatives Using 
Finite-part Integrals 

Not only call fractional dcrivativcs t)c used for the rval~lation of' tlric 

rcg1il;trizc~l values of finite-part integrals, a~iothtxr side of thc rtlatioriship 
1)t~twt~en tliesc two o b j c ~ t s  is that if' a nunicrical met hod for evalliat ion 
of finite-part integrals is avai1;thlc. thew it can be ir~irnetliatcly 11secl for 
t lie i~~irric~rical tvaliiation of fractional-order derivativcs. 
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K. Diethelm suggested [$0] using for the nurrierical evalliatio~l of frac- 
tional derivatives quadrature formulas for finite-part integrals [ill]. 

Let us consider the interval [O, I ] ,  to  which an arbitrary interval call 
be twsily transformcd. For a givcln integer nb, ill which the valut: of tlie 
fractiorlal derivative (7.64) must bc cvaluateci. an equidistant grid with 
nodes t l  = j /?n  is introduced. 

The tliscretization of the finite-part, iritegral in (7.64) with this grid 
gives 

f 7  

I 
J( t )  = - 1 .f ( T ) ( ~ T  J - 1 )  4,  (7.66) 

T(-cr) (t,, - ~ ) ~ + l  IT(-a) . <a+1 
0 0 

and the usc of Diethelm's first-degree cornpounti quadrature forrnula for 
finite-part integrals [ill] with nodes 0, 113, 21.1, . . . , 1. leads 
to the following approximate forrnula for the (.valuation of a fractional- 
ortlc.r derivative: 

t;" 3 

"DL: f (t)  FZ - wkJJ (9) , ( j  = 1 2, . . . . ) (7.67) 
r'(-cy) k.0 

where the weights wkJ (for j > 1) are given by the followirig expressions: 

for k = 0 ,  

2k1-ff - ( k  - l)l-" - (k + I)'-". 
Uk, = 

J f k = 1 , 2  , . . . .  j - 1 .  (7.68) 
tr(1 - tr) 

(cr - Ilk-" - ( k  - l p c l  + kl - (>,  
for lc = j 
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Chapter 8 

Numerical Solution 
of Fractional Differential 
Equations 

The n~imerical solution of difftwntial equatioiis of integer ordcr has for a 
lorig tirnc been a standard topic in numerical arid coniputatiorial math- 
ematics. However, i ~ i  spite of a large nunibcr of recently forrriulatcd 
applied problerns, the state of the art is far less ndvariced for frnctional- 
order differential equations. 

In this cllapter wc describe a ~netliod which was expt~rimentally ver- 
ified on a riumhcr of test problerns. 

8.1 Initial Conditions: Which Problem 
to Solve? 

We consider hc~rr the initial value problcrns only for ho~riogcrieous initial 
conditions wliicli correspond to the cquilihriurrl state at the beginning of 
a dyriarriical process: 

where n - 1 < a < n, arid (k is the order of tllc. differential equation. 
Tkierc) art. two ~r~airl  reasons for considering hornogenco~~s initial con- 

ditions. First, this provides the cquivrtlcrice of solutioris of initial valt~c 
problerris for so-cullctl seyuc~ritial fractional-order differential equations 
[153] arid for corresponding standard fractional-order differrntial eclua- 
tions, cverl if the nnrribclr o f  irtitial conditions is different (see Chapter 3; 
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also [201]). Second, to  this author's knowledge. a satisfactory approxi- 
mation of the fractional derivative at  its lower limit is not known. 

8.2 Numerical Solution 

In this sect,ion we concentrate on describing the method without studying 
the convergence of the method from the theoretical point of view. 

The proposed nurrierical schcmc is explicit. It was exprrirrlentally 
verified on a number of exarnples, some of which are given belour, by corn- 
paring it with analytical solutions. As the introduced examples show, the 
proposed method works for different irnportarit cases, such as equations 
with constant coefficients, equations with non-constant coefficients and 
non-linear equations with different riumbers of initial conditions. This 
speaks favourably of its wide applicability. 

It follows from [127] that the order of approxirnation of equations in 
all exan~ples is O(h) .  

8.3 Examples of Numerical Solutions 

In this section we give some exarnples of numerical sollitiorl of fractiorial- 
orcler differential equations of various type. We provic.le a comparison 
with some known explicit or asymptotic solutions, which demonstrates 
the useability of the proposed numerical approach. 

8.3.1 Relaxation-oscillation Equation 

Let us consider ail initial vali~e problerri for one of thc simplest fractional- 
order differe~itial equations appearing in applied problerris (e.g., [184]): 

wlicrc r~ - 1 < a _< 7 1 .  For O < r z  5 2 this equation is callctl I he 
relaxat ion oscillatiori equation. 

The first-order approxirnation of problem (8.2) is 



t ,  = mh,  y, = ?j(t,),  f,, = f (t,,), (WL = 0, l >  2, . . .); 

Using approximation (8.3). we derive the followirig algorithm for ob- 
taining the riurrierical solution : 

The rcsults of our coniputations for differerit values of tr (1 < n 5 2) 
arid f ( l )  E H ( t ) ,  wticre H ( t )  is the Heaviside function, are shown in 
Fig. 8.1. They are in perfect agreement with the analytical solutions, 
obtained with the help of fractional Grcen's function for a two-terrn frac- 
tional tliffcrcritial cquatiori with coilstarit coefficierits (see Sectiori 5.3). 
Thc analytical solution of the initial-value problern (8.2) is 

8.3.2 Equation with Constant Coefficients: Motion 
of an Immersed Plate 

111 this sectiori wc consider tlie initial value problem for the fractional 
diffc.renti;tl equation which was origi~~ally formulat,etl by It. L. Bagley 
ant1 P. J .  Torvik [16]. 

Mathematical model of the motion of a large thin plate in a 
Newtonian fluid 

First, a basic relationship in ternis of fractional dcrivativcs for a Newto- 
nian viscous fluid will t)e obtair~ed. 

Lct us corrsider the rriot,ion of a. half-space Neurtoniari viscous fluid 
induced by a prescribed transverse motion of a rigid plate on the surface 
(Fig. 8.2) .  Olir aini is t o  show t,liat tlie resliltirig shear stress at any point 
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Order, alpha '0 Time. t 

Figure 8.2: A rigid plate in  a Newtonian fluid. 



in the fluid can bc expressed directly in terms of a fractional-order time 
derivative of the fluid velocity profile. 

The equation of motion of the fluid is 

where p is the fluid d~nsity,  / I  is the viscosity anti v ( t ,  z )  is the transverse 
velocity, which is a filriction of time t and the distance z  from the fluid 
plate contact boundary. 

JtTc assume that initially the fluid is in equilibrium, i.e 

and that the influence of the plat,e's motion vanishes for z  -t x: 

The fluid's velocity at z = 0 is equal t,o the given velocity of the plate: 

Applying the Laplace transforrri we obtain the followi~lg boundary- 
value problem for an ordinary differential equation 

where s is the 1,aplace transform parameter, Vp(.s) is the Laplace trans- 
for111 of the plate's velocity and V(.s, z )  is the fluid's velocity transform. 

The solution of problem (8.10) - (8.12) can be ealily found to be 

~ ( s ,  z )  = v,(s) exp ( z  e). 
By differentiation of (8.13) we find that 

Knowing the velocity profile ~ ( t ,  z )  in t8he fluid, one can obtain the 
shear stress a ( t ,  z )  by 

azl(t, Z )  
a ( t ,  z )  = a~ 



8. NUhlERl(JAL SOLUTION OF FDEs 

Figure 8.3: An znlrner:sed plate in a Ncvitonznn Jusd. 

In terms of thcl Laplace transform, relationship (8.15) takes the form: 

where ~ ( s .  z) denotes the Laplace transform of a( t ,  2). 
Comparing (8.16) and (1.80), we recogriizc the Laplace transfornl of  

the Bactional derivative o~:'2~~(i, i) rnoltiplied by ,/j&3 in tlic right- 
hand side of (8.16). Therefore, after rct urnirig to the tirne domain, rela- 
tionship (8.16) gives 

It rmlst be rnerltioncd that equatiorl (8.17) is riot a constitutive rc- 
lationship for a Newtonian fluid; the. cor~stit utivc relationship is (8.15). 
However, equatiori (8.17) describes the relationship bcttvecn the stress 
and velocity for the coilsidered particular gcorrietry (a serni-infinite fluid 
domain) and loading (prescribed velocit,y at the boundary surface). It is 
important in tliis case that the fractional dcrivativc. is iised to desc8rit)t~ 
a real physical systern, which was forl~lillatcd in a conventional manner. 

The physical interpretation of rclatioriship (8.17) is tliat stress at a 
given point at any t i~ne  is dependent on the tinie history of the vclocity 
profile at that point. 
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Let us now consider a thin rigid plate of mass h.I and area S irnnlerscd 
in a Newtonian fluid of infinite extent and connectctd by a massless spring 
of stiffrless K to a fixed point (Fig. 8.3). A force f ( t )  is applied to  the 
plate. We assunic that  the spring does not disturb the fluid itritl that  the 
area of the plate is sufficiently largc to  produce ill thc fluid adjacent to 
the plate tlie velosity field and stresses related by (8.17). Alorcovcr. to 
allow application of relationship (8.17), the plate fluid systerri rnust be 
initially in an equilibriurn state displaccments and velocities rnust be 
initially zero. 

Surrirnirig forces or1 tilo plate we find that the displacenlent !j of the 
plate is dcscribcd by 

Sub~stitutirig the stress given by relationship (8.17) arid taking irit,o ac- 
count that  

up@! 0 )  = y t ( t ) ,  

nTc arrive a t  the following fractional-order differential equation: 

to  which the iritial conditions describing the equilibrium initial state of 
thc systerr~ must be attached: 

Numerical solution of the Bagley-Torvik equation 

Let us consider the following initial value problern for the inhomogcneous 
Bagley-Torvik equation [16] : 

Let us take the time step h. The first-order approximation of tile 
problenl (8.21) (8.22) is 
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Figure 8.4: Nurne~~ical solution of th,e Bagley-  Torvik equation. 

where y , , = ~ ( m h ) ,  fin= f(m,h), ( m = 0 . 1 , 2  . . . .  ). 
Using approximation (8.23)- (8.24), we derive the following algorithm 

for obtaining the numerical solution: 

The results of our cornptitations according to algorithrn (8.25) are 
in agreement with the analytical solution, obtained with the help of the 
fractional Green's functiorl for a three-term fractional differential equa- 
tion with constant coeficients (see Section 5.4). The analytical solution 
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x 

Figure 8.5: Solution of a gas in a fluid: problem formulation 

of the initial-value probleni (8.21)--(8.22) is 

f 

dk 00 ( j  + k ) !  y7 
Y) ' 7 E ~ , / L ( ~ )  = ! r(Xj + hk + p) '  

(k = ' 1  2> "')' 
d y  j=0 3 

111 Fig. 8.4 the results of computations are given for 

8.3.3 Equation with Non-constant Coefficients: 
Solution of a Gas in a Fluid 

The following example illustrates the use of the proposed method for 
fractional-order differential equations with non-constant coeficients. 
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Mathematical model of solution of a gas in a fluid 

Yu. I. Babenko Ill] gives the following n~atheniatical model of t,he process 
of a solution of a gas in a fluid (Fig.8.5): 

where Vo is the initial gas volume; 6 is the time of the gas cornpressiorl to 
zero volu~ne; f (t/8) is a function describing a change of the gas volurne, 
such as f (0) = 1 and f ( 1 )  = 0; .W is the gas molar weight; R is the 
universal gas constant: D is the coefficient of diffusion of the gas in the 
fluid; F is the contact surface between the gas and the fluid; C(f,.c) is 
the gas conce~itration; and P(t ,  x) is the unknown gas pressure. The g t ~ ~  
pressure near the contact surface P( t ,  0) is to be found. The Ox axis goes 
tiowri frorri the contact surface, for which z = 0. The gas temperature T 
is a5surned to  be constant. In other wortls, the gas compression is slow 
enough. Thc depth of the fluid is infinite. 

Equation (8.28) describes the change of the mass of the gas volume 
due to  diffusion through the contact surface. The mass change deperitfs 
on the change of the gas conceritration near the contact surface, which is 
given by equatiorl (8.29). This rnakes consid~ration of the mass transfer 
for n. > 0 unnc.cthssary. 

The problein (8.28)- (8.29) can be written in dimensionless form a s  

where 



Inserting (8.32) into (8.31) we obtain the following initial-value proh- 
lem for determining the dimensionless gas pressure y(t) r p ( t .  0 )  near t,he 
contact surface: 

y(0) = 1. 

It is convcriient to introduce the function 

d t )  = A t )  - 1, 

which allows corlsidcratiorl of problenl (8.34) (8.35) in the for111 

VITe arrived at  the inho~nogeneous (due to the preserlse of f ( t ) )  1' inear 
fractional differential equation with zcro initial condition. This allows 
us to develop a proceciure of a riu~nerical solution similar to the prel rlolls ' 

example. However. this problem allows us to obtain analytical solutions 
for some particular cases. 

Analytical solutions for some particular cases 

If the change of gas volunie is clescribed by the function expandable in 
a fractional power series 

Xi 

f ( f )  = 1 b,,t"12, h,) = 1 ,  
1 ~ 2 0  

then the solution of problem (8.36)-(8.37) can also be found in the for111 
of a fractional power series (see Section 6.2.2): 

. - 

y (t)  = C o,,tl'~" 

where t,he coefficients a,, satisfy the following recurrence relationships: 
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Figure 8.6: Solution of a gas in a fluid: num.erica1 example. 

Because of the construction of the solution (8.39), the initial conditiorl 
(8.37) is satisfied automatically. 

If we take, for example, 

and 

then the solution y ( t )  is give11 by a finite sum. For exa~nple, 

'There is a mistake in Babenko's book [ l l ]  on p. 107, where p ( 7 )  corresponcii~kg t o  
X = 3 f i / 4  is given: instead of the expressiori p ( r )  = 1 + fi + ( 1  - f i / 2 ) 7 ,  it sfioiil(l 
be p ( r )  = 1 + 6 + ( 1  - 3 n / 8 ) r .  



Numerical solution 

Let us consider the initial value problem (8.36) (8.37). 
To construct a riurnerical algorithm, we write the problerri in the forrri 

where F ( t )  = f ( t ) /  f ' ( t ) ,  G ( t )  = A/ f ' ( t ) .  The first-order approxirriatiorl 
of problerri (8.44) is 

Using approxinlation (8.45), we derive the following algorithm for the 
numerical solution of problem (8.44): 

The reslllts of our computations are in agreement with the analytical 
solutions obtained in the previous section. 

2 For instance, if f ( t )  = 1 - fi and X = -, tllen the arialytical 
J;; 

solution to problcrrl (8.44) is y ( t )  = A. Cornparis011 of this analytical 
solution and the nurrlerical solutiori obtairieci by (8.46) for h = 0.001 is 
given in Fig. 8.6. 

8.3.4 Non-Linear Problem: Cooling of a Semi-infinite 
Body by Radiation 

In this section we demonstrate the applicability of the proposed numeri- 
cal method to  non-linear fractional differential equations. The obtained 
numerical solutiori is corripared with asyrnptotic solutions for small arid 
large values of the independent variable t .  
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Problem formulation 

Let us consider the following initial-boundary value problerri describing 
the process of (looling of a semi-infinite body 11y radiation: 

P L  (t .  OC) = 140. T )  = 71". (8.49) 

We are iriterestcd in finding the surface temperature u(0. t )  for t > 0. 
In Sectiorr 7.7 we have obtained for E(t,  0) a representation via fractional 
derivative of ~ ( t ,  z) with respect to time t (see forrrlula (7.47)). which is 
valid if u ( t ,  T )  satisfies cy~lation (8.47) and contlitions (8.49). 

For this problerri, wc have 

and after the substitutior~ of this rcxlationship into boundary condition 
(8.48) we obtain the followirlg one-dimensional initial-value problem for 
the 11011-linear fractional differential equlttion: 

y(0) = 0 (8.51) 

~vhere y(t) = 710 - ~ ( 0 ,  t). and ~ ( 0 ,  t )  is the surface tr.niperature which 
must be found. Therefore, wc need to find y ( t ) .  

\We r~eed this substitutiol~ of the unknown fiincbtion to obtain zero 
iriitial conditiorls for the construction of the nurntrical algorithm. 

Asymptotic solution 

IJsing t hc power series rriethod, we obtained the following asymptotic 
rcprcserltatior~s for !j(t), which are in agreement with solutions giver1 i11 

[Ill: 

1 
- t i ,  ( t  >> I ) .  

Wc will llse solutions (8.52) ancl (8.53) below for comparison with 
the numerical solution. 
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- asyrnptotlcs for tccl and for t>>1 - nurnencai solutlon 

I 

I 

1 
1 

_ _ _ - - -  -.. 
- -- _ - _  - -  

! 

I 

0 -  - - --i_-. 

2 4 6 8 1 0 1  18 20 
T~me I 

Figure 8.7: Coo1in.g of u sen~i-infinnite body h?y ~auliulior~ (cr = 1 :  '[so = 0,  
11 = 0.02). 

Numerical solution 

Let 11s take the tinie step h and tlenote. ;ls usual, t,,, = rnh, g,, = y(t,,,). 
(rn = 0 , 1 , 2 ,  . . .). Approximating the fractional-order derivative in (8.50) 
by ( 7 . 3 ) ,  wc obtain t,hc followirlg approximation for the problem (8.50) 
(8.51): 

(8.54) 
1'2 where c.? = ( - 1 ) J (  ) .  

Approximation (8.54) leads to the r~urnerical solution algorithm c k -  
scribed by 

771 

1 
?yo = 0;  b,, = h1'2 CY ( U O  - ) - , ( 'n = 1.2.3. . . .). 

1'1 

(8.55) 
The algorithm (8.55) allows step-by-step calculation of the values 

%, = !/(nhh). The results of computations for tu = 1, uo = 1 ,  t~ = 0.02 
are show11 in Fig. 8.7. 
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Figure 8.8: Solution of the problem (8.56) for f ( t )  = 1 .  

- memry length ~ = 5  - memory length L=10 
- absolute memory 

Figure 8.9: Solution of the problem (8.56) for f ( t )  r 1 (zoom). 
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I, tlme 

Figure 8.10: Solution of the problem (8.56) for f ( t )  = te-  

- memory length L=5 - memory length L=10 

absolute memory 

Figure 8.11: Solution of the problem (8.56) for f ( t )  = te-t (zoom). 
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- memory length L=5 - memory length L=10 

Figure 8.12: Solution of the problem (8.56) for. f ( t )  = t - 'e - ' I t .  

0 055 - memory length L=5 
1 

0 05 - memory length L=10 

absolute memory 

0 045 

0 04 - - X 

0 035 

0 03 

0 025 

0 02. 
I 

Figurc 8.13: Solutior~ of the pr.oblern (8.56) for f ( i , )  = t - ' e - l I t  (zoom). 



- memory length L=5 - memory length L=10 
- absolute memory 

.002------ L .- _I --- *_I___ i_ i  

0 5 10 15 20 25 30 35 40 45 50 
1. time 

Figure 8.14: Soh~tion of the problem (8.56) for f ( t )  = e-' sin(0.2t). 

- memory length L=5 

- memory length L=10 

- absolute memory 

1 

Figure 8.15: Solutzo~, of (8.56) for f ( l )  = r.-'sin(0.2t) (zoom). 
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8.4 The "Short-Memory" Principle in Initial 
Value Problems for Fractional Differential 
Equations 

In all t,he exarnples given above, the use of the short-rnemory princi- 
11.1 ple leads to the simple replacement of CyL1 by C3=1: where iZI = 

rniri { ~ n ,  [%I) and L is the rrlernory length. 
To illustrate the usefulness of the short-memory principle for the nu- 

merical solution of initial-value problems for fractional differential equa- 
tions, we give on Figs (8.8)-(8.15) numerical solutions of the problem 

y(0) = y'(0) = 0 

for the following part.icular cases of the right-hand side f (t): 

1. f (t)  r 1 (Figs 8.8 and 8.9); 

2. f (t)  = te-t (Figs 8.10 and 8.11); 

3. f ( t )  = t-le-'lt  (Figs 8.12 arid 8.13); 

4. f (t)  = e-t sin(0.2t) (Figs 8.14 and 8.15). 

Nlxmerical solutions were corriputed using the tirr~e step h = 0.1 for 
the interval 0 < t < 50. One can see that even taking the memory length 
L = 5 gives satisfactory accuracy. 

?Vc also fouiid that using the short-rneiriory prirlciplc leacls in many 
c-asps to suppressiori of the influence of accllnlulating rouridirig error dur- 
ing long-time si~nulations - duo to a smaller ilulnher of addends. 



Chapter 9 

Fract ional-order Systems 
and Controllers 

At present, a growing number of works by rnany authors from various 
fields of science and engineering deal with dynamical systems described 
by fractional-order equations which rneans equations involving deriva- 
tives and integrals of 11011-integer order. 

These new rriodels arc Iriore adequate than the prcviously used in- 
teger-order rnodels. This was demonstrated, for instance, in [24, 170, 701. 
Irrlportant filrldarnental physical considerations in favour of the use of 
fractional-derivative based models were given in 130. 2541. Fkactional- 
order derivatives arid integrals provide a powerful instrument for the 
description of rrlelriory and hereditary properties of different substances. 
This is the most sigrlificarit advantagt. of the fractional-order rnodels in 
comparison with integer-order models, in which, in fact, such effects are 
neglect etl. 

IIowever, because of the absense of appropriate rriathernatical meth- 
ods, fractional-order dynamicai systen~s were studied only marginally in 
the theory and practice of control systems. Some slicessful attempts were 
undertaken in [13, 140, 9, 110, 1841, but generally the study in the time 
domain has: bee11 alnlost avoided. 

In this chapter effective and easy-to-use tools for the time-dornain 
analysis of fractional-order dynamical systems, which arc described in 
the previous chapters, are used for solving problems of control theory. 
The concept of a PI'D"-c*oritroller, irlvolving fractional-ordcr integrator 
and fractional-order differt.nt,iator, is introduced. An exarnple is provic-led 
to demonstrate the necessity of such controllers for the rnorc efficierlt 



C,: ( s )  G ( s )  Yts )  
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Figure 9.1 : Sirr~ple unat ?/-feedback control system. 

control of fractional-order dynarnical systerns. 
Thc itfea of using fractional-order coritrollcrs for the control of dy- 

namicsl systems belongs to A. Oustaloup, who developed the so-callcd 
CIZOIKE controller (CROKE is an abt~reviation of Comnlande Robuste 
d'Ordre Non En,tzer*), which is described in a series of his books [183, 
185, l8G. 1871 along with examples of applications in various fields. 
A. Oustaluop demonstratetl the advantage of the CRONE corit,roller in 
coniparisori with the PID-controller. The ~ ~ ~ ~ ' " c o n t r o l l c r ,  considered 
in this chaptcr, is a new type of fractional-order controller, which also 
shows bctftt)r pt~rformarice when used for the control of fractional-order 
systclris tl.ian the classical l'ID-controller. 

9.1 Fractional-order Systems and Fractional- 
order Controllers 

This chapttlr is a natural conti~iuatioli of Chapter 4, which we rcconinlc~nd 
to readers ilitcrested ill tliv system response to an arbitrary i~iput.  I-Iow- 
ever. herc we turri fro111 purely rnathernatical aspects of thc fractional 
calculus to application of the fractional c;~lculus in control thclory. 

9.1.1 Fractional-order Control System 

Lct 115 c.onsider the siniplc unity-feedl~ack control \vstcm shown i11 
Fig. 9.1. where G ( s )  is the. trarisfrr f'u11c.t ion uf t 11c. cor~trollcd systcni, 
G, ( S )  is thc transfer of the cor~t rollcr. It'(s) is an input, E ( s )  is an error. 
U(s)  is t hc controller's output, ;rnd Y(s )  i s  the systerrl's output. 

Contrary to t hc traditional approach. we will c.onsider trnrt.sj~r ji~rlc- 
tions o f  arb7tr(ir?y I Y U L  order. W e  (tall such syste~rls fract ional-order sys- 
tcrris. 'l'hcy includc, in pi~rtit.lllar, traclit io11;~l i11tc'gt.r-order systems. It is 
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important t,o realize that  the words "fractional-order system" mean just, 
"systems which are better described by fractional-ordcr mathematical 
rriodels" . 

9.1.2 Fractional-order Transfer Functions 

Let 11s consider the fractional-order transfer functiori (FOTF) given by 
the followi~ig expression: 

where Bk, ( k  = 0 , 1 , .  . . . t z )  is all arbitrary real nurnber. 
on > ,jrL-, > . . . > PI > /3" > 0. 
ak ( k  = 0 , 1 , .  . . , n) is an arbitrary constant. 

111 the tirne domain, the FOTF (9.1) c.orresponds to the n-terrri 
fractional-order differential equation (FDE) 

a,, D'" yj(t) + a,- 1 D"~"~J ( t )  + . . . + a1 D" !/(t) + c ~ o ~ " ' "  7~ ( t )  = ~ ( t )  (9.2) 

where D7 zz OD: is Caputo's fractional derivative of order 3 with respcrt 
to the variable t and wit,h tlie starting point a t  t = 0 123. 243: 

If 7 < 0, then one has a fractional intt~gral of order -7: 

1 y(T)dT . (y < 0).  
" I ,  ! = 0 = - 1 (, - r ) l  +,, (9.4) W?) 

The Laplacc trltnsfornl of the Srartional t1criv;itivc defined by (9.3) is 
2.253 

rr1 1% e-" D? 7~ ( t)dt  = s'Y (s) - .s7-'-' !/ ('1 (0). (9.5) 
k=O 

For y < 0 (i.c.. for the. casc of a fractional iritcgral) the suizl or1 the 
right-hand sitlt 1111lht 1 ) ~  01r1it t ~ d .  

It ih  worth inc~~itionirig here that fro111 the plirt rnatl-iclnatic.i~l poi111 
of vicw 1 l.ic.rc3 arc difftrcnt ways to i~lterpolat~e bctwccn int eger-ord~r 
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~riultiple integrals arid tierivatives. The most widely known and pre- 
cisely studied is the Rierrlanri T,iouville definition of fractional deriva- 
tives (c.g., [ I  79. 232. 1531). The rriain adva~itage of Caputo's defiriitiori 
in con~parison with the Iticmann- Liouville definition is that it allows 
corisideration of easily interpreted coriventiorial initial conditions such EL.; 

g(0) = go, y'(0) = g1 , etc.  lorc cover, Caputo's derivative of a constant 
is bounded (namely. equal to O), while the Riernanri-Liouville derivative 
of a constant, is unbounded at t = 0. The only exceptic)n is if one takes 
t = -oo as the starting point (lower lirnit) in the Rienlann Liouville 
defirlitioii. 111 this case, the Ricn~ann Liouville fractional derivative of 
a constant is also 0, and this w* used in 11741. However, orie inter- 
rsted in transient processes could not accept placement of the starting 
point at -oc, and in such rases Caput o's definition scerns to be the most 
appropriate cornpared to others. 

Formula (9.5) is a particular case o f  a more general forrriula (2.259) 
giver1 in Section 2.8.5 for the Laplace transform of the so-called sequential 
fractional derivative (2.170). 

To find the unit-i~npulse and unit-step response of tlic fractional- 
order systern described by FDE (9.2). we need to evaluate the inverse 
Laplace transform of the furiction G,(s). 

The problem of the Laplacc iliversioli of (9.1), however, can appear 
in ally field of applied matlierriatics, physics, engineering, etc., where the 
Laplace transforrn rnethod is used. This fact along with the absense of 
the necessary inversion formula i11 tables and handbooks on the Laplace 
transforrr~ motivated us to give a general solution to  this probleni in thc 
followirig two sections. 

9.1.3 New F'unction of the Mittag-Leffler Type 

Thc so-called Mittag-Lcffler function in two parameters Eu,p(z) was in- 
trodliccd by Agarwal [3]. IIis definition was later modified by the authors 
of [65] to be 

Its k-th derivative is givc~ri by 
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We find it corivenierit to introduce the furictiori 

Its Laplace transform was (iri other notation) evalnat,ed in Chapter 4: 

Another convenient property of I k ( t ,  y; a,  p) ,  which we 11s~~ in this 
chapter, is its sirnple fractional differentiation (see Section 1.2.3) : 

Other properties of the function Ik ( t ,  y; a ,  P), such as: special cases. 
its asyrriptotic beliaviour, ctc., can bc ot)tained fro~rl (9.6)-(9.8) and the 
kriowri properties [65] of the Mittag-Leffler furictiori Err,p(:) .  

9.1.4 General Formula 

Relationship (9.9) allows 11s to evaluate the irrverse Laplace trarisforni of 
(9.1) as was dolie in Chapter 5. 

Let on > i j l ,  1 > . . . > 13, > Po > 0. Thcri llsing (9.9) gives the final 
expression for tlie inverse Laplace trarisforrri of the function Gn(s): 

1 (-l)r'i 
gn(t) = - C 7 C (nq b, kl, . . . . k , , 2 )  

(L71 7n:o A , ,  t kl t t ~ , ,  2:": 
k g > O  k,, 2>0 

whcrc (m; ko. k l , .  . . , k,, 2 )  arc the nlultinomial coeficicnts [2, chapter 
241. 

F~i r t l i c~  iriverso Laplitce trttnsforrris can be obtairled by cornbiriing 
(9.10) and (9.11). For instance. let us take 
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where a, < L?~, , (i = 1.2.  . . . . N). Then the inverse Laplace transform of 

f ( t )  = C bzDn'gn(t)1 (9.13) 
1 = l  

where the fractional derivatives of g,,(t) are evaluated with the help of 
(9.10). 

9.1.5 The Unit-impulse and Unit-step Response 

The unit-irnpulse response of the fractional-order system with the trans- 
fer filnction (9 .1)  is given by formula (9.11).  i.e. YzmptLls?(t) = gn(t). 

To find the unit-step response gStpp( t ) ,  one has to integrate (9.11) 
with thc help of (9.10). The result is: 

9.1.6 Some Special Cases 

For illustratior~. we give the following tliret? particular cases of (9.11) and 
(9.14).  

1) 
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Ir~tcgrat~ir~g the unit-step response with the help of (9.10). we obtain 
the unit-ramp response. Double integration of the unit-step response 
gives the resporise for the parabolic input. All these standard test in- 
put sigiials are frequently used in coritrol theory, and the above forrriulas 
provide explicit analytical expressions for the correspoilding systcnl re- 
spc"'scs. 

As will be shown in an exarriplc below, a suitable way to the nlore efficient 
co~~ t ro l  of fractional-order syster~is is to use fractional-order controllers. 
11;~ ~~ropose  a ger~cralizatior~ of the PID-co~~trollcr. which call tw  called 
tht. ~ ~ ~ ~ f i - c o n t r o l l c r  because it involvcs an integrator of order X ant1 
differc~ritiator of order [L. Tkic. transfer fiiiictioii of siic.11 a. controller has 
t,llc~ forrii: 

Thcl rcli~atior~ for tllc ~ l ~ ~ ~ ' - c o ~ i t r o l l c r ' s  ou t  piit i r i  the tirrlc domain 
is: 

u ( t )  = Krt.(t) + KIU-'(J(~) -t Kr)DLLc(t) .  (9.19) 

Taki11g X -- 1 and EL = 1, we 0t)titill il clitssict~l PID-corlt,rollor. X = 1 
ttnd 11 = 0 give a 1'1 -cant rollor. X = 0 :uict [ r  = I give a I'D-corltrollcr. 
X = 0 and / L  = O give a gain. 
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All these clasical types of PID-controllers are the particular cases of 
the fractional PI' ~1'-controller (9 .18) .  However, the PI' ~j"co11troller 
is rnorc Acxihlc arld gives a11 opportunity to better adjust tiiv clynamical 
properties of a fractional-ortier control systcrn. 

9.1.8 Open-loop System Response 

1,et 11s delete the feedback in Fig. 9.1 and corlsider the obtained open 
loop with the PI' D~L-controller (9.18) arid the fractional-order controlled 
syste~n with tile transftar fiirirt ion G,, ( s )  given by expression (9 .1) .  

In the time tiomain. this open-loop systc.111 is described by tllc frac- 
tional-orcicr difFcrcntia1 cq~lation 

'rhc transfer fui~ctiort of the corlsidered opeii-loop system is 

G l,pl" l, (s) = K p  + Kls ' + fi?sY) GII ( 3 ) .  ( (9.21) 

Sirice (9 .21)  kuts the sarrlc structure as (9 .12) .  the iriverse Laplace 
t rarlsforrrl for Gal,,,,, ( s )  (,all be fonricl with thc help of formula (9.13).  
Thcrcforc, thc unit-step rcsponse of tlic considered frartional-order open- 
loop systenl is 

.90pc ( f )  = K1'!/I1 ( t )  +-  KID-'^,,,(^) $. KU D L ' y n ( f ) ,  ((3.22) 

whcrc g,,(t) is give11 by (9.11).  
To find t11c unit-step response. one shoultl intcgratc (9.22) l~sing for- 

I I I I I I ~  (9.10).  

9.1.9 Closed-loop System Response 

To ohtaiii thc unit-impulse aiitl unit-step response for a closecl-loop (.on- 
trol systerrl (Fig.S.1) with tho ~ ~ ~ ~ l ' - c o n t r o l l c ~ r  ailti the fractionnl-order 
co~itrolled systerri wit ti t ht. trarlsfcr flirlct ion G,, ( s )  given t ~ y  exprcssiorl 
(9.1), one needs. first, to rclplacc ur(t)  with c ( t )  = 119(t) - y( l )  in (~q~iiltiorl 
(9 .20) .  'I'his stcy rcsults i l l  



9.1. EXAAIPLE 25 1 

 fro^^^ (9.23) orlo obtains the follouring expressiorl for thc transfer furic- 
tion of the cor~sitlerctl closeti-loop systenr: 

Tlrc rir~it-irrrpulsc n.spoIrse g,r,,,d(t) i5 then obtair~ctl l)y tlic. Laplacc 
irlvc~rsiorr of (9.24). whiclr could be pcrforrncd by rearranging in tfccrcas- 
irrg ostler of diffclrciit iatior~ t l ~ c  addends in thc dcnornin;ttor of (9.24) a110 
applying aftcr that rclatiorrships (9.11) and (0.13). To find thc unit-step 
rcsponsc, on(. slroultf irltc.gratc the obtai~~t.d unit-i~r~pulsc rcsponsc with 
tlrv help of (9.1 0). 

9.2 Example 

In this sc3rtion we giwa a11 ex>trr~ple sliowi~~g t t l c ~  ~is(~fulii(~sh of the PI~DP-  
controllers in cornpariso~r with coriventiolial PlU-rorrtrollcrs. LVtl colr- 
sitlt.r n fractional-order systerr~, urhic11 plays the role of .'realityw, and 
its integer-ortlcl aj>j>roxinrat ion. wlric.11 plays the role of a "modcl" . JVe 
cmpl~asizc that. ;it first glarrce, thc model. obt,ainetl in the usual rrianncr. 
fits thc clata u l ) ta i~ l~d  fro111 ..rei~liIy" well. 

However. t hc PD-cont roller, tiesignc~tl on the basis of tlie rnoticl, is 
shown to bc not so stritnl)lt' for thy cor~ttol of "rclality" as o11c slrol~ltl 
cxpcct,. 

A good way to iinprove the cor~trol is to use a controller of it sirrrilar 
"natilrc~" to "reality", i.c, a fractioual-order PD'^-c-orrtr oller. At this 
stage we assulrlc that the frat-tio~ral-order t rarlsfer. function has bt*crl 
idclrtific>d cxii~tly. 

It is ilr~portar~t to rcttlizc tlrttt oftell, in fact, the stnicti~rc of the. 
nrodcl is post~~littetl ( i l l  our exi~m~)lc. tllc stkcontl ordcr clifferential q u a -  
tion rlroclel) arlcl thclti the paremc'tc~s of the model (in our case. tlrc 
coefficient s of t he differcl~tial et~uat ion) arc drt cr~ninc~i  to provitlv suit- 
able fitting of data obtitil~e(1 fro111 t l ~ c  real object. liowever. there are 
nurrwrous real systerris which art. bet tc.r dcscrit)(~tl by fractiorr:tl-order 
diff'ercnt ial c~ln;ttions. For such syste111s classi(~it1 integer-order rnodels, 
eve11 of high ordcr, will give less aclccluatc results t11it11 fra(*tiorritl-~)r(1ttr 
rnodels. Frorr~ this point of view. the ~x;tinplc tlcrnonstrates soInr of 
t he pohsil~lc cffi.cts arising fro111 thtx diffcrt~nc.c. of thcl r~ittul-rJ of "~.c;llity" 
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aiid the L.r~io(lc~l". It also indicates the r1t:cessity of t,he devclopinent of 
mc\thotls for identification of paranlc~tt3rs of fractional-order nlodels. in- 
cluding thv rnost appropriate ordrr of thr ntodrl (not ttie order of the 
real object). 

9.2.1 Fractional-order Controlled System 

Let 11s consider a fractiorisl-order coritrollctl syst>c~ll with tlie tra~isfer 
function 

1 

wlicrc we take U J  = 0.8, (11 = 0.5. a,, = 1. 3 = 2.2, a = 0.9. 
Tlic fractional-order transfer function (9.25) corresponds in the tirrie 

cloniain to the tl-iree-term fractional-order diffcreritial eyuatiori 

with zero initial conditioris y(0) = 0, yl(0) = 0, y1I(O) = 0. 
The unit-step responsc is found by (9.16): 

9.2.2 Integer-order Approximation 

For comparison ])urposi>s, let 11s approximate thc corisitlcrcd fractiotlal- 
ordclr system I?y a secontl-ortler systerri. Koticing that 3 = 2.2 arid 
rk  = 0.9 are closc to 2 arid 1, respectively. olie rliay expect a. good ap- 
proxi~nation. Using tlie least-squares 111cthod for tlie cleterrriirintior~ of 
cot>ffic-itmts of tlic. resultii~g wt3 obtainctl thc lollowir~g approx- 
imating c~qnnt io~~ correspor~dirlg to (9.26): 

will1 i12 = 0.7414. G I  = 0.2:31:1. G o  = 1. 
The comparison of tlic ilnit-step rcsponsc of systt1~i1:, dcscribcld by 

(9.26) (originid syst cm) a~icl (9.28) (:tpproxirnatiiig systenl) is show11 i l l  

Fig. 9.2. Thc. agrct>rnclit seeIris to be iat,isfactory rru)ugli to l)uil(l up ttlo 
co~itrol strategy on t,hc tlcsc.ript ion of the origir~al frnctiolial-order systcln 
l)y its approxirnat ion. 



fractronat-order 'realrty" f mieger-order model' 

0 -- - / -  

0 1 2 3 i 5 6 7 8 9 1 0  

Figure 9.2: Ur~it-step response of the fra,,ction.nl-nrrter, systerra (thin line) 
and its npp~.ozimution (thick line). 

Sirice tlic above comy)arison of the unit-stcy resporiscls sliows good agree- 
rxiciit, oiic rimy try to corltrol tlie origirial systeiri (9.26) 1)y a coritroller 
desig~lcd for its approxiirlatiol~ (9.28). 'l'liis approach is, in fact. frc- 
cluently used in practice, whrn oiie controls tlie roal object by a controller 
designed for thc riioclcl of' that object. 

Tht. PD-c.oiitrollcr with t hc trarisf(\r fiirlctioll 

was drsig~ied so thiit a liriit step sigrial at thc ilipttt of t h ~  rlos~d-loop sys- 
tcLin in Fig. 9.1 will irltlrice ;it t o ~ ~ t p u t  ail oscillatory unit-stcp ~.cspor~sc 
with sta t i l i t  y Incasilro St = 2 (t liis is cyuivulciit to the requin~inr~nt that 
tlir systcrri llillst s ~ t t l c  witliiri 5% of tlio i i ~ l i t  s l ~ p  at t hc iriplit iri 2 SCC- 
oritls: 71 5 2s) allcl darripiiig ratio < = 0.4. 111 this cast'. tlic coeffkients 
for (9.20) talw on thc values l? = 20.5 :iricl = 2.7333. 

For roinparisori purpost3s. we also colnputctl tlie intcgr;ll of tlic ahso- 
lute error (IXE) 
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for t = 5 s: I ( 5 )  = 0.8522. 
Let 11s now iipply this cwntroller, t1c.sigried for the optirlial co~itrol 

of the approxirnatiilg integer-order systrrr~ (9.28), to the coritrol of t hc 
approxirnat ed fractional-order syst ern (9.26). 

Tlie differclitial ccluat ion of t hc. closctl loop with t hc fract ional-order 
systi2rn dcfirled by (9.25) and thc integer-ordcr c~oritrollcr dcfiricd by 
(9.29) lias t h c a  followir~g forrrl: 

This is a four-tcrrn frwctioiial cliffere~~tial cvluatioii. and tlie illlit-step 
rcsyonsr of this sy s t c~ l~  is fou~icl with the help of (9.17): 

A cornparison of the unit-step response of tlic clost~cl-loop integer- 
ortlcr (approxiiliatirig) systcni t~nd  the closed-loop fractio~ial-ordcr (ap- 
proxiniatctl) systerr~ with t,hc> sarnt. integer-ordcr coritrollcr, optirrlally 
clesigncd for thc approxi~nating syste~ri, is sliowri ill Fig. 9.3. 

Or~e can see t l ~ a t  t11c dy~ian~ical progertios of the closed loop with 
the frit~t ionill-orclcr cor~trolled systerr~ and the integer-order controller. 
w11icl1 was tlesigncd for the ii~tcger-ordcr approxinlatioil of t lit. frac*tior~;i,l- 
orc1c.r systc.111, anx colisidcrably worse t1i:tri thc ciyna~l~ic properties of the 
closed loop wit 11 t11c ;~~,proxirr~at in# iritJeger-orclcr syste~n. The. systerrl 
stabilizes slower a ~ l d  11% larger surplus oscillations. C>ornputations show 
that,. in conlparison with the integer-orcler "rnodcl". in tliis cttsc the IAE 
withill 5 s tiill(> interval is larger by 76%. ;\lorcovcr, lllr closed loop 
with tlre fractional-ordcr controlled systcni is more sensitive to chaiigc~s 
ill coi~troller paranietcrs. For exaniplr~. untlcr ;t cliangt. of to tllc VHIIIC 
1. t lir: closrcl loop ivit 11 t 11r f'ractiorlal-orcler systcm ("reality") is already 
unst al,lo, whoreas i ire vlosed loop with the. approximating integer-orclcr 
systt31ii (ttit3 "nlod(~1") still skiows stability (Fig. 9.4). 



9.2. EXAMPLE 

fract~onal-order "reai~ty' wllh the same PO controller I 

8 -LA.. -- 
0 5  1 1 5  2  

T~me. t 

Figure 9.3: IJrbit-step rcsponsc of th,c closed-loop intc<gger-orcle,r (/hick 1inc) 
n.nd f.r.actzonul-order (thin lin,e) systerns with the sa.rrlr< int(~,ger.-order cno7r-  

troller. designed for the upproximatin!l integer-order s!jstern. 

- ~nteger-order 'model" w~th class~c PD controller (Td=l) I - fract~onal-order 'reality wth the same PDcontroller 
0 5 1  _- L 4- -- - ---___ L 

0  0 5  1 1 5  2 2 5  3  3 5  4  4 5  5  
Tlme t 

Figure 9.4: [init-step respon.se of the closed-loop in,te.yer-older (thzok line) 
and f~u~:l ior~ad-o~dt:r  (thin line) systcrns ~u i th  Ute  sarrbe - intc:!jer.-o~der corr- 
Irnller, designed for the irbtcger-order s;ystcrn, for Td = 1 .  
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9.2.4 Fractional-order Controller 

Vi7e see that tfisrcgardirig tllo fractional order or the original systeni 
(9.26), rcplacirig it with tlie approxir r~t  irig integer-ordcr systen~ (9.28) 
and application of t he controller. dcsigricd for the approximating syst ern, 
to tlic control of the original fractional-order system, is riot gcncrally ad- 
equate. 

AII alternative and  nor^ slircessfill approach in our example is to us(> 
the fractional-order PLY'-controllrr characterized by the frt~tioiial-orcfer 
trarisfer fiinct,iori 

G, ( s )  = K + TdsLL. (9.32) 

Let us take u < p < 3. The differer~tial equation of the closed-loop 
cont,rol systclr~ with the fractional-ortler systc'r~i transfer (9.25) arid the 
fractional-order controller transfer (9.32) can bc written in tlic form: 

iVe arc iritcrested iri the ~iriit-step rcsporise of this systcln. 
Using (9.17). (9.13) allti (9.10). tlic following solution to  equation 

(9.33) is obtained: 

T d  5 (,I) ) { t ,  i )  - /i.{i+ l l i i l  - ~ i +  I )  
(LO +I< (1 2 

k-0 

I11 Fig. 9..5. tllv corr~p;trisorl of tlir unit-step response of the ( ' l ~ s t ~ t  
loop with t hc fractiorli~l-order systcni coritrollcd by a fraction;-tl-orcif>r 
I'D/'-controlltr with I< = k;'. Td = 3.7343 and 1 1  = 1.15 (thv values 
of the para~lictcrs wcr1. foilrid by compi~tational cxpcrirrlr\nts) a~ici the 
unit-stcy rc.sporisc of the close(l loop with tllc. sarnc syste~xi corit roll(1cl 1)y 
the i~ltogcr-orctcr PV-coritrollcr, dcsignccl for the a l ~ p ~ o x i n i ~ ~ t i r ~ g  intty,er- 
orrtcr system. is givcii. 

Oiie can see that tllc i i s ~  o f  tile fractional-ortlcr controller lrads to  
t lie i~r~provcrncnt of' tlie control of thc fractior~nl-or(101 syhl P T I ~ .  
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- fract~onal-order reallty w~th classlc PD-controller 
02/ - fractional-order real~ty with fract~onal PD-controller 

0 .  --I----" L _ I _  _ _  _ I 
0  0 5  1 1 5  2  2 5  3 3 5  4 4 5  5  

Time. t 

Figure 9.5: Unit-step response of the closed-loop fmctionul-order system 
with the cor~.~~en,tional PD-con,troller, design,ed for  the aj~prozimutir~g int- 
eger-order sys t e~n  (thick line), and with the PD1"-controller ( thin line). 

9.3 On F'ractional-order System Identification 

I11 this scction wc briefly discuss an approach to identification of pararri- 
eters of fractional-order rriodcls of rcal dyriarriical systems. The rncthod 
is il1ustr;tted on the exarrlplc of identification of parameters of fractional- 
ordcr rnodcls of a re-kiclating furnace. 

A sc.t of 111e;tsured valucs y: (7 = 0, A / )  wa:, obt:~iriect for the transfer 
furictiori of a rcal cxpcri~lierital re-heating f11r1lac.e. Thcrr three rnotft~ls 
wcw dcv~loprd for this o l ) j ( ~ t .  

The first irioclel w ~ s  obtaincad using classical integer-order tlc~riviitivcs. 
Assuriiing that the syste~li car1 be descri1)etl by the sccoad-order differ- 
ent ial c~luatiorl 

the following valucs were obtained for the coefficients of the niodellirlg 
equation: 
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which mininiize the criterion (2 

where y, is thc olitp~lt of the rrlodel a t  the point of  the i-th rncasurernei~t. 
In this cssc., the i~iinimal valuc of Q is 

The sc~coritl iriodel was obtained under the assumption that the sys- 
tern call I ) ( >  dc.scribcd by the three-term fractional differential equation 

bzy"4(t)  + b~? j ( ' ) ( t )  + boy( t )  = u ( t ) .  (9.36) 

In this case, the following values for orders cr and /j and for the roeficierlts 
bo, bl and b2 were obtaincd: 

giving for thc criterion the value of 

Third. the considered object was also   nod el led hy a two-term frac- 
tional differential cquatiori. In this case we must put a:! = 0 in equation 
(9.36). so the terrri with the a- th  derivat ivc tlisappears. The rerrlairlirig 
parrtrnctcrs of the two-terrri fractional tnodel 

bl p ( t )  + boy( t )  = U(t) 

take on the valiles 

0 = 1.0315: hl = 6.2868, 0,) = 1.8508. 

ancl the corresponding valuc of thc criterion is 

The resillt of fitting the lir~it-step ~.esporist~ o f  firrnace llsirlg (9 .37)  
is prescritecl in Fig. 9.6. 

Tlie co~tlparison of thcsc three rnodels lcads to  interesting observa- 
tions. 
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Figure 9.6: l+uctio~~al-o7dcr model of n re-heating furr~ace. 

Note that thc integer-order ~noc-lel (9.35) is just a particular rase 
of Ihe rnore general fractional-order rriodcl (9.36). If tlie intcger-ordcxr 
~nodcl is the t~cs t  model arnong the rriodels clcscribrd by ttircc-tcrrn cqtla- 
tioris, then the ideritificatiol~ of the pariinictrrs of tlie fractional-ortler 
rriotlel (9.36) should give cr = 2, j j  = 1, arltl bk = ( ~ k  ( k  = 0. 1.2) .  How- 
ever, this did riot happc~n; this indicates that thc iritcgcr-order ~nodcl 
(9.35) is Icss adequate than thc fractional-ordcr ~riotlcl (9.36). 

Thc rcal explar~ation of this tiiffcrcricc. l)c~twrcl~ the integer-order ap- 
proach ant1 t he fractional-ortlcr rnodcl is not the larger llurnher of pa- 
rar11ctc.r~ (we have five paraincters i r i  (9.36) against thrccl parari~eters il l  
(9.35)), but the different "nature" of the rr~oclcls. which allows 11s to use 
the sanlt. 11un11)cr of pararnetcrs for acliicving Ilighr3r adequacy of the 
resulting niotlc.1. This higher lcvel of aclcquacy is dclriolistratctl by tlicl 
third r~lodcl (9.37). in which wc also hav,\..c~ three pararrictcrs, likv in (9.35), 
but get a 1owc.r value of the criterion Q. 

9.4 Conclusion 

Wc havo show11 that  the proposed coriccpt of the fractional-orcier P I ~ D @ -  
colitroller is a good way for the adequate control of fractional-orcler dy- 
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ntuliical systcnls. 
Of course, for tile physical realization of tlic  controller spe- 

cific. circuits arc. ucccssary: they must perfor111 Capul o's fractioi~al-order 
clifferentiatioll and integration. It should be irleritiorirtl that  such frac- 
tional integrators and differentiators have alrca* hecli dcscri1)c~d ill [I791 
arid [ l H O ] .  

All the results of coniputations wcrc ;~lso vcrified by the riurricric~al so- 

lutioii of tlie initial-value problerns for tlie corr~sponciing fractional-ordcr 
diffcrcritial cquatioris by tht. riiilircrical n~ethotl described in C'haptcr 8. 

The nlost important liliiitation of the  neth hod prcscritcd in this chap- 
ter is that only liricar systeriis kvitli constnnt coefficic~rits can be t,rcatcd. 
On the other hand. it allows corisideratiorl of a new class of dynarriical 
systrins (systems of arbitrary real order) aricl rlcw types of coritrollcrs. 

Finally. thc. example of itltlritification of paramc.tc~rs of friictiorial- 
orticr riioclcls of real objects. considt~rcd in Scction 9.3 shows that for 
fruitful applicatio~is of fractional-order riiodels of clynarnical systcrns anci 
fractional-order controllers filrtlicr de~reloprn~nt of effective ~rncthods for 
identification o f  the S ~ T I L ( ' ~ U T P  of a fract iorial-order rnathrlnatical rnodel 
of s real object, as well as tsmethods for identitication of the n lod~ l  pa- 
rurnetc~s, is ncccssary. 



Chapter 10 

Survey of Applications 
of the Fractional Calculus 

In this chapter a survey of ;ipplications of tlie fractional ralcuhis in 
various fic3lds of science is given. It covers the \videlj, knowrl classical 
fields. such as Abel's integral ecluatiori and viscoclasticity. anti r~lso less 
well-known fields. including analysis of fecd1)ac.k amplifiers, capacitor 
theory, fractancts generalized voltage dividers. fractiorial-order Clilia- 
I-Sartley systems. electrode-electrolyte interface tnodels, friictional multi- 
poles. electric conductance of biological systems, fractional-order niodels 
of  rleuroris, fit tirig of experimental data, and others. 

This survey cannot hc corisidcrcd as a coniplete one, hilt as a collc~c- 
tion of sample applications. which can be used for fiirther develop~ncnts 
lisirlg itnt~logics in tllrl rriathcrriaticnl description of real problerris arising 
ill different fields of science. hIorcovcr, in sonic cascs u.c also usc partic- 
ular applicatioris for illustrating thc rriethods dcscribctl. in tlic prcvious 
chapters. 

10.1 Abel's Integral Equation 

'l'he Abel iritcgral ecluation is well studied, arid there exist many sources 
dcvot,cd to its applications in differc~it fields. Arriong rrlarly existing 
t~ooks on various ;~spects of Abc.1 integral eylxations the monographs [90] 
and 1841 rrlust be mentioned, in which spccial atteritiori is paid to appli- 
cations. 

Becaust. of this, in this sectlion we pay atlerit,ion mainly to those 
types of ilitcgral equations which appear in applications a r~d  which can 
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roduced to Abcl's iritegral i.qr~at,ion. 

10.1.1 General Remarks 

Thc silrlplest arid rriost \v(vc:ll-known exa~nplc of a fri~ctiorial-order systern 
goes back to H. N. Abel [I]. The integral equation 

whcre 0 < a < 1 ,  is c.allcd Abel's integral cc/uation. Its sohitioil is givt.11 
by the well-known formula 

which we prefer to writr in the revcrscd form as 

I11 terms of fractional-order tlcrivtitives. equations (10.1 ) arid (10.2) 
takc on the for111 

oDlc'?(t) = . f( t) ,  ( t  > 0) (10.3) 

and 

oD;'f ( t )  = 4); (t > 0) 

rcspcctively. 
Transfer functions corrc~spondirig to equations (10.3) a11t1 (10.4) are 

and 
* ( s )  = s-O 

'Thertlfore, in the cast of equation (10.1) or, which is thc salnc, eqna- 
tion (10.3), wc deal with the systerr~ of ordcr -a. If the systcm's tw- 
havioriour is described by equation (10.2) or by its equivalent (10.4), then 
we have a systcm of order ( 1 .  
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10.1.2 Some Equations Reducible to Abel's Equation 

Solution of rnany applied problcms lead to iritegral ey~iations, which at 
the first sight have rlothirig in cornrnori with Abel's integral eynation, and 
duc to this irnprcssion additiorial efforts are unt1ertakt.n for the devclop- 
rrient of analytical or riur~ierical procetiurc for solvirig thcse equations. 
Hourever, their transforniation to tht: form of Abel's integral equation 
may often be convc>nierit for rapiclly obtairiirig the solution; this is the 
reason for giving so~ric typical cxamplcs of equations which car1 bc rc- 
duced to Abel's equation. Marly types of such equations along with 
solution forinulhs can be found in [245]. 

Equations with non-moving integration limits 

a) Let us consitlcr t,he equatioli 

Denot irig 

w = ~ ( 1 . 2 ) '  
r 

ure call rewrite thc equation (10.7) as 

0 

Substitution of variables x = y" < = ss" givt.s 

Then t,he fiirther substitution T = l/(r + E )  lotds to 

and denoting 
1 t = -  $ ( T )  = 
x ' 
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we arrive at ari equation of the type (10.1), with ct = 1/2: 

The solution of equation (10.9) can be found with the help of forruula 

arid perforrriirig backward substitution ure ol~tain ttic solutiori of the equa- 
ti011 (10.7) in terrns of fractional cferivatives: 

b) With the help of the sarrie chain of snbstitutions the equation 

can be reduced to Abel's integral tlequation of the form 

In this case o = 3/2; iising the fornlula (10.4) we obtain 

arid t>hc return to q ( r )  can be done using the relationship 

p(r)  = r6$(r2) .  

c) The equation 
93 
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is similar to equation (10.8) and can be solvcd in the sarnc way. 

(1) Ttir! cqualioli of thc type 

e - - T ~ ' / $ ( t  + T ) ~ T  = f ( t )  (10.16) 
0 

can 1)t: redllced to the equation of tho typc (10.15). in which f ( f )  rriust 
be replaced with e- ' f  ( t ) ,  with thc hclp of thc obvious substitution 

e) Poisson's integral ccluatio~i 

l r /2  / v!(~rosw) ~ i r l ' ~ + l  u dw = f ( r )  

0 

can also be reduced to Abel's equation. 
After the substitut,iot~ .r = rcosw we have 

and denoting 
1 y = -  1 

* r2' ~ ( 9 )  = - f -- A (A 
we obtain the equation 

which can be writtcrl as 
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and denoting 

10. SURVEY OF APPLICATIONS 

we arrive a t  Ahel's integral equation 

with the solution 

Equations with moving integration limits 

a) In nurnerous applied problems ari integral equation of the following 
type appears: 

i 1 \b(x)dx = f (y). 

. (92 - x2)4 
0 

I'erforrning the ~ubst~itutions 

we arrive at Ahel's iritcgral equatiorl: 

with the solutior~ 

and therefore the soltition of the equation (10.20) is given by the formula 
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t)) 111 other cases therc appears ;in ecluatioli similar to (10.20). hut 
writ11 ~noving lower integration limit: 

and deliot ing 
p ( r )  = d ) ( d G ) ,  

wc arrive at  Abel's iritcgral cqliation 

i = A f ( d e )  , ( t  - r)" 2 
0 

with the solution 

which rneans that the solution of equation (10.23) is given hy the follow- 
irig formula: 

c) The ecll~ation 
7r/2 

P(P)('P = F ( B ) ,  / FGb 0  - cos p)" 
f) 

which also oftcn appears i11 applications, car1 be reduceci to Abel's eqlia- 
tion too. 

Pcrforr~iiiig tlic substit~itions 

and then denoting 

p(arccos r )  
y(7) = dm , f ( t )  = F(arccos 1) .  



which has the solut,iol~ 

1 
?At) = I'(1 - 3) ()D: -:i f (f). 

Thervforc. the solution of ecluatiori (10.26) is given by t h ~  forrnul>r 

p(arccos t )  = 
d m  

OD:-'~ F (arccos t ) .  (10.28) 
- 0) 

10.2 Viscoelast icity 

Viscoclastic.ity seerrls to be the ficld of the rnost cxtcrlsivc :tpplications of 
hac.tiona1 differential and integral operators, ant1 perhaps the olily one 
in which thcrc haw. hecn p~iblislicd broad surveys (see. r. .g. ,  [138, 136. 
2281). The cor~sidcrations discussc~d bclow show that the. use of fr;ic-tiorla1 
deriiratives for the rriatl~crr~i~tical ~nodellirig of viscoeliistic materials is 
quite nat ~lral. It hliollld be rrlct~tioricd that the rr~airl r(lasc)ns for the 
tlteorc>tictil dcvclopment arc rrlair~ly the wide usc of polysnt~rs in various 
fields of cr~ginc~cririg. 

\Ve will corrsitler a range of approaches to the 1iric;lr theory of vis- 
c.oc.lasticity fro111 integer-order modcls to Sractiolial calculus nlotlels. 

10.2.1 Integer-order Models 

Let, us recall the wcll-known relationships betwccii stress and st,rairi for 
solids (EIooke's law) 

u ( t )  = Ec(t )  (10.29) 

whcrc E arltf 71 are constants. 
Rclatiolisliips (10.29) arltl (10.30) arc riot uliiversal laws, t l~cy are 

orily rliatliciri;~t ical rrlodels for an ideal solid rriaterial and for an ideal 



ffuitl, 11eithc.r of which ctxist iri the rcal world. In fact, real rnatt.rials 
conibinc properties of thosc two liniit cases and lie soinetvhere betwcen 
ideal solids and ideal fluids, if rnatcrials are sorted witli rospect to thcir 
firrriness. 

Tho dc\-c~lopmeiit of integer-ordcr 111odcls of linear viscoelasticity is 
depictecl in Fig. 10.1. 'The Hooke elastic. ele~iierit is rrprcscnted as a 
spring, while the Newtoti viscous c.lc~ncrit is shown as a dashpot. It is 
colnnion pracbtice in rheology to  ~rianipulatc with such reprcscntatioils 
inste;~cl of corresponding equations. 

A t  the first stage. Hookt.'s (clxstic) and Newton's (viscons) elernerrts 
were c.ombined with thc aiiri of co~nhiriirig tlic properties of both. Thcre 
are two possible colribinatio~ls: )-,arallel arid serial. Thc serial corinec- 
tion of the two basic eleiricrits givta 12Iaxwt~ll's rriodcl of viscoeltisticity; 
conriec.tirig tkiern ~ r i  parallel gives Voigt's rnotfcl. Howevcr, l ~ t h  tlirsc 
rrlodels htivc. obvious disttdva~itagcs. 

I11 the case of the XIaxwell rriodcl, wliich is dcscribetl 1)y the rchlation- 
ship 

wliich means that i f  stress is constarit. then strain grows infinitely: this 
does not corrcsponcl to experimental observations. 

In the cast of the Voigt nlodcl a arid f are related t)y 

and wc scc that the Voigt niodel of viscoc.lasticity does not rcflccl tlic> 
expc~rirrientally obscrvcd stress rrlaxation. 

At the secorid stage (or lcvcl). thc above c1is;trlvantages o f  the blaxwell 
arrcl the Voigt ~riodcl uicre sub.jccts for e~ihancenleiit. 

Thc serial connectiorl of the Voigt viscor3lastic c~lcmcnt and the Hooke 
elastic clelnerlt gives Kelvin's lriodrl of visc*oelast icity: 
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connecting the Maxwell viscoelastic element and the Hooke clement gives 
Zener's model of viscoelasticity: 

where n: arid @ for both rr~odels are given by 

Both Kelvin's and Zener's models give good qualitative descriptions, 
but are not considered as satisfactory frorn the quantitative point of 
view [141, 2461. Because of this, there were also devc1lopcd further, more 
complex reological models of viscoelastic materials, consisting of sev- 
eral Kelvin or hiaxwell elerilcrits combined with Hooke's elastic element. 
These rnodcls result in rriore coniplex relationships relating stress and 
strain, in which linear combinations of derivatives of stress and strairi 
appear (see, c'.g., [246]). In the most gcncral case in this way we arrive 
a t  the iriotfel of the forni 

and in each particular case the best adequacy was achieved for n, = m 
(this property starts frorn the Kelvin arid the Zener rnodels, for which 
7% = m = 1). 

Using (10.35), (10.36)' or (10.37) as the basic laws of deformation of 
viscoelastic rriaterials leads to complicateti differential equations of high 
ortier, which causes difficulties in formulating and solving many applied 
prohlerns. in spite of the fact that the resultir~g ctiff<~rential eq~latior~s arc 
linear (due to linearity of the basic laws of deformation). 

However, then: is a nice. solution which prcsc.rves t,he linearit,y of 
models and a t  the saine time provides a higher level of adequacy. 

10.2.2 Fractional-order Models 

Noting that stress is proportion;ll to  the zeroth derivative of strain for 
solids and to the first derivative of strain for fluids, it is natural t o  sup- 
pose, as has bclen don(. by G. W. Scott Blair [236], that for "interrne- 
diat,cU materials stress may bbe proportional to the stress derivative of 
"int~rmcdiatc" (non-integer) order: 
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w h e r ~  E arid a are material-dcpcnde~it constants. The shortest outlirie 
of how this idea appcartd can be found in thc appendix to G. U'. Scott 
Blair's piipcr [239]. 

Approximately a t  the sarne tirric. A. N. Gerasirnov [77] suggested 
a sirnilar generalization of the basic law of deformation, which call bc 
writtcri in the form using thc: Caputo fractional derivative 

or, sirice for the lower tcrminal a t  -m the Caputo derivativcl coincides 
with the Riemarin-Liouville fractional cierivative, 

where 6 is a material constant (generalized viscosity). A. N. Gerasirrlov 
also considered two problems describing tllc movement of a viscous fluid 
between two iriovirig surfaces. These problc>nls led to the eqlrations (in 
our notation): 

11 = y(x> t ) ;  Dn -,Dp. 

It rriust be rrientioncd that A ,  n'. Gerasi~nov was the first to  dcduce 
and solve fractional-order partial differeritial equat,ions for partic-ular ap- 
p1it.d prohlcms. 

Yet a~~otlrier fornlulation of a generalization of the  basic laws of dc- 
forn~ation was suggcstetf by G. I,. Sloriirr~sky [241]: 

Under the coridition c ( 0 )  = 0 Scott Blair's a 1 ~ 1  Sloniiilsky's laws, 
(10.38) and (10.42), itrc cquivalerit. Also. the solutions given by Gerasi- 
nlov for the eqnations (10.41) and (10.41) arc based on the assuirlptiorl 
that thc unkriowil function and a11 give11 furictions arc equal to  zero 
for t < 0; iincler this assurnption, Gerasirriov's formula ( I  0.39) hoc.orric~s 



Figure 10.2: Sch~essel and B1umcr~'s fr.uctancr-t?jpr rrtodrl. 

equivalent to Scott Blair's and Sloninlsky's. Therefore, instead of con- 
siderirlg these approaches separately. wc rimy refer to thc Scott Blair law 
(10.38). 

Sincc. as rnt~ritiorled w1)ov~. c0111plcx ~~i~llt,i-t'lerr~er~t rrlodt>ls, c011sisting 
of Ilooke and Ncwton clenlents. were ~lsecl for niodclling the \-iscoclastic 
1)ehavioiir of rcal rnwterials. it is riatiiral to try to o l~ ta i r~  rnlilti-t1li.rnc~rit 
models of this type also for the Scott-Blair viscoelastic (.lcment. 

Such n~ulti-element n~odcls. \vIiic.h c-onsist of at1 irifirlitc nurnbcr of 
classical spririgs (Hookc) arlti tiashpots (Newton) ordrrcd hic>rac.hic.ally 
ill  a sclf-siniilar strut-turc~s ( s ( ~  Figs 10.2 and 10.3), wcre suggclstctl by 
IT. Schicss(~1 a r ~ l  A. Blllrncn (see 12331) tzrld by I\;. IIeynlar~s wncl ,I.- 
C'. Bauwc~lis [10G].  111 both caws t hc suggcstcti modc.1~ are structures of 
the type callctl a frzlctoncc (see Srction 10.5). A(!jiistir~g tllc pararrreters 
of tlica stnlctur;il parts of tllese ~r~o(lels, it is possible to i i ~ h i ~ ~ e  for thc 
wliole rlioclc>l a11 ccplatiori of the for111 (10.38). 

Nosv, E~avir~g t11rc.c. basic tllernc~r~ts (Hookc, IYc\l-tori. Scott Blair) for 



Figure 10.3: Hepmnns and  Bauwe7~s fructance-type model. 

co~lstructing rheological models. there are two o~>tioris: to cornbirle rrlore 
than oiie of thein, or to  use only the Scott Blair clcment. since it contains 
two other elerrler~ts as particular cases. 

N. Heyrnans and J . - C .  Bauwens suggestc~i a generalization of the 
classical h/laxwell rnodel (see Fig. 10.1) by replacing both the elastic 
clclncnt and the viscous elcrrlcnt t y  the Scott Blair elelllent. On tlie 
other hand, they generalized the Zener model (see Fig. 10.2) by replacing 
only the viscoiis clcrnent by the Scott Blair eleinent. 

In the paper by H. Sclliesscl. R. hlctzler, A. Blurncn ;trid T. F. Non- 
rierlrriac'r~er [233] all four basic classical modc~ls, (tile illaxwell, Voigt, 
Zcncr, and Kelvin rnotlels) were generalized by replacing a.ll Hook~'s 
alld Kewtorl's classical clcmcwts by the Scott Blair elclnc~rit. arid then 
stlidicd in detail. It must be mentioned that various tvpcs of classi- 
cal models of viscoclasticit,y wt3re gc~rleralized and stiidicd by 11. Caputo 
and F. llni~larcii [29] much earlier, using t lie Caputo fractional deriva- 
tives and starting with the cleformation law equation. which is now callcd 
the four-parameter modcl. 

The Hooke law (10.29). which is a one-para11iett.r rnodel, ;tncl the 
Scott Blair law (1 0.38), wtiic.11 is a two-parameter rrlodel (the par:~rnt~ters 
arc E aritl c w )  call also be further generalized by adding further tcrnis 
on both sides, containing arbitrary-ordcr derivatives o f  stress ar~cl st rili11. 
This leads to t h r  thrc~c.-pnril~l~et~~' gcnc~ralized Voigt rnoctel: 



to the tl~rcc-parameter generalized hIaxsvell rnotlel: 

to tlie five-para~neter generalized Zerir:r   nod el: 

and so on. Further, rriore gerit~r>tl niodels have beell sllggcsteti by H. 
Sclliessel, R. hletzlcr, A. Blurnen and T. F. Norincrimaclier [233]. 

Howcvcr, the geileraliaed Zcricr model (10.45) can be sirriplified, since 
it was obser\wI cxperinicrltally that the ~riodcllirig of rnost materials 
results in cr = 1;1 [223. 181. In ildtlition to thcl cxpcrirncntal observations. 
R .  L. Bagley arid P. J .  Torvik proved theorctically that the five-para- 
rtietrxr riiotlcl (10.45) satisfies tlic thcrrriodynarriic cwistraints if a = 0. 
This coriclusiori gives thc four-prtrarneter rriodcl, 

wllich provides a satisfactory description of niost real materials. It is 
intc~rcstirig to ilotc tliat arr~or~g the integt.r-order niodels of viscoelasticity 
(see Fig. 10.1) oril~. thc  Zericr arid the I(e1vin ~riodels me those in which 
tlic higlicst order of derivative of stress is equal to the highest order of 
derivative of slrnir~. 

IVe scc3 that the four-paranietcr niodcl (10.46) could also be forrrially 
obtained froin thc intcgcr-order Zener arid J<c>lvir~ rnodels by rcpiacirig 
the first-ordcr clcrivatives by the fractional dcrivatiw.~ of the same or- 
der. Similarly, tlic Iriost general liricsr rnodel of viscoclasticity car1 also 
be fornially obtairicld fro111 (10.37) \)y replacing intcgcr-order derivatives 

<i ives: witli fr;tctiorial deriv t '  

and it is possi1)lt: that the best result,s ruay 1)t: achieved if 72 = m arid 
Ctk = /jk, ( k  - 0. 1. 2. . . .). 

10.2.3 Approaches Related to the Fractional Calculus 

Besides thc pure fractional calculus approach to liricar viscoelasticity. 
two clos~ly related approaches rnust bc rricr~tiorietl. 

The abow c.ousideratioris ~vcre tlcvoted to the "transition" of linear 
viscoelasticity fro111 integer-ordcr rnodels to fractional from the viewpoint 



of a ~nathcwiaticsnl dcscriptiori of  tlic laws of deforl~iat~iori in tcrrris of 
dcrivtttives. Ilowever. fractional-or~i(~r rrloctels of viscoclasticity rriay also 
be tlerived 1)y startilig fror~i tkic so-ctzllcd powc~r-li~~z~ stress relaxation irk 
real rriaterials. first clearly forrnulatetl by 1'. G. Nlitti~ig [I721 in the for111 

wlierc. w ,  CL. alld , j  arc th(1 rriodcl parameters. 
Taking :j = 1 and dcriotirig co = l la.  w. sc~. that for a c o ~ ~ s t a ~ i t  

strain (c = r.or,st) the stress relaxatioii is tfcscribcd by the power-law 
relationship 

~ ( t )  = cud  -('. (10.49) 

Or1 tlic other littrici, for a ~ ~ o r i ~ t t t ~ i t  stress (cr = cons t )  the strair~ is 
given by 

0 
f ( t )  = -tCY. 

(21 

As shown by T. F. Nonrierllliaclicr [leg], it follows from equatiorl 
(10.49). or respcctivcly eyuation (10.50). tliitt tlie fulictions ~ ( f )  and ~ ( t )  
satisfy tlicb fractional diff~3rcntial cqliatiol~s: 

D C r c  ( t )  = r(1 + n ) t - ( > f ( t ) .  (10.32) 

I'liis irlcliratcs that tlicre is a, close relation between the power law rep- 
reseritation of viscoelastic. bch;iviour a~icl frnctiollal derivatives. Tlir siln- 
ilariticls m d  thc diffc>rclic.es I)etwecw the pourer law approach and I he frac- 
tiorli11 c~alculus app1.oac-h i r ~  viscoelastic.ity art. discussed by R .  L. Bagley 
[12]. 

13csicles tile fractional c i ~ l c ~ l l i ~  motlcl i t r i t l  t llc. power law appro;~cli, 
tllrrt~ is also anotl lc~ approtlcli, irivolvilig i~ltegrals of convoll~tiorr type. 
'l'liis approacll. whicli in fact is a par tic-illal irlipl(~r~~elitat ioii of V. Vo1- 
terra's idra [252]. was developed and cxtcrisivoly prescr~tcd rllair~lv t)y 
XI. K. Rabotriov ( [217] .  sccl also tlic textbooks [218. 2191). It is PSSCII- 

tlially based or1 tlir. usc of the R;ll>ot rlov fi111c-t ion 3,,( 3 ,  f ) .  \irhici~ is u 
partici~lar CiLse o f  the hIittag-1,cffler functiori (see equation (l.Ci8)). 'I't~is 
rrlearls tllwt, ill fact, Rubot~iuv's theory is also rclat etl to  t11cl f'rac.tiorla1 
calculus approach alitl i~~il)licitly iilvolvc~:, fract iorlal integr;ili ;uitl clcrivtx- 
tives. 
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All the abovcl approaches t o  generalizat ions of thc laws of dt~forrnatiori 
have been found useful for solving practical problelns of viscoc.lasticity. 
if tlie results are properly interpreted. hfilliy a~itliors ~riaclc sigrtificarlt 
c.ontrihut,ioris to the developnlent of fractiolial-order moclels of  visc.oelks- 
t icity arid their applications (in alphahetieal ordcr: lliis is not a conlpletc 
list): H. Brver arid S. Kenipfle [19] RI. Cap1110 [22. 23, 24, 25. 261. Ill. C'a- 
puto arid F. Mainardi [29, 301, hf. Enc.l~incl. A. I;i>rla~ldtv-. :lncl Y. Olsso~l 
[58]. RI. Enelund and B. L. Josefson [59], A. I'enandcr [(i6]. Ch. Friedrich 
[70. 71. 72, 781, Ch. F'riedricli and I I .  Rrauri [73]. L. Caul, S. Kcnlpflc., 
aritl I'.Klcin [75], A .  N. Gerasirnov [77]. nT. G. Cliickle arid T. F. Noii- 
ncnrnacher [80, 81. 1701 B. Gross [!1)7]. N.H(>ym;~ris ancl -7.-C. Bauwcws 
[106], R. C. Koeller [118], 11. H. Lee and C.-S. 'I'sai [122]. N. Llakris arlcl 
11. C. Constantinou [129, 1301, F. lfainardi [1:36. 138. 139. 1321 I t .  hlrt-  
zler, M'.Schic.k. H.-C. Kilian, arid T. F. iXorinenlnacller [1.51], 1'. F. Nori- 
nc~rirllaclier [169], P. G. Nutting [172], T. Pritz [214]. Yu. N. Raljot- 
riov [217, 218, 2191, L. Rogers [223], Yu. A. Rossikliin arid 11. V. Shi- 
tikovti [228, 2291, H. Sck~irsscll, R. hlctzler, A. I31un1e1i alltl T. F. Nor~nr.ri- 
niaclier [233!, G. W. Scott Blair [236. 237, 2391, G. L. Slonilrlsky (2411. 
A. 1. Tscytli~i [250]. and otlicrs. 

Howcvor, tod;ty's iriter~sive cievt~loplricrit of tliis field and its ;~dvanc.ctl 
state colriparirig to other fiel(1s is undoubtetlly duc to a sc~rics of works 
l ~ y  R.  L. Bagley ancl c*o-autl~ors [12, 13, 13, 15. 16, 17, 181, in whicli 
tlie adzrar1tagt.s of tlic fractional calculus approach wcw prclsentrd with 
ultiriiutc clarity using both theoretical and experilrielital argilrrlcrits, arid 
also duc to tlic ricctf for a better descriptiori of the propertica of iilateriitls 
uscd iri intiustry. 

10.3 Bode's Analysis of Feedback Amplifiers 

In his st11ti-y oli fc~ecll>ack alnplificr design [20], first publislic.tI in 1915, 
11. IV. Bode corisidcrc~d a systeni characteriztvi 1)y tlir frc<lucricy rc~sporlsc 
of tlie for111 [20, $18.2, cq. (18 5)] 

wliich c.orresporicls to tlic tr;trlsfc.r f\irict,iorr 

whcrc A alict I3 itre knowii co~istarit, i t r l c t  11 is the i1unil)cr of stagcas ill a 
kt1cll)ack amplifier. In his ;~n;llysis I3odc allowetl T I  to bc t111 ;rrl)itrary r ~ a l  



nuinber anti arrived at the corlclusiorl that the optinial nlirrlber of stages 
in a feedback amplifier is rion-integer [20, 918.9]. Therefore, lie in fact 
performed a frecluericy-dorriairi arialysis of the performitnct. of a systerri 
of non-integer order -n wit11 fi-actiorial-ortlcr transf(~- function (10.54). 

However. after that he ctckscribcd how to choose a suiti~l)lt~ iritcger 
mlrnber of stagc.s. which is not necessarily closest to the optimal rion- 
integer value of r ~ .  

10.4 Fractional Capacitor Theory 

Fract ional-order capacitor rnotlclb werc niost probably first forruall y sug- 
gested and i~~\lesti~;t tc~l.  by G. E. Carlsorl and C. A. Halijak [32, 33. 34, 
311. 

The fractional capacitor theory, presented rcrently by S. W~sterluiic-l 
and L. Eksta~ri [255], who obviously did riot know about Carlsori arid 
IIalijak's work, is tmscd on thc rcvisiori of a physical law. It leads to a 
farriily of fractiolial-0rdt.r systerns. 

S. Wt.sterlulitl starts with AI. J. Curie's ~vell-fc>rgottcn ernpiricnl law 
dating from 1889 

where h1 ib it co~lstarlt rclated to the‘ capacit,arlce of tlie capacitor and 
the kind of dielectric. arid v is a coristant relatetl to tllc losses of tlie 
capacitor. The transfer function of the r~iotlel capacitor is found to be 

where C; is ti rnock.1 constant closc to what is usually cal1c.d the capaci- 
tancc. 

The capac-it,or's i111l)ctlancc. is dcscribccl by the transfer fiinctioll 

S. ifiwtcrlu~icl has acliicvecl a sllcceshfill fitting of experimental data 
by tlie two-term ilioclt~l debcri1)cd 1,y tllc trarisfer fil~ictioli of the form 



wliere y = 0.82, v2 = 0.9946, C1 and & are c ~ r t a i ~ i  constarits of tlie 
sarne naturc as the prcviously mentioned Co . 

Westerlnntl's approach to the "fractional" revision of the traditional 
capacitor tl-ieory can be very llseful in view of the lmge number of ernpir- 
ical l w s  of the type (10.55) in different fields of sciencc arid engineering. 
the rrlost popular of which is reprcscntecl now by the theory of fractals. 

lntcrcsting conclusions rriity probably be clccluccd fro~ri thc. observa- 
tion that hI. J. Curie's law (10.55), describing the relaxation of current 
in a capacitor. 11;~s thta same forrn its i~ particular case of P. G.  Nuttilig's 
power law in viscoelasticitp. given by equation (10.49). 

10.5 Electrical Circuits 

Tlierc are two typt's of electrical circuits which are related to  tlie frac- 
tional calculus. 

Circuits of the first types are suppostd to  consist of capacitors and 
resistors. which are dtscril)cd by conventional (iiitegc~r-order) modcls; 
however, thc circuit itself rnay liavc~ non-integer order propcxrties, be- 
corriir~g a so-called fractancc. 

Circuits of thc s('~ori(1 t y p ~  consist of resistors. capacitors (both 
niodelled in the classical sense), alltl frifctanc('s. 

10.5.1 Tree Fractance 

The first exitnlple of an electrical circuit rr.lated to fractional calculus 
is tile f7,ur.tnrrc.e - a n  clcctrical circuit having properties which lie be- 
tween resistarice and capacitance. The tcrrri fi'actanca~ was suggestecl by 
A .  I,e Xlbliaut4 [121] for denoting clcctrical c~lr~rrierits with non-integcr 
order impcdalicc. 

An exariiplc of a 17.(~(~ f i .mr. t( ir l( '~ ele~r~ent is give11 in Fig. 10.4, wliere 
an inf i~~i tc  svlf-sil~iilnr circuit corihisting of r(1sistors of resistalice R and 
capacito~h of c ~ l ~ a ~ i t a n r c  C is depicted. 

As  1 1 : ~ ~  t~een shown by RI .  Nakag;~\vit arid K.  Sorirnachi [lGl], tlic~ 
irnpetlancc of tJic fractal~cc sliown in Fig. 10.4 is 

wliicli corresponds to thr. frat-tional-orclcr transfer functior~ 



Figure 10.4: Tree fractance. 

Figure 10.5: C/~air1 fr(~ctance.  

In practice. of coilrsc. thc irifinite circuit must be truncated, so t,lle 
rcal fr:~ctaiicc altvays corisists of a finite 11111nl)cr of stages (lc~vc.1~). Ifow- 
ever. as in tile case of thr. dornirlo ladder. the number of stages Inay be 
dctcrn~iric~tf to ;tc.hit~ve tlie secluircd approximation. 

Pract ellccs cS:tn bc iist~d for t~naloglir. fractional differclntiation a11d 
integratiori. 'l'hcy car1 also bc usccl ill rlcctroc~~igiriccririg :L\ ;a circuit 
clc~llcnt of il nt3w type. 

10.5.2 Chain Fractarice 

'Thc sccor~cl cxarnplc of a fract ttncr is a dlc~zn fr(zctwnc.e (Fig. 10.5), sug- 
gcstc~i hy C;. E. C:trlsol~ arlcl C. A. Halijak [S4] i~tld by K. B. Ol(lha111 
alid C'. G. Zoski [17!). 1801. 
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Ttle chair1 fractarice co~isists of N resistor-capacitor pairs connected 
i r i  a chain. 

If Kk = R, C k  = C ( k  = 1; AT - 1) arid RN = R/2. CR: = 0, then. 
as has been t.fcmoristratcd in [179], the transfer fi~nctiori of the chain 
fractarlce of Fig. 10.5 is approxi~nately equal to  

7 

and over a certain time range, namely for GRC 5 t < ~ N ~ R C  this 
chain fractance serves as a fractional integrator of order 4. Thc required 
accuracy and the time interval lcrigth can be achieved by an appropriate 
choice of R, C ,  arid N .  

This idea has been further developed in [180], wherc the following 
recipe for 1 he design of a fractional integrator of order 1 - v (0 < v < 1) 
is given. 

First. one has to  choose the order of fractional iritegratiori cr arid to 
cornputt. u = 1 - tr. Then the lower and the upper limits t,,, arid tbf 
mlist 1)e selected for the time interval in which the fractiorial integration 
is perforrried. 

After choosirig v, thc values of thc capacitive arid resistive geometric 
valnes G and are caalculated frorri the equations 

3 213 1 - v  
l o g G = - v  . logg=--- 

2 
log G. 

v 

Thc n~irlibcr N of stages in the chain fractarice, which are riecessary 
for providing 2% accuracy, rriust satisfy the iriequality 

The values o f  tlie largest resistor capacitor pair niust satisfy the cori- 
dition 

1 1 1 thl ( ? x ~ > ( - - Q u ~ / ~  
131C1 = 

) (10.64) 
Gil 

arid t'L-~c. actual valucs for Rl arid C1 may be dcterniined mainly by corn- 
poileiit availability. The rerrlainirig corriponcnts are calculat,ecl as 

As for the trre frr-lctance, the chair] fractance can also 1)e used for ana- 
logue fractioiial differt>ntiation arld integration, arid as a circuit element 
of a new type. 



10.5.3 Electrical Analogue Model of a Porous Dyke 

A. Oustaloup [I831 lias detlucc~ct all clcctrical a~ialogt~e of watcr flow 
tlirougli a porotis fract ill [I421 dyke, aiid that i~naloguc has c.xilc.tly the 
strtic.turr\ of tllc cl~airi fractance shown in Fig. 10.5. 

Rcs~sta~lccs H k  and capacitance Cr, wt.rcx cotnputc~d by usirig t,ho 
forn~uli-~s 

R1 = R: Rk = I I / ( > ~ - ] ,  ( k = m )  (10.66) 

C Y I = C ' ;  C;, =C/rlk- ' .  ( k = ' L . )  (10.67) 

wlitxre (1 and 11 ((1. rl > 1 ) arc tlie pararrlc3ters of tlic rcc.tirsive clyr~wrriical 
iiiotlel of the dyke. 

Thc inipcdnricr of the circuit i n  t hc. 1,aplac.c tlorrlai~i lias been showli 
to bc 

wllcrc is tlicl so-c.allrd tral~sition frccjtiericj.. 'I'lir. tr;liisfc>r fur~ctiori 
( 10.Ci8) is of 11011-intcgt~r order -A. 

Finally. with tlicl l i sp  of this elc~ctrical analogue, tlie trilnsfcr fi~rlctiori 
of the water djrkcl systcXm has kct\11 ol)tainr~l in tlric. for111 

10.5.4 Westerlund's Generalized Voltage Divider 

Both tlicx trvc. fractatlcc arltl tl-it1 c-liair~ fractunce. wliicl-I arc. disctissc~d 
;il)ovc~, consist of c1crr1c~rit.s (r~sistors alld cill)il(.it,ol.h) (l(>s('r ilm1 1)' cl;~ssic.i~l 
i11tttgc.r-orilcr r~~otl(~ls.  l,ut clc~lrionstratc~ ~)ropcrtics. which 1ic.s 1)c~twc~crr 
rclsistorb itritl C ' ? I ~ ) ~ ~ C . ~ ~ C ) I ' S  TIICY t h ~ l ~ i ~ ~ ' l ~ t ~ s  < . i - ~ i  l ) t l  U S C ~ C ~  iiS ~ l ( ~ i i ( ' l ~ t s  of 
circtlits allti such circuits \krill t11c11 ;~lso coi~tain olc~nients clc~sc.ril)ctl 1)y 
f i . i~~t io t la l -~rd~r  l l l ~ t  he~ii~ticitl 1110(101s (rliff'ere1itinl f ' (~ t l i~ t i (>~i~  or trarlsf~r 
fur~ctio~is). 

hlorco.i.er. s~lch circuits call be oht;~in(>d if gc~ieralizetl nlodcls of re- 
s i s t ~ ~ - s .  (*;tlxicitors. i\ll(l illdu('tiorl coils arc t ;L~WII. 

f i r  c~xa~nple~, S. C17tlsterl~~litl s i~gg~s l  cd the followi~ig gc~~lc.r;ilixai ion of 
n c.lassical \.olt:igc. clivider show11 in &'ig. 10.6. 
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Tlicl frac*tiol~al-or(I(~r ilripc~c1a11c.c~~ I5 and I'; may reprewrlt ilriped- 
i i l l t ~ \ s  not o111y of LV(lst ~rl~iri( l 's  ritpa~itors. ~lassic;i1 rosist~rs aritl intluc- 
t i o l~  coils. t) i l t  also i r l ~ p c ~ t l i ~ ~ ~ ~ e s  of trcv fract aliccs alid cl~aiti fractaiices. 

The transf't~r furl(-tion of ii vo1t;tgo tlivitlvr c~ircllit liiw thcx follomiiig 

w l i r r ~  IL ( ' i t r ~  11itvc t110 titllgtJ -2 < ( I  < 2 and k is a. corist arit dcpi~iltlir~g 
or1 tlic. vwlurs of thcl c.olr~l,o~~t.~its of ihc voltagc. tiiviclc~. S. Lj'cstc~rhi~itl 
nlelit ions illat ~icgativo o corrcspor~cls to n l~igli-ptw filtc3r arid p~sit i \ 'o  
n corrr~sporlds to ;t low-px%s filt cr. IfTc albo lists solrlc part ic~ilitr cnscs of 
tlic. transfer furlrtion ( 10.70) for voltngcx divitfcrs c.onsisting of tiiff~~rciit 
c~o~~il)iiiiitioi~s o f  rtksistors (1%). (-;ip;tciturs ((')> a1i(1 i11(111cti011 coils (1,). 
?'ti(. ir11pcc1al1c.r~ I<',. E'i. and thc ro~ l s t a~ i t  X'. o i l l  t l ~ c  Ilal)Iacc ilo111ai11. 
c*o~isitlert~cl 1,y S. I~i~strrlllncl. art.: 
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If the inprit u,, , ( t )  is thc unit-step signal witli the 1,aplace transforln 
U,,(s). t1ic.n the Laplacc traiisforlrl U,,t(s) of thts output sigrial i ~ , , , ~ ( t )  

is 

and the illvc.ssiol~ using thc Laplace trarlsforrri forrri~ila (1.80) for the 
hlittag-Lcfflcr fiinction &,,,(t) or tlie for~riula (9.15) for the fiirictior~ 
&(t ,  y: a.  3) ,  defi~~cti by (9.8), gives 

On tlie othcs hand, somc i~iteresting psopc.rtirs of tlie sol111 ion fils 
differrnt values of cr can be irivestigatcd by performing tllc of 
thc inverse Lapace tral~sfosni in the complex do~irniri. 

Let us considcr (k > (I. Cutting the cornplex plane along the rlcgative 
real half-axis and using tllc Catlchy thcorern. we have 

wlierc thc surri is taker] for tliosc m for which s,, = k'lnr'"(2""1)l)l" arc 
thc poles of thc i11tegratt:d function lying inside the domain bountled by 
tlle co~itour ABCDEFA (Fig. 10.7). 

Tlieri wc car1 writc 

Tlie intcgr;ils fro111 A to I3 and frorr~ E to  F tend to  0 as R -. x. 
IJirig t 11c sut)stit utioll s = ecZ7' i t  car1 btl sliowri that thrl iutc.gra1 fro111 C' 
to D tends to -27ri as c ---t 0 .  l'or the two rcluaiiiiug intc3grals aloiig 
tile ncgat ivc. half-axis xvc havcl: 
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Figure 10.7: Cor~,lou.r. A B O E J ' A .  

f - 1  , -r t  
f d t  

= 2ik sin ( T O )  
r2n + 2kr" cos ( ~ ( 1 )  + k2  

%> 

- - 2; sin (all) x ( k r )  ' l " t  d:r (10.75) 
11 , .r2 + 2~ cos ( m y )  + 1 ' 

0 

where thc substitution r = ( k s ) ] ! "  was used. 
Now lct us tun1 to rc3sitlucs. If' 0 < ct < 1. tllcrl tlitlre art. no poles 

of the int egratrd fiirictioli in t,l~tx sclccted shec>t of  the Rie~nanri surf'acc. 
allti thc contril)utiori of t l ic  suiri of the rcsiciues in (10.74) is zero. 

If 1 < cr < 2, then wc have t w o  poles .srr,. which co r r~s r )o~~d  to  rrt = 0 
1-111~1 rn = 1. Thew 

,if ('st (S - s,,) k P S t  
- - - - 2 $,+t cos (d,: f ) , 

. S ( S ' ~  + k )  fk 
s A,,, 0 

(1 0.76) 
7r 7r + = k ' / i h  \ill  -. (T+=-k.l/(hc.os-, wo 
( Y  0 

Sincc~ 1 < a < 2, t lien c~ > 0 .  



if' O < r l <  1 

(10.77) 
2 ,,-cr'f cos(i~?Tt). if 1 < ( i  < 2. 

In tlir. case -2 < tr < 0 thrl followir~g oxl)rcssion for tllc  ini it-stfop 
~.t-'spolis(* of \ Y C ~ S ~ P ~ ~ L I I I ( ~ ' S  g~~11(>rixlix(~d voltilgv divi(1c~r car1 1)c obt ;liricltl in 

sinlilar waj-: 

tvhc~rc 
7r 7r 

g- - - -,q-l/(i - *  - - /,-'/" sill -. 4) - - 
(1 (3 

M'e scc that for 1 < ( t ~ /  < 2 llic 1111it-st~p r ( A s ~ ) o r ~ s ~  o f  IY(~st(~rlli11(1'~ 
gc~r~cr:iliztd voltagt' clivicler coiit;ti~is osc,illatio~i tt~rnis, in mhirh cri play 

i the rolc o f  ;it 1 ( l~~ t l a t i o i~  c~onstarits, aritl do thc rolc of thc rrlsoriai~c*c~ frc- 
( ~ ~ i t ~ ~ i c - i \ .  

10.5.5 Fract ional-order Chua-hart ley System 

Tl~e (.l~ssi(-iil C'1111;1 circlilt depicttd in Fig. 10.8 is tlt~sc.ril)c~ti bv tllrl fol- 
lowing 11or1-1i11car sgstcrri of threc tiiffvrc~~itial c .<~~~i t t io~~h:  





Figure 10.10: Feedback con,tr.ol of Chua's circuit. 

G, 
- 

and g(.c) is a piecewise-linear resistor characteristic wliicki has the shape 
sfiown in gcneral in Fig. 10.9. 

Chua's circuit is extensively studied fro111 the viewpoint of chaos, 
bifurcations, and multistable behaviour. and there are numerous papers 

+ 

or1 this, one of the ~riost widely studied circliits today (see, for example, 
[189]). 

Chua's circuit car1 also be described by tlie closed-loop control dia- 
grt-lrn with Chua's resistor in tlric feedback. as sliown in Fig. 10.10, with 

Chua's 
diocie 

In the paper by T. Hartley ct al. [102] the piecewise-linear nori- 
liric'arity y(.r.) wa5 replaced by all appropriate cubic polyrloniial which 
yields sirnilar behaviot~r. and t hc~ following particular values of the coef- 
ficients were taken: 

which gives the transfer filnctior~ of thrl syster~i 

t 11o tra1isfc.r fiiric.t,ion of t1lc controller was, in fact, taken t o  ljc 



10.5. ELECTROANA LYTlCAL CHEATISTRY 289 

where the exponerit q is allowed to  be rion-integer. h r  q > 1 the con- 
troller t~ccornes a fractional-order differentiator, and for q < 1 we have a 
frartiorial-order integrator. 

For this particular systcnl T. Hartley et al. [I021 give cornputatio~ial 
results which denionstrate that, contrary to the witlely acccptctl opin- 
ion that chaos cariiiot occur in continuous-tirrie systenis of ordt:r less 
t liar1 three. fractional-order systenrs of ordrr less t lml  three can display 
chaotic bchaviour. In particular, the lowest value of q which yields chaos 
was (I = 0.9. 

I11 the tirrie donlain, this systcni is dtscribed by thc following sys- 
terii of three diffc>rential cqilations, one of which col~tairis two fractional 
derivatives: 

We will eiitl this se('tioll with two n~~riarks .  
Fir st.  for the physical realization of the generalized Chua circuit ariy 

type of fractancc can hc  used (tree fractancc, clliliri fractance, IYester- 
lund's caparitor, or a corr1l)irlation of these elementary fractancc's). 

Second, tlic conclusion rriade by T. Hartlcy ?t al. [102] that there. is a 
nec~l for ',a clarification of thc dcfinitior~ of order [of a svstrni] which can 
rio lorigcr be considcrcd only by tlic total n~iniber of differentiatioils or 
by thc highcst powel of tlic 1,aplacc. variable". is in agrcbemrnt with ollr 
obsc3rvatiori that  for frii(*t ioiial-01 ~ l e r  cliffcrc.~~t ial c.c/l~ations t lie numbcr 
of tcrnis is Inore in~portant t ha11 ortlcrs of derivativcxs appearing in suc*li 
equations (see Chaptcr ,?, in which equations arcx classified using the 
ii11mI)er of tcrins. not 1 9 7  orders of derivatives) 

giver1 i r ~  [102], is iiot equivalerlt 60 t h t  closeti loop showr~ i r ~  IGg. 10.10 with tllc tralisfer 
furlctior~s give11 by (10.81) a rd  (10.82). Instc,ad, i t  gives tli[rtrrt!l~t cxprcssio~is for the 
tritr~sfvr fi~rlc:tiotis i11 wl~icl~ only rio11-ir~tegcr powcrs 01' s appt:ar: G,.(s) = ljsfl allti 
C,(s)  = tr(s2" + s Q  + 100/7)/(s2' + s "  + 100/7 (k). 



10.6 Electroanalytical Chemistry 

Due nlaiiily to t h~ works of K.  13. Oltllialu a l ~ d  his co-authors 1178. 175, 
Wj. '33, 94. 176. 95. 17'7, 11 11. c~lect,rocl~c~uiistry is olic of tliosc ficltls ill 

whitah fra~t, ioni~l-~r(lor illtcgrals and t-lcrivativc.~ liavc~ ij  strong positiol~ 
and l)rii~g 1)ractical rc~s~ilts. 

Altlloiigh the. idca of using a half-ortlcr friictioiiiil il~tegritl of cur- 

rc.~it. oL),  ll27(t), call bc fbliiitl ;tiso iri tlic works of otl1c.r autllors (sr.c. 
c.g.. [6], [109]). it wils the. paper ty K.  I3. Oltlliarrl [I751 \vtlich (lefi- 
i~itoly opc~nrcl a. 1lew ciirc.ctioti in tlw inetl~ocis of elcctroclicnli\try called 
,wrrtr-~ntr.clr~rrl c.lrctrocinn~r/s~,s, iu.corril)lisl~etl 1:ltt.r I)y . ~ ~ ~ r ~ ~ d t f l c r c n t l n l  clec- 
tmnnnl?j.i~s \nggt~stcd 1)y 11. Got o a11t1 D. Isl~ii [!)2]. 

Olic of the in~portarlt s~tl) jrcts  for study i rk  cl~ctroc~hc~i~iistry is the 
tfc.tc~rrliinatiol~ of' t 11~1 col~c.c~~tratiori of ailalyscd cl(~ctroactivc~ spccic~s iic.ar 
the. clcctrodc srirf;~cr. The nicthotl suggc~stc~ct by I<. 13. Oldt~am aiid 
,J. S~>i~nit.r [I 781 allows, undcr ccrtairi col~ditions. rcplaccrrlent of it 1)rol)- 
Iclr~ for thc tliffiision cqunt ion t)y a relat ionsl~ip ~ I I  tllc. 1)ouiidary (elrc- 
trotle surfacc~). Basecl on this idea, I<. E. OldIia111 [I751 silggestrd the‘ 
utilizatio11 ill e x ~ ) ~ r i i ~ ~ e r ~ t s  tllc c-haritct,cristic dcscrihcd by Ill(. filrictioli 

wl~ich is t 11e f'ract,ional iiitcgral of tkie clirrerlt ( ( 1 ) .  as thc ot)sc.rvetl ftnlc- 
tioil, whoso vnl\lt>s can t)c obtai~iocl I,y I I I ~ ~ ~ \ s ~ I ~ ( ~ I I ~ ~ I ~ ~ s .  Thcll t t ~ c .  s ~ h -  
jcct of ~riaiil iritcrest, t 11~1 slirfii('(~ ~ 'orlc~ntraf  iori CT,(/) of the. clcctroactive 
species, CiLII 1 ) ~  (>~alllatt>d ilS 

wllcre k is il certilili col ls ta~~t  dclscrit)cd below, and Co is the. u~liforli~ 
c.or~c~tbiit ratio11 of tllc. e1tctro;lct ivc. spc1c.ic.s tlil~oitgkro~it t 1111 rlcc'l rolj tic 
111cdilil11 i ~ t  t l ~ e  i ~ ~ i t i a l  etlliilil)ri~iir~ sitllatiol~ clit~ractc'rizcd by ;I corlstarit 
potcutial, at  \vliicl~ ]lo clcctroclic~i~~it.al rch;lc*tioi~ of' t l ~ e  c-onsitlcrt>tl s1)ccic.s 
is 1)ossil)lt~. 

' l ' h c b  ~ . ( ~ l i ~ t  ioiiship ( 10.8 1) was ot)t iiill~d by (.or~sid~rirlg tht' followir~g 
prohlrli~ for a classical d i f f~ i s io~~  c~(lti;itiorl [I)6]: 



\vlicrc D, is tllc. ctiffusioii coc)fficit~nt. A is the rlcctrodc i1ri1a. F is Fara- 
claw's constant, ailcl rr is tllc 111111111(~r of  clectroris irivolv(~d i r ~  t h~ reactioli 
(oxidi~tio~i of c.1cctroactivr spc~c.ics); the ~ o ~ ~ s t i ~ i ~ t  k i11 ccjn;~tion (10.81) 
is cxpl.essi~d as k = 1 / ( 1 ~ , 4 f . ' ~ ) .  The solilt ion pro(-cd1lr.t. IIS(.S t 11e 
1,al)lacc triir~forn~ 111rt lioil ar~il \Vilh givcii iii [178]: it is vclry similar to tlii. 
pr occltlurcl usetl i t i  Scctior~ 7.7.3. 

'L'heri. arc si.vcr;ll iiitcrcstinp, f(~;~tiirc~s in this approac*li. 
First. ni ( t )  is it c1iar;icteristic zntc.r.7nc t l l r ~ t r  I)ettvc~c~n ttic currc.iit 1 ( t )  

arid tht. passcltl clittrge ( ~ ( t ) ,  nrliicli is jllst tlic iiittyy-a1 of tliv c~lrrcrit: 

Seroiict, this ;ippronc*l~ irirrolvcs 110 wssulrlgtio~is w1)out t llc. ki~lrt ic's of 
tlic c.l(.c.trode process. t l l t 3  propc.rties of the clcacbtro(lc stirfare. ctc. In it 

cert :%in sc~iso. this is il sort of' ~r~otlellii~g "in t 110 largcl" : contrihut io~is 
of particul>ir fvatiirc~s of the. process art. "ei111)cddcd" in t 1 1 ~  iiori-iiitc3gc.r 
orc1c.r of illtegratior~. 

Tliird. insttwd of  tllv clwssical difFilsio11 (~q~l i t t io l~ (10.85). it is possil)lc 
to c .o~~sid(>~ tlie fri~rtior~al-order ciif-fr~siorl <~lll i \ t io~i 

with O < (1 < I .  wllcrc D, is tlie frtlc,tion;~l d i f f~~sio~i  co~4fi('i(ar1t. Tl1~1i 
t hcl silrfaec cor~cc~rlt r;~tiorl C 7 , ( t )  will 1)e rclatcd to r r t , ,  ( t ) .  

T11c wcll-cstablislic~t1 ailti witlrly cspc~ri~~ii~ii t  all?. vt>rifit~tl fritc*tio~lal- 
tlerivativo 1,ascd. ~rlctliods of clcctro;ll~itlytic.itl cli(~l~~istr.y ('a11 1x1 \ I I~(YISS-  

fillly usvcl in ot1ic.r fields. slic.11 CLS tfiffusion. llcat co~icliictioll. I I I ~ S S  trarls- 
fer. et c.. wlic~rcl si111il;~r l j i l ~ i ~  i'clliat ior~ apl)tl;Lr. 

10.7 Electrode-Electrolyte Interface 

Arlot1li.r dirt~c.tio11 ill t ht iq)plic;itiori of fruct iui~al-ortlcr rnoilcls WiLh 1110- 

tivitttlci hy t11e liruitatio~is of electric hattc>rics. \vliicli always exhibit a 
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lirrlitcd current output (111~ to the fact that nlicroscol)ic* clet.troclie~ni- 
cal processcs at the electrotlc-t.lcctrolytc intcrfacc have a, finite rate artti 
lirriit tlic c~irrc~lit output. 'To circuirivellt this li~riitatiori, porous clec- 
trodes have beell usctl because they have a large surface. Ilowever, has 
1,ccri known sirice tlie work 1)y I. LVolfc) datcd 1926 (cf. ;113]) that at 
irietal electrolyte iritcrfacc~s tkc impedance Z(LJ) docs riot ~xliihit the ex- 
pectcd capacitive l)chaviol~r for snii~11 angular frequc~ncies w .  Instead. for 
d - + O  

Z )  x ( i ) .  (0 < rl < 1) (10.86) 

or in tlie 1,;~place dornain 
Z(s) x s- "  

This lncillis i hat the clrctrode elrctrolytc intcrf i~~e is ail cxarrlplc of 
a fri~ct~ional-order process. 

The value 71 is closely re1;~ted to thc roughness of the interftlcc. with 
71 approaching unity as tlic surface is rriadc infinitely sniootli. 

There werc cliffcrcnt rilocicls suggcsttd for tlic relationship between r/ 
and tlic fractal diriicrisiori of tlic interface d ,  (2 < d ,  < 3). It sec\nis that 
no cxpcrirr~c.nt has beer1 ablc to confirnl or to contraclirt tlic following 
~nodcls by different alithors becalisc it is tlifficult t,o iricas~ire the fractal 
di~ncrlsiort of real objects clribctided iii thrcc-di~iwrisiorial space. 

A. Lc hlch;tut,e [I211 proposed t,hc rcllatioriship 

L. Nyikos and T.l'ajkossy suggestcti tile relationship 

T. Kap1:in ct al. [I131 have found 

Tllc pliysiral rriotlel proposed t)y t hc. n~it hors of [I131 is prcsc~ntod by 
tllc self-afine Cantor block with M stagcxs (levels), which is rriodcllcd by 
H I I  N-sf age electrical circuit of fractarico 1 ypc,  i.r. bir~~ilar to 1 hc. one 
shown in Fig. 10.1. 

Urider certaili assumptions. the iinpedaiicc~ of the fractarice circuit 
tias b(~.n ol)t :~iric.cl in tlie f o r ~ r ~  
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\vll(>re q = 2 - 1og(lV2)/ log a.  K a i d  a arc const:int, ttrid n < ~"irr l~l ies  
0 < 7) < 1. 

We see that T. Kaplan et ul. arrived at the rriotlel of a systc11.i of 
nori-integer order - 11. 

10.8 Fractional Multipoles 

Iteccntly N. Erigheta [GO] suggest cd a clefinitioll for fr:ictional-ortler 111111- 
tipoles of' electric charge densities. 'Fhc notion of fractiolial-order ~liulti- 
poles serves as an illterpolatiori between the cases of integer-order point 
nnilt ipolcs, such ils point nronopolcs, point dipolt)s, point qu;ltlr~~l~olcs, 
etc. Tlir approac.11. s~iggestc.tl t)y I%. Engl~eta, is bltsetl on tho fractional- 
ortlcr differentiatiori of the Dirac drlta flillction (scc fornlula (2.160)). 
and allows forrnulatio~i of cllectric source distribntions whose potentials 
are obtairiecl by fractional tliff'ercritiation or integration of potentials of 
integer-order point rriultipole\. 

Sirlcr. the tc>rlns rnonopol~, ( i ~ p o l ~ ,  q u ( i d ~ . i ~ p o l ~ .  ~ l t t . ,  are r~latecl to 
powers of' 2 (rlamcly. 2", 2'. 22. ctc.). the fractional-order nlultipolcs are 
callcd 2"-polcs. 

In thc tl~rec-dirnerisio~~al case, I%. Enghet;~ found that the potential 
f~iriction of a point rn~iltipolr with a 2" pole alorig tlie 2 axis. 0 < (1 < I ,  
can bc ~~xprcssc?d ~ I I  terrlrs of thc Riemann Liouvillc fraction;~l r le r iva t i~~  
with the lowcr tc.rrnina1 t = -oc: 

where. q is thcl so-callecl elcctric rnoliopole lriorncnt, arid r is a know11 
phrsical co~lstai~t (perr~littivity of' liornogencolis isotropic space). 

'l'lie co~istant, which is takcn in the forrn of 1". whcrc 1 lias tlinicri- 
sion of length, is introtlucc~tl for getting tlicb traditiolial dirnrnsion of tiit. 
rc>sulting volurrlc. cllarge dcnsity as ~oulorrlh/m~'. 

Evaluation of the fractiolial tierivative (10.92) gives [60] 

(10.93) 
wllerc~ l',,(s) is the 1,egcridrc. fllric.tion o f  the first kirld and of 1io11-i1it(:g(~r 
dcgrcc ct [63]. 



It is obviol~s that I l l ( .  c.lcctrostatic potc11ti:tl furic.tioris for a n~o~iopolc. 

are particular ct~scs of the filnc$tic)rt C D ~ I ~ . ~ ( J . .  ! j .  2) fi)r (P = 0 i ~ ~ l d  (L = 1 .  
Iri this cx;ilriplc of ilpl>lic:ttioi~ of thc  frac~tiorial calc1111w it is i11tt.r- 

cwtiiig tliat a stntlc ol)ject is (~o~is ic l~r t~d.  a11(1 f tic1 friictioiial derivatixc 
with tlw l owr  tt>rlriillal i = -x is al)plicd with rc+ipet.t to tlic\ spatial 
varialjlc. 

I11 ; ~ n o t h c ~  paper [(ill N. Englicti~ givcs cx:tinplcs of structurcls corr- 
tailling n-cclgcls R I I ~  coli(-'s, wllose potc~~t ia ls  (*ail 1)c clcsc-ril)cd its (.Ice- 
t,rostatic. potentials of s ~ t s  of ('llarge distri t)~~tioi~s.  \vl~i(*l~ behave like 
fractional-01-dcr ii1111ti~)0I~s. The. ordrrs of the corrc~spontiillg frt~ctiontxl- 
orc1c.r 11111ltipoI~s dt>pentl on the> wctlgc angle (in the‘ tw.0-dirnciisioiial 
case) allti oil the cone al~glc (in thcx t,21rcc~-tli11lc~nsio11i~l C ~ S C ) .  The (*on- 
tour plots of t11r. cowcspoi~clirig pot c.111 ials arc1 silnilttr to tliv plots of stress 
coirc.ent ration ill problc~r~s of fract~lre rr~ecli:tr~ics in tlie presciise of sirigu- 
lalitics of thcl l)ou~~tliiry. 111 1)otli ('ilscbh, the kllow1i local bch:wio~ir of thc 
so111i ion Il(>iir sirlg~llar points of  the t)o~llidary call 1)c c~fficicritly ~ltilizctl 
tfllrir~g tile 111llrltlrical sol~~tioll  ~)roc.c'<lllro. 

10.9 Biology 

10.9.1 Electric Conductan(:e of Biological Systerns 

111 Ilis work on tlic electrical cor~cluct,alicc o f  rricrri1)raiics of c.clls of  bio- 
logic.al orgnr~isi~is [37]. p~cl)lislicd il l  1933. K.  S .  Cole gave thc followirig 
c1sj)rc~ssion for t hc. so-callctl ~rir~llibrai~c rwc-tar1c.c.: 

Xo arid tr arc. coust:tlits ;rnd UJ is tlic currrr~t f'r.ccl~~c~icy. 



K. S. Cole also listctf scvcral valucs of c t  o1)tairrcd cxpcr iltlcrrtally by 
otlier ;rtitllors for viirious typcs of cells: tr = 0.45 for giiineu pig liver ant1 
rnusclc. = 0.25 for potato. n = 0.5 for i l~bnclm ~ g g ,  (1 = 0.37 for frog 
rnusclc. aild = 0.88 foi blood. 

10.9.2 Fractional-order Model of Neurons 

Tlic c.l~aractc.ristic jcrky riioverirc~iit of t11c eye wl~icll is obst~rvcd ;it the 
1)eginnirig :~11(1 ;it, thc clitl of a period of rotatiorr of tlrc Iic3atl is callctl 
uystagrrrus. It is actlially ;a rcfkx that providt3s vistial fixatior~ on st,a- 
ti011ii~ poiirts while tlie Ilcad rotates. IVllcri rotatiorr starts. tlrc. cycs 
first nlove slo\vly iri the tlirtlc.tion ol)positc t o  tlrr: ciircction of rotation. 
111 oviding visual fixat ion: t hi:, is callctf t l ~ c  vest il>nlo-oc.i~lar rcflcx [234]. 
Aft cr rcwching the lirrlit of this rrioirc~ineilt. the cyvs qr~ickly go back to a 
riew fixation point. arrtl tl~cri again rnovc slowly i r i  the tlirec.tior~ opposite 
to tlic dirt.c.lioll of' rotation. 

r 7 1 k l ( ~  I I I ~ V C ~ ~ I P I I ~ S  of' the eyrs arc c.orit,rollc~d by t 11c. preinotor 11c~ilroris 
and tlic rrtoto~iri~roils. 130th tjrpes of ncwrons proc.cbs\ the c'y(l position 
signals. 

111 tlicl paper :5] '1'. J .  Alrastiisio poi~ltc.d out tllc tiisadvantages of 
c.lassicti1 iiitcgcr-orttcxr iipproachcas to irrotlt~llirig t llc. bclraviour of prcr~rotor 
ncurorls in the vc~stih~ilo-oc~~lar reflex. ariii suggcstrtl ;L fri~ctionnl-ortlcr 
nrotit4 iir tllc forirk of t hc relationship in thc Lap1ttc.c. tionlain: 

wlicrc R(s)  is tlw L;~l~lac.(> t ~ ~ ~ I I S ~ O Y I I I  01' the ~)rc.iirot~or ric~iiroll disclliirg~) 
rat c. r ( t ) .  I.'(.s) is t,hc Laplac(> transform of' tlrc Ilcad iuig~llitr velocity tr(t), 
T I  aild 7-2 tare t iirle constarrts of thcx 111odc1, rr(i is t h t ~  ol -dt>r .  of frac*tional 
clifferr11lti;ttiorr at tlrc prcnlotor levcl. arid o, is tllv ordrr of' t lie f'l.iic.tio11al 
iritcxgrator. tel.rn ill A11;htasio's rrlodcl. 

Thc rclat ionship t)~twc~cir r l ( f )  an(l r ( t )  c.;ir~ I>(. obtninc~tl by ill)plyi~~g 
t lie irlvc>rsc. Laplace t ritrlsfor.tn to i~lllitl iorr ( 10.!16). Let us [lcrlote 

where ! / ( s )  is t hcl Litplitcc trnlrsforr~i of G ( t ) .  and assunir. a, > o,,. \Vrit- 
irig 
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and using the Laplace transform of the Mittag-LefIler funct,ion (1.80) we 
obtain: 

Then 
t 

T. J .  Anastasia also suggested a rnore general hypothesis: since the 
muscle arid joilit tissues throughout the musculoskelet,al systenl seern 
to bellaw as viscoclastic materials having fractional-order il~tcgration 
dynamics, the11 this coilltl he cornperisatcd by the fractional-order clif- 
ferentiation dynamics of associated prcmotor neurons and rnotoneilrons, 
and therefore tl.1~ "fractional-order dyrlarnics rnay be a property of the 
motor control system ill general" [fj]. 

10.10 F'ractional Diffusion Equations 

The   nod el ling of diffusion in a. specific type of porous rriediuri~ (in frac- 
tal rnedia) is oric of t l i ~  rriost sigriificant applications of fractional-order 
derivatives. The ordcr of the resiiltirlg eqaation is related to  the so-calleti 
fractal cli~nension of the porous niaterial. 

For the description of transfer processes in fractals (in the sc~iise of 
B. hIarldelbrot [142]). A. Lc hIchautt~. A. de Guibcrt. h1. Dchye. aritl 
C11. Filippi [I201 snggcsted the equation of the form 

where J ( t )  is the rnacrosc.opic8 flow across the fractal intrrfacc, X(t)  is the 
local driving force, L is a constant, and d is the fractal dinicnsion. 'L'lle 
ecluatiol~ (10.99) has hceri then rigorously dctfuc.cd by A. Lr  hlcliaute and 
G. Crepy [121]. It is irnport ant that thc hart ional diffilsioli equation hits 
t~ccn related to a dynalnical process in fractitl media: the ordcr of the 
rcsultcd cqilatioli dcpcnds on tlic~ fractal tlirrir~~~sion of the fractal, wliic-h 
sc%rvcs as A 1nod~1 of i~ 1)orotis rriat(~ria1. 

Fur L1ic.1 tf(~w~loprr~c~rt led t,o two types of partial tfiifrent iwl cquationh 
of fractional ordcr. 

The first type' is a gc~neralization of the fractional partial differential 
equatiol~ suggestett tty K. B. Oldllarrl ar~ci J .  Spariier as a replac-ernelit of 
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Fick's law [178, 1791. In this way. M. Giona and H. E. Roman constructed 
an equation, which in the simplest version takes on the forrn [78, 79, 22.21: 

where lJ ( r ,  t )  is the average probability density of random walks on frac- 
tals. A and K arc constant, arid rJ is the anolnalous diffusion exponent. 
which depends on tlic. fractal dirricnsioli of the considrred 111edia [225]. 

Thc fri\ctional-order tiiffilsiori <\ql~i~t io~i ,  sllggestcd hy R .  hletzlrr. 
W. C:. Gliicklc. arid 'F. F. Nor~rie~ir~iacllcr [150], is a11 cxarrlple of tht. 
sccond t,ypc of fracti~~iiil (Iifflisioli c(lliilti011: 

\vhcro (1, arid d, depenti or1 thcx fra~titl dirriellsioli of the media. 
Another cxariiplc of thc second type is the frsc.tioria1 diffusion equa- 

tion in the for111 deduced by R. R .  Nigmatlillin [162. 1641. In the sirnplcst 
case of spatially one-tfiriic~risiorial tiiffusion Kigrnatullin's ecluation takes 
on thc for111 

Since the order 0 of tlic tlcrivativc with rc.spcct t,o time in equation 
(10.102) call be of arhitr~try real order. including a = 1 and 0 = 2. it is 
rallcti the frclctzo~lal ~ L ~ ~ ~ L . S Z O T L - ~ I I ( L I I P  ~ ( p ~ a t ~ o n .  This iiaine has bee~ii sug- 
gestetl by F. Slailiardi [131. 1351. f i r  ck = 1 clcluatiori (10,102) l)cco~nr:s 
the cl:~ssical tiiff~~siori cclliat ion. and for o = 2 i t  hrrornes t lie classical 
wave equatioli. For 0 < tr < 1 wo havt. so-called ultraslow diffiisiori. a i ~ l  
values 1 < (r < 2 (.orrcspoiid to so-called intc~rrnctliatt processes [89]. 

Tlie soltltiori of cqustio~l (10.102) for the spatiallv one-dinic~isiorial 
cast. is givcri il l  Chapter it (Exanlplr 4.4). 

Equation (1 0.102), with the fractiorial d(~riviltivc~ clcfiricd i i r  the sclrlstx 
of I he generalizetl fit~ic.tiori:, approucl~ ( s c ~  Section 2.4.2). has 1)ccn (*oil- 
sidcrctl by Mi. IVyhs [259]. 1,;ttc.r W. R. Schncider aud ki'. Wyss [235], 
ant1 also 'l'. F. No1111(~111lia~hi~ and D. .J. F. N o I I I ~ c I ~ I I ~ ; ~ ( ~ ~ ~ c ~ .  11711, sug- 
gcstcd anotlicr approac.11 to "fractio11aliz;tt ion" ant1 111lifi(-atio11 o f  t ti(' 
form of the tlassical diffi~sio~l itlld uritv<l tyl~atio~is,  wliich leads to partial 
integro-diflercntid ctqui~tioris ~oi i t  ailling fractiorial integrals wit11 rclspc~c.t 
to tirric [235]. Thc. sillir)l(~st for111 of such an equation in thc cahr of tlicj 
spatialljv one-dinicntiorial prol)li~rn is 



slid tfic' solutio~i of t tiis (~qliation is give11 i r i  Chapter 3 (Exarnplc 4.5). 
Equation (10.103) allo~vs the use of the classical initial conditions i r ~  

tcrl l~s of integcr-ordcr tfcrivatives. This is not so in thc. casc of cquation 
(10.102) with tlic Ricriiann-lioilvillc fractior~al dcriv;itive. JIome\-er. the 
Srhneider \Vyss fractioi~nl iiitrgrodificrc~ntial equation (10.103) is c.cluiv- 
alcnt to t lic fractional differc~itial cquation (10.102). in \vliicl~ tlie frac- 
tional clcrivativi~ is intcrprotcd as thc Caputo fractional t l c r i ~ a t i v ~  (sec 
Sectior~ 2. -2.1). 

Thc fractional diR11sio11-wave cquation (1 0.102) was ilit er~sively stud- 
ircl 1)y F. LIaillardi :131. 135. 133. 134. 1571, mid also by 11. 3. Kodlubei 
[117]. ar~tl A.  h1. A. El-Saycd [57]. 

A tfiff<.rc.nt tvpc of cquatiori hxs t)ceri p r o p o ~ d  by J .  D. Polack 
[210] for ~nodclling wave propagatiori in c.ert>iin media using fractional 
derivatives. Th(1 i~ripact of fractional-derivative tcrrrls in Polack's cqua- 
tion or1 the spectrlini ant1 inipiilse rc.sponsc of ii I~o~~ndwry-colitrollctf- 
anti-obscrvctl infinite-ciimcl~siorlal liliear syst caln has bccri studictl I)y D. 
lI;~tignori alld B. tl'Andr6a-Novel [I  3-41. 

10.11 Control Theory 

Cliaptcr 9 providcs a11 cxalnplc. of the iise of fractional tlr~rivativc.~ i r i  

control t l l c ~ y .  
Thc i(1t.a of ~isilig fractior~al-or(1er coritlollers for the control of dy- 

11;llnical sjrstcms belongs to A. Olistaloilp, who dcl-cluped the strciillctl 
C'ROSE c*olitroller (CRONE is rln :rltl)r.t.\riat ion of Corn rnnndc Rob ustr  

d'Or(1re No71 Erttzc7.). which is dcscril~ctl in a series of liis 1)ooks 011 ap- 
plications of frac.tiolla1 tl(>rivativt.s ill c.oritrol t li(\orq. [ I  83, 185. 186. 1871. 
.4. 01ist aloup clc~rnorrstratetl t hr  advantage of t11cl CIZONE controller in 
co~i~~,ar ison with the PIll-contr.ollc~r. Tho ~ l ~ ~ ~ " - c . o n t r o l l ( ~ r .  tltksc*rihcd 
ill Clliiptc3r '3, also shows bc%t cr ycrforn~a~ice wl~en used for. tlicb cbontrol 
of fract ional-oldel syst rrr~s t liar1 t llr classical 1'1 11-c*ontroll(.r. 

'I'hc work bj, Ji. L. Bugle\- rincl I{.  A. Calico [Is]. A. 1Iak1 oglou. 
13. K .  Xlill(1r tint1 S. Sk:~ar [14U]. A1. Axtcll a ~ ~ d  hI. E. Bise [I)], C:. Kaloy- 
anoIr arid -1. hl .  L)irnitrov:i, ;110], D. hfatiglion [133]. D. lfatignon t ~ n d  
n. (i'Arl(lr4;~-Ko\-t.1 !145. l4fi]. ;tlso proviclc vcxry int crcsting icitws for us- 
ing fraction;~l dcrivalivcs 111 control tlicory, as well as sorrle methods of 
stiidyilig fr:ictional-ortier cor~t rol syst t L ~ l i b .  

Tlic wc of frac~tional-orticr. derivatives and ir~ttbgrals as boulitlary 
controls for i~it(>jitr-ord~lr il ifinitc-di~il~rlsio~ii~l S ~ S ~ C I ~ I S  has IMY>II rcccritly 



stildird by I3. Al1)ocijc arid G.  1Ioiitseny [147]. alld G. IIorltscny, J.  All- 
dourlct, arltl D. ?rI;~tigiion [159]. 

Tlw llsc of fractioiiill-or(i(~r t1criv;~tivc.s al~cl integrals in coi~t rol tlie- 
ory lcatls to 1)t.tter rcslilts tllari integer-o~clcr approacllcs; ir i  acltiition, it 
provides s t r o ~ ~ g  1110t ivat io11 for filrtlicr drvclopriic~~~t of cor~trol throry in 
g c i ~ t ~ r a l i ~ i ~ ~ g  cl~ssical ~llclthods of  stutly alltl tlie iliterpretat ion of rcsults. 

10.12 Fitting of Experimental Data 

111 this S C T ~  io~i  xvt' dc111011strat~ 011 t 1 1 ~  cxsrliple of r~~oclelling t hr impnc.t of 
llcrcditarg efft'c'ts 111 stccl urll.cs on the. clinnge of their riicchanic~il proper- 
t ios t llat Sr;tc.t io~ial d(\riviltives ( Y ~ I I  he s~lccessfi~ll?; I I S O ~  as nit ii~strurric~nt 
for fitting c~spc~rirrici~tal lllcasurcirlcilt data. ik do riot c.or~\ider 11oihy 
clat a. 1)iit coricLc~~tralc ~ I I  t l lc.  1)rcscwt;ltion of t11c. i t f ( x i l .  

111 a ccrtail~ sense. tllc sl~t)j~c.t  of this s~('tio11 is ('lose to tlii~ syst(\111 
idr~~~tificatiol~ dis(-~lssrd in Svc t io~~ 9.3. Motvc'ver. in c-ontrol tlicory tlle 
sy st t1ni idc'l~tifi(*at ion is just a sti.11 t o  t 11c efficipnt colltrol of w real dy- 
~lr i~i~ical  o1)jrc.t. 011  thr. contrary. tlic fitting of cxpc~rinic~l~tiil data in a 
gcilc>ral scnso Ilia;\. also I)(> usc~l fctr lr~od(~lliirg static. objects, a t ~ d  it is 
oft (>II t 11t' ii11a1 st cp i r l  systcxn~ illotlclli~~g. 

10.12.1 Disadvantages of Classical Regression Models 

1,ct us st art tvitl~ l)oly~~orr~iul regression. To clctcnninc thc basic disad- 
~i-~~ltitg<l:, of ~ ) O ~ J J I I O I I I ~ W ~  regr('ssio11 rl~odcls xvl~ich aro fr(~lll(>lltlv al>pli~cj 
for tstinlation of rc1i;lbility of stcc>l ~vircs. 11src1 ill i i i i ~~ i~ ig  t r i ~ l ~ ~ p ~ r t  IIM- 
c.11i11c.s. it is nclcc>ssary to  rcc~ l l  the n ~ a i l ~  fcaturcs of the I->roccss of tlie 
(.hallgo of propc'rticxs of sllcli a wire: 

a during a cc3rtail1 pcriod after i~ i s ta l l a t io~~  of i L  ~virc. an c~i~hailc~enl(~~it 
of its prop('rtic1s is oltsc~rvetl: 

a t l l ( ~  t 11~  p r ~ p ~ r t i t ~ s  of w wiry I)P(-OIIICJ \vorbt> arid worse, l i l l t i l  it 
1)rtl:iks cIo\~11: 

a t 11c 1)criotl of ciilltil~cc~il~c~l~t is sllortcr t11a11 thc pcriod of dccrcasc. 
a l ~ d  the gcncral shape. of tllc. I)roct.ss curve is rlot syrrlrr~et ric. 

I , i ~ l , i ~  rcgrc.ssio~~ (:;in give a rough r>stirnate of' t hc st'c.o~~cl plliwc. (tlc- 
crcmc of t11i. pcrforniancc of A wire). 1)ut it rannot cic~scrihc tllc. pcriod 
of (~nhitr~c.e~r~er~t c )f'  t hc' \% irr 1)rol)c'rt icxs. 
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Parabolic rt.grcssiori gives a sy~nnietric shape for thc fittirig curve. 
wliich does riot corres~)orid to the physical hackground of tlic corisiclerc~tl 
process. 

Higher-ordcr polynomial rcgrcssiort lriodcls car1 give better interpola- 
tiori within thc tiin(. interval for \vhicli I t ~ c i ~ ~ ~ ~ r c ~ r i c l l t s  are available, b ~ ~ t  
t liey give a wrong picture if onc trips to  use t hen1 for tho prc3cliction of 
the cliangr of \\.ire pro~x'rties. 

111 real industrial practice, parabolic. regrcssiori is prcf(xrrcxtl in most 
cases ill spite its pllysical inadcquac-y. As a (~~ris~cliierice. this l ~ a d s  to it11 

untlcrcstilrintioii of the st,rciigth of a wire a i d  to its prcrriature replacc- 
rrlcrit. 

Oiic iniiy try to  ube another n~grcssiori rtiodel, for exarriplc, exponen- 
tial, logaritlllriic. c~omhirlc~d, etc. 1Ioweve)r. all thcsc types of regression 
curves. ill fact. dictate a ct3rtain shape of thc fitting clirvo, a~icl tile whole 
rcsporisibility for tlio selectetl sliapr lies lipori tile researdirr/erlgiricer. 
All s ~ ~ c l i  approacl .1~~ miss much of the necessary flt~xi1)ilit-. Sorne con- 
sidcri~tions rc'gardil~g the usc of rnatlielnatical ~notlcls for estirriatiorl arid 
predictioli of the. state of stccl wires are give11 in [21]. 

10.12.2 Fractional Derivative Approach 

f't>rhilps it is possible to try to obtain a rriorc or less rigorous mat hernat- 
ical ~llodel of tlir proccss of exploitatiori of a wire; ho\vcver, the main 
prohlerr~ is that each particular wire cl-ia~iges its properties clue to ccr- 
tairi very particulilr causeb. whicli arc too unique to  be incorporated in 
a gcrieral ~riodcl. 

An :iltc~riiativt~ approach, w2-licl.1 -\ye ilitrociucc here. is bastltl 011 tlic 
I I W  of R fractional i~itegral for the description of hereditary changes of 
1riec.ht~nical propcrt irs of st ecl w i~ es. 

A set of experimr.nta1 ~ncasiircrrients 

is fitted with tlie help of thr. filrict iori y ( t )  satisfying thc following intogrill 
equal ion: 

arid t llc coristalit CL. elk. (A- = 0. . . . . ~ n )  11~1st 11e cleterrnincd. For tlic 
tlett~rminatioli of these par t~nle te~s  wc. used tttc least scliiarcs n~etliod. al- 
though ariy other c.1 it t3rio11 cart l )(~ used iis well. Regarding t lie pwrarncter 
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711 it, is worth lrieiitior~ing that  rrl is tlic srl~allest integer liurnber w1iic.h is 
riot lvss thit11 t r ,  so ortcc orlc kriows tr, rn is also known. 

'The parameters in c>quation (10.10il) allow obvious physical interpre- 
tatioil. Nalncly. ( k  = 0, . . . . rn - 1) arc initial values of tlic fitting 
ftirictiori ! / ( I )  and its first (111 - 1) d~r ivi t t iv~s .  Tlic fractio~ial-orcl(>r iri- 
tegral il l  tlie right-11ancl sick> rt~prt~serits thc. cu~r~ulativc iiripact of t l ~ e  
previous history of loading on tlic present state of tlic wire. aritl the. or- 
der of integration, tr. dctcrrriines the shapc of the ntemory functioii of 
thcl wirc rr~atcrial. By orilittirlg the fractional-order integral w1 obtain 
tlie c.l%%sical general polynolriial regression rriodcl. 

The pro1)lern is thcri rrdueed t o  t hc iriitial-vali~c pro1,lcrn 

for thi. auxiliary 111iknnwn f1inct,ion x ( t ) ,  wltcre 

'I'lie fact that initial conditions arc zcro ttllows i~pplicatiori of the 
fractional differt>nce ~nctliod. which is clescribeti in Cliaptcr 8. for thc 
l~urricrical solutiori of the prol)lern (10.105) for ariy fixecl cornbiriatiori 
of pararricters ak  (k = 0. . . . . m). After the solution s ( t )  is corripttt,c~l. 
we C i X l  its(. t11c rclatio~isl~ip (10.106) for perfornlirlg the backward sub- 
stitution, aiid evt~luate the vt~luc of tlit  lrast-scliiarcs crit,c\riori for t 11c 
fllric.tion y( t ) .  The ol)tirnal set of paralnctcrs ak ( k  = 0, . . . , ~ n )  1)t. 

ticterrr~ilieti by ttsirig know11 optimiziltio~i r~ic.thocls. In particular. in this 
('AS(' t h ~  simplex inct liod for unconclitiorlxl optirrtizat iori wab 1usc1tl. which 
is implcnic~iitetl ;ts it oncX of tho stand;trcl ILIATLAU fiinctions. 

10.12.3 Example: Wires a t  Nizna Slana Mines 

T l ~ i s  approuct~ was ~tpplic~l to r~iodellirig tlic c1i;tngc of propckrtics o f  wires 
of tlie transport equiprricnt itt tlit Nieria Sl:tlia r~iiliirig enterprize. A set 
of 13 rrir~asurc~iic~rits niatic c.:rcli G niontl~s during 7 y a r s  scrvcti w iriput. 

\VP do now show tlie linear regression modd. which cannot refic.ct 
the. iln~rovc~mcnt of properties of wires dluirig the initial pcriocl of cx- 
ploitation. 



Wires at N~zna Slana - bend~ng - dlam 2 8 rnm 
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Figure 10.11: Pambolic ~~eqression 

The par;.tbolic regrcssiori   nod el is showri ill Fig. 10.1 1. The. fitting 
curve is syililnctric, aiid thcrcforc it will not givc a suitablc prediction: 
tlic wire will be replaced ealier tlian ilt~ccssary. 

In Fig. 10.12 tlicl third-ortlt3r poly~iornial rc)gn.ssioll rilocicl is clrpictcd. 
In coritradic-tioii xvitlt the physics of tlic considcrcd procclss. tlie I)roI)(>r- 
ties of o ~ i o  of t,ll(> wires t)c~cornc~ bc.ttc.r aftcr a prcviol~s ciccrcvuc. of per- 
Sorrnal~cc! Thc situation is iriuch worsc in the cast of tlie fourth orcirr 
polyrio~i~i;ll n3grcasion rriotlel: ;~ccordirig to this nioclcl. all tlil.ce wires bc- 
conie 1)etter after n periotl of clec*reitsr of tlieir ~)erforrrin~ic.c~ (Fig. 10.13). 

l.i.oni tliis c.xpcric>ncc. with po1yiioiili;il rcy.ycssio11 ~nodcls i t  folloxvs 
that tlic most appropriate ~rioclol is parabolic. regressioli, ill spit(. of its 
inaccuracy. 

Fillally. in Fig. 10.14 a c.onij);.llisorl of' t 11c parabolic. I rgressiori 111ock.1 

and t 1 1 ~  doscribclcl Srxt  io~ial diffcrc~~tial cquat ion itpproac*h is given. Tlie 
following p:~ri~riic~tcr.s o f  ctlliatioli (10.104) wcrc computed: 
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10. SURVEY OF AI'PI,ICATIOiW 

-- parabol~c regresston 
10 - fractional-order approach '\ 

\ 

Figure 10.14: Fructionnl order model vrrsus purubolic re.qres,sion,. 

71vc3s a T h c v  is no surprise in the fact tliat tlie fractio~ial-orcicr lrlodcl b' 
lower value of thcl lcaast scluarcs crit(~riori. More important is tlie fact that 
all significant characteristics of tlic sliape of thc process curve. wliich 1 x 7 ~ ~  

m r n t i o ~ ~ e d  in the begirining of this section. are prrscrvcd. 
It is ot)vious tliat, tlic order cu of a. fractional-order model will he 

differelit for differer~t wires, bccausc they work in diff'ereat co~idit,ions. 
Therefore, it is necessary to apply tlic tlescribcd approach irr each case 
he~)ar;ttcly. However. it is not ever1 ;t trlchnical problcnl no~v, with rriodcrn 
corripl~tc~r Otcilitics. 

Thc out li~icd incthod is flexible. I t  allows coritiillious enhance~ric~it 
of t11r prediction o f  propcrtics of wires after ohtairiing res~ilts of furtlter 
~ricas~ircnicr~ts of niccharlical propcrtics of wires. It can 1)e further gen- 
eraliz~rl 1)y i~rtrociucing lriorc fractional-orcler terms in equation (10.104) 
ariti/or rcplacirig thc het ol f~inctio~ls t"(k = 0. 1, . . . . n )  with another 
suit d)le s1.t of' linc~arly i~ldepe~ident functions. 

Fitting of experirne~ltal ciafa witli tlic help ot solutiorls of fractional 
diffclrential eyuatiorls is a prol~iisir~g approacli wllicli car1 1)t. ~isecl in 1nn11y 
cxperirrierital fields of science. and cngiricw-ing. 



10.12. 'LFRAC?'lONA L-ORDER" PHYSICS? 

10.13 "Fractional-order" Physics? 

In the previous sections we discussed sorrie cxaniples of the applicatio~i 
of fractional derivatives in various fields of scierice and e~igineering. 

The growing riurriber of such applications ir~dicates that there is a 
significant demand for bcttcr mat,l~eniatical ~riodels of real objccts. arid 
that the fractional calculus provides one possible approach on the way 
to rllore adcqu~ite mathenlatical modelling of real objects arid processes. 

Anlorig other results, some works rriust be rnentio~ictl, in urliicli pos- 
sible genrralizatiorts of i~nportarit physical laws are suggested. 

I11 1991, S. Westerlund sliggestetl using fractional tlerivatives for the 
description of propagatiorl of plane electroniagnctic waves in an isotropic 
sntl homogcrieo~is, lossy diclcctric. Thc equation suggested 1)y S. West- 
erlund takes iri the spatially one-dimensional case thc following forrn: 

where b2 is the electric field, 110. ~ o ,  and xo arc constant. arid v (1 < v < 
2) is the order of differeritiatiori of E with respect to ti~nc. 

Later, in 1994. S. M'esterlur~d [254] suggested replacirig in the Alax- 
well cquat,ions the relationships D = C E  (I3 is tlrlc clcctric field, D is the 
c.lectric field cfensity) arld B = pH (B is the rriagnetic field. H is the 
riiagrletic field de~isity) with their fractional-orcler generalizations 

ill which we see fractional-order integrals (since v - 1 < 0). 

111 tlle papcr on electroc.l~er~iically polarizable meciia [27], pliblislied 
in 1993. M. Caputo suggc~stttl the fractional-orcler version of the relit- 
tionship 1)etwcten E (electric field) and D (electric flux density). In the 
spatially one-tlimensional case this relatioriship has the for111 

where 7,. n ,  (T. arid F are coristarit, aiid u dc~iotes t h ~  (real) order of 
diffclrc~itiat~ion of L) and E with rcspcct to tinic. It is intcrclsting to  note 
that thc rclat ionship (10.109) is morc general tliari (10.108) ant1 has the 
sarnrx forin ;L\ ttht. four-par;trnett~ tnodc.1 of viscoelabtic.ity ( I  0.46), ;tntl is 
rriorcl gc~icral t 1i;tri (10.108). 



Usirig soriic~ sir~~plifj'illg i ~ ~ ~ ~ i l l i ~ t  ions. R I .  Capll t~) re(11iced the 1Iitswell 
equatio~is i r i  the spatially one-clil~icr~siorial case to t l ~ c  followirig systcni 
of two equations: 

\vhcrc 11 is iilso (.oilstant. IJsirig separation of variables ttritl the 1,aplac.c 
traiisforrri of the Caputo fractional derivativt. (2.253) Caputo obtaiiictl a 
solution of thc systeni (10.110) in terrns of invc>rst. Laplaccb trrinsforrris. 

So, wc. see. that the lIax\vt~ll cqliatioiis have alrcatiy 11cc.n attacked. 
and we l~i;t?i cxpcct fi~rtltcr tlcvclopincnt in tliis ciiret.tion. 

Keceiltly, in 1'396- 97, F. Ricwe suggcstccl a forrnu1;itiori of 1,agriirlgiiiri 
arid Hitrniltonian r~ieckiariics irlvolvirig fractional derivatives [221. 2221. 
Lagrangians with fractional c1crivativc.s lcad to  equations of rriotion with 
noii-conservative forcc.s (such as friction. ctc.). F. Riewe suggc.stcc1 a 
ixiodific~l I-Iarriilton princil)le. iritrod~ic.ctl two typcs of carlor~ical traris- 
forlnutioris, arid clcrivrd tlrc Haririltor~ .I;tc.ol)i c~cliiatiori llsilig friwtiol~iil- 
order rnecllanics. I11 atl(lition. hcl iilso proposetl a frac~tiorial-ortler quail- 
t urri-riic~chwniml mrave cquaiioii. Hc also suggcstcd a gcricralizcc-l Elllcr 
Lagrarigc ecluation, which involves fr;tctiorial derivativrs. 

'I'lie formulas o1,tairic~ci by F. Ricwc arc two long to be includctl l.1c.r~ 
cvc~1 for illustration. Ho~vcvcr. it is tvorth ~ricr~tioliirlg tliat the itppear- 
ancc of Riewc'h frilrtional nicchaiiics was niotiviitc~d hy the wcll-krio~vri 
fiict that t li(1 r r i~~ tho~ls  of classical uiechanics (lei11 only wit11 coriser\.ii- 
tivc systern, wl~ilc ;~lniost ;ill classic.al processes ot)serwd in thc pl~ysical 
worl(i t-rc. non-conservative. arld exliibit i rrc>~r~sil) lc dissipative effects. 

A sirnilar niotintion, riaitiely tllc wish to  iiiclutlc dissipatioii. let1 
S. IVesterlund to a geli(~ra1ization of Kt~m~torl's seeorit1 law [25 11. I r i  this 
way. it is int,ertsti~lg to  riotc tliat if F is uri acting forccl arid .r. is thcl clis- 
pl;~c.c~~~cr~t,,  1 l1(>1i Hookc's IIIOCICI of c:lasticity (F = kx). Newrto~i's rrlotlel 
of a viscous fluid (F = k d ) ,  ancl Kewtori's second law (F = kx" )  can btl 
consitlrred as part ici~lar CRSPS of ii g~~i( ' r i l l  r(~1atior1skiil~ of tho fOl.111 

p k . ' l . ( c 4 r  (LO. 1 11) 

i11 wl~i(*I~ (P 111:iy 1)t. aIlo~-t~(l  to 1 ) ~  ally 1ew1 I I ~ I I I ~ ) ~ I .  111 1)a1 t i(a111ar. S. iVvst- 
crluiid suggested tllnt for I < rr < 2 cquation (10.1 11) can be colisidered 
us 21 genrr:~lii.,atio~~ of Ncwlori's sc~coritl law. tvhic.11 I,ct tt.r tlcsc.rihe:, rei~lily 
[25 11. 



Tilt. lrlc~itio~~cci rccer~t work hy h l .  Caputo, R. Ricwc. and S. JVest- 
erlulid. ill1 trying to develop niotlels tlescrihing dissipation. tlirrl 011s at- 
tol~tioll to cwr1ic.r work by G.  LY. Scott 131air [2:l(i. 237, 23'31, in wliich the 
us(. of fractiol~;ll-ortlt>r r~io(ltls of  v i s c o ~ ~ l a s t i ~  heliitvi~iir was i~iterpretecl 
21s t l i ~  introdilction of "separate tiinr sci~lvs for (iiffert>nt rnaterii-lls" [23Gj, 
1)ilst~l 011 tflr. o I )~(~r \~i i t io~i  tliat "subjcct ive judgc.n~e~lts of tiliic. tio not fi)l- 
low 111~  Ntl~vto~liiir~ t i111e sc-;tic" [239]. 

It is possiihlc that in tlie fiiturc t11c~c will appear nlorc "fractiorii~I- 
orclc.1" pl~ysic.al thcwric.s. \\i. wollld like to crld tltis s t~ t io r i  with tlic. 
following two exprc~si \~e  quotatiotls: 

. . \ f i x  lnay express oul. cor~cc.pts in Nr>wtoniari tt2rrris if wc firid 
t liis (*o~ivrwiv~lt ])lit. if we do so. \w 1111ist rcalixc t 11at L V ~  liavc 
illi~dc a tralislatioli into a Ilt~iguage which is forclign to  tlie 
organisn~ which arc stlidyitig." (C;. \Zr. Scott Blair. [238. 
1). 851) 

... . all systc.nis iicctl a fractiolial time tlerivativc. in tlte eciua- 
tioris thiit drsc*rii)c> tlicln . . . systcrris II~LVC 11101110~y of all par- 
1ic.r cvc.iits. It is 11ecess;try t o  inc.lilcic> this record o f  el-1rlit.r 
cvcrits t o  prc>tlit.t t 11c' fut urc . . . 

Th(1 corit.li~sioll is ot~violis and un;~voitlat)lt>: U ~ n d  rnattpr. 
\tns ~ r r t  rn or 11. Exp1essc.d clifft.rtntly. we rniy say that Ka- 
turc ivctrks with Sra('tioiiill ti111c\ d(>riviltiv(~s." (S. \\;csterlil11(1. 
[253]). 
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Appendix: Tables of 
Fractional Derivatives 
The sliort t,ables below coritair~s Rirrriann Liouville fractioiiitl derivzt- 
tives of some furictions which are frequeiltly used in applications. In 
rrlost cases. the order of diff(>rc~ritiation. (L. rrlay ht iti~y rral ~iiirnhcr. so 
replacing it with -(L givcs tho Ricrliarirl 1,iouville fractional ir~tegrals. 

The tablcs can also t)e used for r~valliatirig t11c. Griillwal(1 Letnikov 
fractioiial dc.rivativcs. thc Caputo fractional tlcriv;ttivcs, tirid the hIillcr 
Ross scqucntial fractional derivatives as well. I11 siicli cases. (I  should 
taker1 bctween 0 arid 1. aiicl tlic Rieniarirl Liouville fractional derivittivc 
shonltl bc propclrly collil)i~~ed with intc.gc.r- 01 fractio~~al-order derivatives, 
il l  act-ordance wit11 t11c corisidt~rcd tic.fir~itior~. 

1. Riemann-Liouville fractional derivatives 
with the lower terminal at 0 

I I ( t  - (L) f ( t )  



n ' ( l l )  ( f )  

t"-' 2F1 (11, v: ij; A t )  
1 7 ( , j ) f 1 9  (k ' 
r(,j - r l )  

?F', (11. U: , j  - o: A t )  

( R f  ('9) > 0) 



2. Riernann-Liouville fractional derivatives 
with the lower terminal at -00 

.f ( t )  -,D;lJ(t),  ( t>O. (LEN) 

cos A t  A" cos ( A t  + y) 
( A  > 0. 0 > -1) 



This Page Intentionally Left Blank



Bibliography 

[I]  N. H. Ahel, Reiolution d'un problbme c-le niecanique. Oeuvres 
cotnpl&tes de Nzels Henrzk Abel. vol. 1, pp. 97 101. 

[2] M. Abrarnowitz arid I. A. Stegun, Handbook of hlathematical Func- 
tions, Yauka, bloscow, 1979 (references in the text ;Ire giver1 to this 
Russian translation; original publication: Nat. Bureau of Stan- 
dards, Appl. Math. Scries, vol. 55, 1964) 

[3] N. 1'. Agarwal. A propos d'unc note de h4. Pierre Humbert, C. R. 
Se'ances Acad. Sci., vol. 236, no. 21, 1953, pp. 2031-2032. 

[4] M. A. Al-Bassam, Some existence theorems on differential eclua- 
tions of generalized order, Journal fur Reithe und Ange~uandte 
Malhematzk, vol. 218, 1965, pp. 70 78. 

[5] T. , J .  Anastasia, The fractional-ordcr dyriarriics of brainstem 
vestibulo-oculomotor neurons, Bzologzcal Cybesnetzcs, vol. 72, 1994, 
pp. 69-79. 

[6] C. P. Andricux, L. Nadjo, and J .  M. Savkant, Electrodimcrization 
1. One-electron irreversible dimcrizatiori. Diagnostic criteria and 
rate determination procedures for voltarr~rnetric studies, J. Elec- 
trounal. Chem. and lnterfaczal Electrochem., vol. 26, 1970, pp. 147 - 
186. 

[7] N. Kh. Arutyunyar~, P1811e contact problem of the creep theory, 
Przkl. Mat. Mekh., vol. 23, 1959, pp. 901 924 (in Russian). 

[8] R. Askey, Ir~equalities via fractiorlal i~~tcgratiori, Lect. Notes zn 
Math., vol. 457, 1975, pp. 106 115. 

[9] Id. Axtell and M. E. Bise, Fractional c.alculus applications in con- 
trol systems, Proc, of the IEEE 1990 Nat. Aerospuce and Electron- 
ics C:onf.: Nevi York, 1990, pp. 563 566. 



[lo] T. Ya. Azizov alicl I. S. Iokhvidov. Thl~ f i t ~ ~ ~ d u t ~ o n s  of the ?'he- 
07:1/ o f  LLRPUT. Opc7~ator:s 171 the 17zdefinzte Ad~t77c. Spc~c.f>.s, Nauka. 
hIosco~.  1986 (in Russia~i). 

[ll] Yu. I. Bnhenko. Hrut ( L T I ~  Mass  Parlsfer.. I<l.~iniip, Lcningratl. 
1086 (in I3ussiaii). 

[ I  21 It. L. Bagley. Powc~r law arid fractiolial cal(.ulus rrioclcl of viscoelas- 
ticitv, AIAA ,Joumral, vol. 27, no. 10. 1989; pp. I412 1417. 

[13] R .  L. Bag1t.y ;irld R.  A. Calico, Fractional order state c~quittions 
for thc control of viscorli~stically dalripeci stnlcturcs, .I. G U ~ ~ U T L C P .  
vol. 14, no. 2, 1991, pp. 304 311. 

[14] R. L. Bagley arid P. ,J. Torvik. Fractional calculus a tlifft.rc>nt ap- 
proach to the itnalysis of viscoe1astic;tlly tlarripcd st rwt  ures. -4 1;3A 
J o ~ ~ r n u l ,  vol. 21. no. 5. 1983. pp. 741 -748 

[15] R. I,. Bagley alld 1'. J. Torvik. A tlieorctical hasis for the applica- 
tion of fractional calc~ill~s to viscoclasticity, Jou7.nol of Rheologgy. 
vol. 27. 110. 3, 1983, pp. 201 210. 

[ l G ]  It. L. Hagley and P. J .  Torvik. On tlic appcarencc of tlic fractional 
dcriviitivc in the l~chitvior of real lnaterials. J. Aypl. 114ec.h.. vol. 51, 
1984. p ~ .  294 298. 

[17] R. L. Bttglcy aiid P. ,J. 'rorvik, 1;rltctional calculus i11 the tran- 
sient analysis of viscoela,stically dampctl strncturcs, AIAA Journal, 
vol. 23. no. 6, 1985. pp. 918 925. 

[18] R. I,. Bagley ant1 P. .J. Torvik, 011  the fr:tctio~~al calcul~~s rriotlcl of 
\~iscoelastic l)chavior, ,JO(LI.II(J~ of Rheologg. ~ 0 1 .  30, 1986, pp. 133 
155. 

[I!)] H. I3~y.r a r~d  S. I<e~npflc. 1)cfiriition of pliysicallj cor~sis tc~~t  tlallip 
i~ ig  laws with fractional tlvrivativrs, Z. nngcu:. &lath. hlrch., vol. 75. 
no. 8, 1995, pp. 623-635. 

[20] H. if:. Bode. Netviork A P L ( L ~ ~ S L S  (~71d Feedburk il~nplifier Ileszgn. 
' h n g  Hiva nook Corrlparly, Shal~ghai, China, 1949. 

1211 J. Bor oska. Possibilltics for ~lsirig rrlathelnatic.al rtlcthods for cvalu- 
ation and precliction of the state of trarisport stcel wires. Uhb. no. 
1, 1978. I)I). 21 24 (in Slovak). 



I31LILIOGRA PHY 315 

[22] F. I3ella. P. F. Biagi, ILl. Captlto. G. Della hlonica, A. Er- 
rriirii. P. hlarijgalad~c, V. Sgrigna and D. Zilpimiani, Very slow- 
rrioving crustal strain disturbances, Trrtonoph?/szcs, vol. 179, 19!90, 
pp. 131-139. 

1231 51. Capiito. Liriear rrlodel of dissiptttion whose Q is alniost frv- 
qucncy indcpcnderit 11. Geophys. J .  R. Astr. Soc.. vol. 13. 1967. 
pp. 529 5:39. 

[24] h l .  Cap~ito,  Elast7c.rtci e D~ssipuzzonr. Zariicllc.lli, Bologna, 1969. 

[25] A l .  Caputo, Tlic. rkicologv of an anelastic rrlediul~i stildi~tl by 
rricaris of the observ>ition of thc splitti~ig of its cigerifrequenc.ies, 
,I. ACO~LS~.  Sor. A m . ,  vol. 86, no. 5 ,  1989, pp. 198.1 1987. 

[26] 51. Caputo,. Tlic splitt iug of the frec oscillatiolls of tllc Enrtli 
c.arlsc<l by t lir. rlieology, Rend. Fls. Arc. Lznce~, scr. 9. vol. 1, 1990, 
pp. 119 125. 

[27] hI. Caputo. T;'rc~> motle:, splittirlg clnd altcratioris of clcctroclierni- 
cally polariza1)lc rnedia, Rcnd. Fzs. Acc. Lznrez, scr. 9. vol. 4. 1993. 
PI,. 89 98. 

[28] AI. Caputo, Lcrt7lrc.s on Sefsrnology u?iQ Rh~olog7ral T(~rto717c.y. 
Univ. dcgli 5tudi di ROIII;L "IJa Siipienza". 1992 1993. 

(291 AI. Caputo ;ind F. Mainarcti, I,i~ic.nr motlels of ciissipatiori in anclas- 
tic solids, R ~ ~ ~ z s t u  dcl IVucc~o Cirnento (Srrzr 11), vol. 1 ,  no. 2. 1971, 
pp. 161 198 

[30] ill. Caputo and F. Rlairiardi. A new dissipation 1nodt.l i)asc.ti or1 
Ineiriory ~necliariisrn. P~II ,~  (zrrd Apphctl G~oplr!~,srcs. vol. 91. no. 8. 
1971, pp. 134 147. 

[31] C. E. Carlson. Inv~s t  igal ion of fractional capacitor approximations 
by meails of' rcgltlar Newton processes. Kansas Stat(. lJn1~1r~.s7ty 
JJ?~llrtzn, vol. 48. no. 1, special report no. 42, 1964. 

[32] G. E. C:arlsoli arid C. A. IIalijak, Sirniilatioli of the fractional 
dcrivativc opcri~tor f i  a~i t l  the fractional int,c.gral opcrittor 1/ &. 
Kn~r.sn.s Stafe I/nzzrcr.szt;y Bullrtzn, vol. 45. IIO. 7, 1961, pp. 1 22. 

[33] 6. E. Carlson arid C'. A. Halijak. Approxirnat ion of fixed imped- 
ances, IRE Trrn7~sc~c!zons 0 7 ,  Czrrt~zt 17~eory, vol. CT-9. no. 3, 1962, 
pp. 302 303. 



316 RIBLIOG RAPHY 

[34] G. E. Carlsori and C. A. Halijak, Approxirnatiori of fractional ca- 
pacitors (l/s)'/" by a regular Newton process, IRE Trantsactzons 
on Ctru.l~zt Theory, vol. CT-11, no. 2, 1964, pp. 210-213. 

[35] A. Carpiritcri and F. hlainardi (eds.), Fro,ctal,s and Frnctzonal Cal- 
culus Z T L  Con,trnuum Mechanzcs, Springer Verlag, Vienna - New 
York, 1997. 

[36] A. XI. Chak. A gerieralization of the Mittag-Lefflcr function, Mat. 
Vesnzk, vol. 19, no. 4. 1967, pp. 257 262. 

1371 K. S. Cole, Elrctric contilictarlce of t>iological systerns. Proc. Cold 
Sprrng Nm-bor Sgmp. Quant. Bzol., Cold Spring Harbor. New York, 
1933, p p  107-116. 

[38] G.  Dahlquist, On accuracy and uncoriditiorial stability of linear 
ni~~ltistep metl~ods for second order tliffcrential eq~iatioiis. BIT, 
vol. 18, 1978, pp. 133-136. 

[30] II. D. Davis, Th,e Theory of Lincar Operc~tors, Prirlcipia Press. 
Rloornington, Indialla, 1936. 

[110] K Iliethelln. An algorith~n for the numerical solution of differential 
equations of fractional order. Electror~zc l 'ra7~sarfzo7~~ on  Nurnrn- 
c(11 Anctl?yszs. ISSN 1068-9613, vol. 5 ,  blarch 1997, pp. 1 6. 

[ill] K.  Diethelrn, Numerical approximation of finite-part integrals with 
generalized cornpound quadrature forniulae. Hzldeshezmcr Irifor- 
rnatzkberzrhte, ISSN 0941 -301 4, no. 17/05, .Tune 1995. 

[42] G. Doetsch, .471,1~7 tm.9 zunl Praktzschen Gebrauch (ler Lapl(cce 
t r u n ~ r n t c ~ t z o n , ,  Oltienbourg, Munich, 1956 (Russian translation: 
Fizrniitgiz, ~ ~ I ~ s c o w .  1958). 

[43] I,. Ilorcak, , J .  Prokop and I. Kostial, Invcstigatiori of the properties 
of fractional-order ciyriarnical systems, Procrcdulgs of the 11th lrrt. 
Cor~j .  o n  Process Control and Szrnulatzon ASRTP'94 ,  Koszce-Zlata 
Irlku, St.plernbcr 19-20, 19.94, pp. 58- 6G 

[44] S. Dugowson, Les Uzfle'rentielles Mttayhysiques: II.istoi7.e et Phil- 
osophie de la Gbn,br,lisatzon, de 1'0rdre d c  Utriucztion, thbsc dc 
Doctmat, University of Paris, 1994. 



[45] &I. h4. Dzl.irbashyan. Infrgl-u1 Trnrlsforrrls ond Hel~re.setltat?ons of 
Funcf~ons  l n  the Cornplex Dornnu-1. Nauka. fvloscow, 1966 (iri Rus- 
sial~).  

[46] hl. hr. Dz.,hrbashyan arid A. B. Nersesyan. Criteria of exparisibility 
of functions in Dirichlct series. Izo. Aknd. NQ~LX; A7m. SSH, 5r.r. 
fiz.-tnuf., vol. 1 1 ,  no. 5, 1958. pp. 85 106. 

[47] hI. hI. Dzlirbashyan aritl A. B. Ncrscsyan, Ori the use of sonie 
iritcgro-diff(:renti;tl operators, Dokl. Akad. Nuuk SSSR, vol. 121, 
1 1 0 .  2, 1958. pp. 210 213. 

[48] 5'1. LI. Dzhrbaslipn aritZ A .  13. Nerscsyarl, Expansions in spesial 
hiorthogorial systc~~ris and bo~irictary-value problcms for difft~rc~ntial 
equations of fractionitl order, Dok:l. Akad. Nuuk SSSR, vol. 132, 
no. 4, 1960, pp. 747- 750. 

[49] hi. 1'1. Dzhrbtxsliyan and A. T3. Pirrsesyt~n, Exparisions in soriic 
biortliogonal systerris and bountlary-value problerns for differcmtial 
cquatioiis of fractional order. Trudy Mo.sk. Mat. Ob.. vol. 10, 1961, 
pp. 89- 179. 

1501 bl. hl. Dzhrbrrsliyan and A. 13.  Nersesyan. Fractior~al derivatives 
and the Cauchy problc~n for differential cquations of fractional or- 
der, Izo. Akcidcnt~z Nuuk Arrrr. SSR. vol. 3, no. 1. 1968, pp. 3 29. 

[51] A. M. A. El-Saycd, Fracatioriitl differential cquatiorls. Kyu7~gpook 
Math. J., vol. 28, rio. 2, 1988, pp. 119 122. 

[52] A. hl.  A. El-Sayed, Fract ionttl derivative and fractiorlal differential 
ey~iat~ions, Bl~ll  li'nc. Scz.. A1cxandri;t Uriiv., vol. 28. 1988, pp. 18 
22. 

[53] A. 31. A. El-Sayed. On the fractional differclitial cquations, Apll. 
Math. and Corrt,put., vol. 49. 1992, pp. 2 3. 

[54] A. M. A. El-Sayed, Liriear tliffcrt~lltial equations of fr:tctional order. 
Apll. Math. und Cornput.. vol. ,55, 1993, pp. 1 12. 

r l  10115. [55] A. hf. A. El-Sityecl, hIultivalued fractional differe~itial eq\;lS t '  
Apll. Math. und Cornp~it., vol. 80, 1994, pp. 1 11. 

[56] A. iCI. A. El-Sayed. Fractional order evolution cquations, J. of Frac. 
C' (L~CII~UR.  vol. 7, 3Iay 1995, pp. 89-100. 



[57] A. h1. A .  El-Sayed. Frartiorial order tliffusion-wave equation. Int. 
J. of Theor. Phys., vol. 35, 1996, pp. 31 1-322. 

[58] RI. Enclu~ici. A. Fcnalidcr and P. Olsson. Fractional integral formu- 
lation of constitutive eqliations of viscoelasticity. AIAA Jol~rn,al, 
vol. 35, no. 8, 1997. pp. 1356 1362. 

[59] hI. Enclluid and 13. I,. Joscfson, 'I'imc-tlo~~~;tili finite elcnicnt anal!.- 
sis of viscot~1;tstic structures with fractiorial tlcrivatives coristit>utivc> 
sqllations. A I A A  Journal. vol. 35. no. 10, 1997, PP. 1630 1637. 

[GO] N. Engllcta, On fractional c.;ilculus ant1 fractionti1 nlultipolt:~ in 
clt~ctrornagr~etim. IEEE Truns. on A7rterrnn.s nnct P r u p c ~ ~ ~ ( i t ~ o 7 ~ ~ .  
vol. 44, 110. 4, 1996, pp. 554 566. 

[61] N. Eliglirxt;t, Electrostal ic. "fractionill" image  neth hods for pcrfcc.t ly 
c-ontinctilig wedges arid cones, IEEE Runs .  on  ilntcnnas u ~ l d  Prop- 
agutzons, vol. 14. no. 2, 1996, pp. 1565 1574. 

[62] A. Erc.li.lyi (ed.), Tables of I~~ tcgrn l  li.unsforms, vol. 1 ,  1lcGraw- 
IJill, New 7u'ork. 1'354. 

[63] A. Erd6lyi (cti.). H ~ q h r r  Tr(~.rrsr.rndr.ntcil f i~nr t tons .  vol. 1. h lcGra~- -  
Hill, New k r k .  1I155. 

[64] A. Erd6lyi (cd.), Ijzgher Trunscendcntal F~i ,nc tzo~~s ,  vol. 2, %lc(:raw- 
Hill, New York. 1955. 

[G5] A. Erdi.lyi (etl.),  H7ghc.r 'li-n~~.scrr~de~rtal t"unrf7on.s, vol. 3. AIcGraw- 
Hill, New York, 1955. 

[W] A. Fenander, IIodal synthesis when nlodeling clamping by use of 
fractional derivativcss. i1 IAi1 Jou~,nnl.  vol. 3.1, rio. 5, 1'398. pp. 1051 
1058. 

[67] H. E. Fettis. OIL the riurrlcrical solution of (>qllittio~ls of tlic Abel 
type. Matt?. Cornp.. vol. 18, 110. 84, 1964, pp. 491 496. 

[68] G. ,\I. Fikhtcngoltz. Cous.sc. of Dtflcrcnt~al and In,tegral Calct~lvs,  
vol. 2,  Nauka, hloscow. 1!16!1. 

[69] C:. Fox. 7'11~ G and I-I functions as syrrin~c~trical Fouriclr kernels. 
Trans. Am. Af (~ th .  Soc., vol. 98. 1961, pp. 395 429. 



BIBLIOGRAPHY 319 

[70] Ch. Friedrich. Relaxation anci retardation filrictions of the h l  axwell 
rilodel witli fractional derivatiws. Rhrwlogzca ilctu, vol. 30, 19'31, 
pp. 151 158. 

[71] Ch. Fricdrich, Rhcological inatcrial fii~ictiosis for i~ssociatirig comb- 
sliaped or II-shaped polyrriers: ;t fractiorl2~1 calculiis t~pproacli. 
Phtlo.~oph~cnl hfrrgoz~r~r~ Lp t tp~ :~ ,  vol. 66. rio. 6. 1992. pp. 287-292. 

[72] Cli. Frirltirirh, Mc~cliariirnl stress relaxation it1 polylnerh: frac- 
tiorla1 isitc3gral model vcrslis fractional differential ~notfcl, .J. 1Vo71- 
N e w t o n l ~ n  Fluzd hfech., vol. 46, 1993, pp. 307-31 1. 

[73] Cli. Frietfrich, Linear viscoelastic 1)ehavior of branched p1yt)ut;~di- 
cmc: a fractiorlsl cal(.ullis approndi. Acts Polymer.., vol. 16, 1995, 
pp. 385 :390. 

1741 Ch. Friedricli a r ~ d  II. Braiiu. Linear viscoelastic behavior of cor~i- 
plcx polyrncarir rri;ttt~i;tls. a frect ional rnotlr rcpreser~tiil ion, C:ollo~d 
ur~d Polg7r1~7. S C Z C ~ C C ,  vol. 272, 1 994. pi). 153fi- 1546. 

[75] L. Ciaul. S. Kel~lpfie and P. Klein, 'li.ansientcs Scliwingungsver- 
haltcn bei dcr DAnipfilrigsbcschrcit>1111g rnit liicht gi~rlz~alilig~si 
Z~~ i t a l -~ l c i t~~ r~gc~~ i .  2. anyew. ,!lath. iI4ec.h.. vol. 70, no. 4, 19'30, 
PI). T139 T131. 

[76] I. XI. Gclfaritl arid C:. E. Stiilov. Generallzcd F ~ ~ n r t ~ o n s .  \-01. 1. 
Niluka, >loscour. 1959 (in Russiari). 

1771 A. N. G(~rasirriov, A gc~nc*ralizatio~i of liiirar laws of clefurrriatiori 
and its applicatiori to inner frictiori l)rol)lerns, P T L ~ ~ .  i l i t r t .  itfekh., 
vol. 12, 1948. pp. 251 259 (in Hiissiari). 

[78] X4. Giorla. arid H. E. Itonlan, A theory of tralisport p2icnonicria iri 
disordered systcrns. Chernzcul E n y ~ n c c r z ~ ~ g  Journal, vol. 19, 1992, 
pp. 1-10. 

[79] XI. Giolia, S. Gcrtjelli arid H. E. Rorriari. Fractional diffusiori equa- 
tion arid rclaxatioii irl complex viscoclastic materials, Phys~ca  A,  
vol. 191, 1992. pp. 449- 453. 

[SO] \Y. G.  C:locl<lc a1tt1 T. F. Noiint~nniaclier. Vract,ional intogral op- 
cr;ltors anct Fox fil~lrtions in the t litwry of vist.oelastirity. hiar.r.o- 
.rilolec.ulcs. vol, 2.1, 1991, pp. 6426-63436. 



320 BIBLIOGRAPHY 

[81] W. G. Glijckle arid T. F. IXorinerirrlacher, Fractional relaxation 
and the time-temperature superposition principle, Rheologica Acta, 
vol. 33, 1994, pp. 337-343. 

[82] R. Gorenflo, Ahel integral equations: applicabion-motivated so- 
lution concepts, Methoden Verfahren Math. Phys., vol. 34, 1987, 
pp. 151174. 

[83] It. Gorenflo, Fractional calculus: sorne numerical methods, in 
Carpinteri and hlainardi [35] .  

[84] R. Gorenflo, Abel integral equations with special emphasis on ap- 
plications, Lectures In Mathematzcal Sciences, vol. 13, University 
of Tokyo, 1996. 

[85] R. Gorenflo and Y. Kovetz, Solution of an Abel type integral equa- 
tion in the presence of noise by quadratic programming, Numer. 
Math., vol. 8, 1966, pp. 392-406. 

[86] R. Gorenflo and Yu. Luchko, An, Opera,tional Method for Solv- 
zng Generalized Abel Integral Equations of Second Kind, preprint 
no. A-6/95, Department of Mathematics and Informatics, Free 
University of Berlin, 1995. 

[87] R. Gorenflo, Yu. Luchko, and S. Rogosin, Mittag-LefJler Type 
F~~nctions:  Notes on Growth Properties and Distrzbution of Zero.s, 
preprirlt no. A-97-04) Departmerit of Matliernatics anti Informatics. 
Frtw Ur~iversity of Berlin, 1997. 

[88] It. Gorenflo and F. Mainardi, Fractional calculus: integral arid dif- 
ferential equations of fractional ordcr, in Carpinteri and Mainardi 

[89] R. Gorenflo and R. Rutman, On ultraslow arid on intermediate 
processes, in P. Ruscv, I. Dimovski and V. Kiryakova (eds.), Trans- 
forrn Methods and Speczal Functzons, SCT Publishers. Singapore, 
1995. 

[90] R. Gorenflo and S. Vessella, Abel Integral Equatzo~~s: Anal?y.szs a ~ l d  
Applzcations, Lecture Notes i11 Mather~iatics, vol. 1461. Springer- 
Verlag, Berlin, 1991. 



BIBLIOGRAPHY 32 1 

[91] R. Gorenflo and Vu Kirn Tuan, Singular value tiecomposition of 
fractional integration operators in La-spaces with weights, J .  In- 
7)er.se and Ill-I'osed Problems, vol. 3, 1995, pp. 1-9. 

[92] M. Goto and D. Ishii, Semidifferential elertroanalysis, J. Elect- 
troanal. Cltern. and Inte7faczal Electrochem., vol. 61, 1975, pp. 361 
365. 

[93] M. Goto and K. B. Oldham, Semiintegral electroanalysis: shapes 
of neopolarograrns, Anal. Chem., vol. 45, no. 12, 1973, pp. 2043- 
2050. 

[94] hl.  Gotso anti K. B. Oldham, Serniintegral electroanalysis: studies 
on the rieopolarographic plateau, Anal. Chenl., vol. 46, no. 11, 
1973, pp. 1522 1530. 

1951 hI. Goto and K. R. Oldharn, Semiintegral electroanalysis: the 
shape of irreversible neopolarograins, Anal. Chem., vol. 38, no. 12, 
1976, pp. 1671--1676. 

1961 &'I. Grenness anti K. B. Oltlharri, Scn~iintegral el~ctroarialysis: tlie- 
ory and verification, Anal. Cllem., vol. 44, 1972, pp. 1121- 1129. 

1971 B. Gross, On creep and relaxation, .J. Appl. Phys.. vol. 18, 1947. 
pp. 212-221. 

[98] A. K. Griinurald, Ueber "begrenzte" dvrivationcn und deren anwen- 
dung, Zezt.schrzft f. Mathematzk u. Physzk, vol. 12, no. 6, pp. 441 
480. 

[99] J . Hadanlard. Lectures on C a u ~ h  y 'S Problerrl 171 Lzne(ir I'urtzul Dzf- 
fcrrntzal Equatzons. Yale liniv. I'ress, Ncw Haven, 1923. 

[I001 S. B. Hadid and Yu. Luchko, An operatio~lal method for solving 
fractional tliift>rent ial equations of a11 arhitritry rcal order, Panam. 
Math,. J., vol. 6, no. 1 ,  1996, pp. 57-73. 

[ l u l l  T. T. Hartlcy and F. kloss;iyebi, Control of Chua's circuit, .I. Cir- 
C U ? ~ S ,  S y ~ t . ,  Cumput., vol. 3. no. 1 .  1993, pp. 173 194. 

[102] T. T. Hartlcy. C. F. Lorcnzu and H. K.  Qaminer, Chaos in frac- 
tional ordcr Chua's systcrn, IEEE Trans. on Czrc7~zts nad Systems 

I: hndamrnfa l  Th,eory and Applzcatfons. vol. 42. no. 8, 1995, 
pp. 485 490. 



322 BIBLIOGRAPHY 

[I031 P. Hakck. Tables jo7. Therrnul Devsces, VSB Ostr:~\~a, 1981 (ill 
Czech). 

[104] X.-F. Hc. Dimcnsioriitlity in optical spectra of solitls: analysis by- 
fractional calculus, Solzd Stntc Comm., vol. 61, no. 1. 1'387. pp. 53 
?5S. 

[I051 P. Henrici, Fast Fourier  net hods in computational co~rlplex anal- 
ysis, SI.4AI Rf>v?ew, vol. 21, 110. 4, 1979. pp. 481 527. 

[I061 N. I3cynians arid ,I.-C. B:tu\vens, Fractal rhcological models arid 
f~.;rctional difirential cc.luations for viscoclastic behavior. Rhcolog- 
IC(I i l (* lu ,  vol. 33, 1994, pp. 210-219. 

[I071 P. IIuriibert arid K .  P. Agarwal, Sur la fonction de lfittag-Leffler 
et q~ir~lqutas-unt.s tlc stls g611@1alisatioiis, Bulletin dea Sczcnces 
AIathPmatzques, vol. 77. rio. 10. 19533. pp. 180-1233. 

[108] P. Flitmbert and 1'. Delt~r~ic. Sur urica cxte~isiori B iicwx variables 
tit* la foi~ctio~i tlc &littag-Leffler. C. N. Acad. S ~ L .  Purzs. vol. 237. 
1953. pp. 1059 1060. 

[I091 J .  C. Inihea~ix and J .  ill. Sav4arlt, Co~ivolutive potential swecp 
voltaninictry I. Introcluctiori, J .  Elrrtmnnal. Cllrrn. a71d 17~tc~facaul 
El~ctruche~r,.. vol. 41, 1973. pp. 169 187. 

[I 101 G.  Knloyanov and J .  h1. Diniitrova. Tlieorc~tical-cxpcrirnerital cle- 
tcrrniriatiori of thc arcn of applicability of a s y s t ~ n l  "PI(1)-controller 

obiclct with non-ir~t~ger attiticity" . Izu. Vgssh,:ykh Litchcbnykh 
ZULI. - E l ~ ~ - ' k t r o i r ~ ( ~ k h n ~ ~ ~ k ~ ~ .  1992, no. 2, pp. 65  72 (in Illissian). 

[ I  111 L. V. Karitorovich arid C:. P. Akilov, It 'unct~o~~,c~l ilnnl?/s?s. Kauka. 
h loscow, 1986 (in I ~ U S S ~ ~ I I I ) .  

[112] L. V. Kaxitoro\4cli 811d V. T.  Krylov. Appro.rdrr~ote h1cthod.s of Ihe 
Hzglzcr Ar~ulgs,~.  Fizinatgiz, hioscow I,rllirlgrad, 1962 (ill  Rus- 
sian). 

[I131 T. Kaplari, I,. J. Gray arid S. H. Liu, Self-affinrl fractal rriocirl for a 
rrrctal-electrolyte interface. Ph 9s. Rf,itit'u~ 13. vol. 3.5. no. 10, April 
1987, pp. 5379 5381 

[I 141 A. hl. Ktlightltby, J. C. hlylancl. I<. E3. Oldhnrri ant1 P. G. Synioris, 
Rcvcrsihlc cyclic volamrrietr,y in the prescrlsc of product, J. h'lec- 
froclnol. L'hrrn.. vol. 322, 1992, pp. 25-54. 



BIBLIOGRAPHY 323 

[I151 S. Ke~npfle ant1 L. Gaul. Global sol~ltioris of fractional li~iear clif- 
fcreritial equations, Pror. of 1CIA h.1'95, Ze~tschr.lft Angcw, hiath. 
Mcch., vol. 76, suppl. 2. 1996. pp. 571-572. 

[I161 V. Kiryakova. Gerlc~r~luzed F7.uc.tzonal Ct~lculus arid rlppl?cat?o/~s, 
Pitrnari Rcscarc-11 Notes iri I\lilth.. 110. :301, Longrrran. Iiarlow. 1!194. 

[l 171 A. N. Kocllubci. Fractional ordcr tliff~ision, J.  1)tflr. Eqvi~t~ons,  
vol. 26, 1990. pp. 485 492 (English trar~slatiori frorrl Russi;~ri). 

[I181 R. C. Koc~llcr, ilpplications of fractiorial calculus to tlie t1~cor)- 
of viscoc.lasticity. Trans. ASME J ,  Appl. Al~ch.. vol. 51. 1984, 
pp. 299-307. 

[I191 G.  A. Korn &lid T. ;\I. Korn, fIlath~rnc~t7rcll Handbook. 2nd cd.. 
hlcGraw-Hill. New York, 1968. 

[120] A. I,t. h1ch;~ute. A .  (Ic Guihert. hi. Dt~layc~ aricl Ch. Filippi. 
Note d'ilitroduction tlc la cini.ticl~ie tles 6rhi~1igcs d'brlergies ut  
dc rnatii>rc\s sur 1 ~ s  interfaces fractales, C. R. Amd.  Srr. Pa.r.~s, 
vol. 294. ser. 11, 1982, pp. 835 838. 

[12 11 A. Lc hlclialitc and G. C'repy, Irlt rocluctiorl to t rarisfcr arid niotiori 
irk f r i ~ t a l  rrietliti: the grornctry of kirlctics. So l~d  Slut(, Ionzrs. 1983. 
no. I) arlti 10, pp. 17 30. 

[I221 11. H. Lce arid C.-S. Tsai. Arialytiral rriodr.1 of viscoclttstic c1;~riipc~rs 
for s ~ i s ~ i l i c  ~ilitigtttio~i of structllr(>s, Corrtp1~t~1.s ur~d S~TIL('~~LTPS. 
\.OI. 50, 110. I , 1994. pp. 1 I 1 121. 

j124j ,4. V. 1,ctliikov. ?'lic'ory of diffr.rcntintiori of ;in arbitrary ortier. 
hiat. Sb., vol. 3.  18(i8. pp. 1 68 (in Riissia~i). 

[125] A. V. T,etriikov, 0 1 1  tire historical tlr~vc1oj)rnerit o f  the theory of 
diffcrcntintion of an arbit,rary ordcr. illul. Sb.. vol. 3, 1868, pp. 85 
112 (in Russian). 

[I261 A. V.  Lctnikov, Trcatrnent relatcd to  tlw thcory of tllc intcgral5 of 
the forrri /;:(. I .  - w)"-'f'(v)du, Mat. Sb., vol. 7, 1872. pp. 5 205 (in 
Russiar~). 



324 BIBLlOG RAPHY 

[127] Ch. I,ubich, Discretized fractiorial calculus. SIAN J. Math. Anlal., 
vol. 17, no. 3. hlay 1986. pp. 703-719. 

[128] Yu. F. Llichko axid H. 11. Srivastava, The exact solution of ccr- 
tain differential equations of fractional order by using o~rteratiorial 
calc~ilus,  computer.^ Matlr. Applzc., vol. 29, no. 8, 1995, pp. 73-85. 

[I291 N. IIakris arid 31. C. Colistantiriou. Fr;iritctional-derivative ILIaxwell 
rnodcl for viscous tlarnpers. ASCE J. St7uctuml En!yzneerin,g. vol. 
117. no. 9. 1991, pp. 2708-2721. 

[130] N. Makris, G.  F. Dargush aritl M. C. Constantinou, Dyriarnic anal- 
ysis of gen(>ralizetf vi~coelast~ic fluids, ASCE J .  Er~g. Mech.. vol. 
119, no. 8, 1993, pp. 1663 -1679. 

[I311 F. Rlainardi, On the initial value problem for tlie fracrional tfif- 
fusioli-wave equation, in: S. Rio~lero and T, lti~ggeri (eds.), Waves 
and Stabzlzty zn Contznuous Ilfed~a, World Scientific. Singapore. 
1994. pp. 246-251. 

11321 F. hfainardi. Fractional relaxation iri arie1;~stic solids, J. ill1o;rl.s and 
C'o~npounds, vol. 21 11212. 1994. pp. 533 538. 

[I331 F. Llaintirdi, Fractional diffusivc waves in viscoelastic solids, in: 
,I. L. MTegncr ancl F. R .  Norwood (eds.). Nonlznear Waves zrL Solzds. 
AShIE/AAIR. Fairfield NJ ,  19'35, pp. 93--97. 

[134] F. hlainardi, The tinkc fractional diffilsion wavc equation, Ra- 
dzofizzka, vol. 38, 1995, p~> .  20 36. 

[133] F. Xlainartli, l+actioxial relaxation- oscillat>ion :~nd fractional dif- 
fusion-wave phenomena, Chc~os, Solztons a,nd fractals. vol. 7, 1996. 
pp. 1161- 1477. 

[ I  361 F. hlainardi, Applications of fractional calculus in meclianics, in: 
P. R.usev, I. Dirriovski and V. Kiryakova (ecls.), Transform Meth,- 
ods and Specicil! F?~,,~~ction,s, Varna'96, SCT Publishc?rs, Singapore, 
1997. 

[I371 F. Maink~rdi, 'rlie filndairicntal solutioris for the fractional diifusion- 
wave etluation, Appl. Math. Lrt l . ,  vol. 9, no. 6, 1996, pp. 23 28. 

[138] F. Mailiardi, F~~i: t io ,~tal  C ( L ~ C I I ~ T L S :  so7t~e basic prob1e~rz.s in contin- 
uum and stutistical .mechanics, i r ~  Carpinteri and RIainardi (351. 



11391 F. hlainardi and E. Bonetti, The application of real-order deriva- 
t,ives in linear viscoclitsticity, Ri'leologzca Acta, vol. 26 (suppl.). 
1988, pp. 64 67. 

[I401 A. ;\ilakroglou, R. K. kliller and S. Skaar. Computational reslilts for 
a fcedback control for a rotating viscoclastic bcilni, J. of Gvldr~nce. 
Control and Dynurnzcs, vol. 17. no. 1, 1994, pp. 84 90. 

[I411 N. N. Malinin. Applzed Theory of Plnstzczty and Crecp. llashino- 
strocnie, hfoscow, 1975. 

[I421 B. Mandelbrot. Th,e I;i.nctal Geometry of N a t ~ ~ w .  Freeman. San 
Francisco. 1982. 

[I431 D. IlIatigrio~~, Stability results on fractional tliffcreritial equations 
with applicatioris to  control processing, Corr~p utai loncz1 Enyzn e ~ -  
lrlg zn Syslerr~s .4pplz~at~or~s, Lille. France, Julv 1996, IIIACS, 
TEEE-SMC, vol. 2, pp. 963 968. 

[144] D. Matignorl arid B. (1'Andri.a-Novel, Spectral and tinie-domain 
conseqllcricrs of an integro-differentid perturbation of t,lic wave 
PDE, 3rd Int. Conf. on Math. and Numer. Aspects of Wave P~,opu- 
ga,tzon Phenomena, Illaridelicu, France. April 1995, ISRIA. SIAXI. 
pp. 769 771. 

[I451 D. klatigno~i aiid H. d'Antlr6il-Novel, Sorrie reslilts or1 co~itrolla- 
t~ility and observa1)ility of finite-dimerisional fractional differen- 
tial systtlrns, Comp~~tatzono.1 Engzr~e~rlng zrt, S?jstent.s Applzcatzons. 
I,illt., l7ritncc. Jiily 1996. IhlACS, IEEE-SXIC, vol. 2. pp. 952 $156. 

[I461 U. Matignon and I3. d'Antlr@a-Novel, Observer-based coritrollcrs 
for fractional diRc)rcntial systerris, 36th IEEE Conjerence on Ue- 
czs~on and Contr.01. San Dicgo, California, Dcccmbcr 1997, IEEE- 
CSS, SIAM, pp. 4967-4972. 

[I471 B. Mbotije and C . Montseny, Boundary fr:tctional tlerivat ive con- 
trol of the wave equation, IEEE Trans. Aut. Control, vol. 40, 1995, 
p p  378-382. 

[I481 A. C. McBritie, Fr.actio.nul CJalcuhl,s a,nd Intqrcll 7i-ansfoms of 
Genermlized Functions, Res. !Votes in Mrtth., vol. 31. Pitrr~ari Press, 
Sar~  Frarlcisco, 1979. 



[I501 R. Xletzler. 14'. G. Gliicklc. and T. F. Kon~lenlnaclir~r. Fra~tio~ii i l  
111oc1cl cquat ion for anorrialous diffusion, Physzcu il. vol. 211. 1993. 
pp. 13 2-2. 

[I511 R .  hIctzlcr. IV. Schick. H.-G. Kiliari. a d  T. F. Xorir~enrr~acher, 
1telax:itiori in fillctl polyincrs: a fractiorlal cwlcul~is approach, J. 
C l ~ c ~ n .  Picys., vol. 103. 1995. pp. 7180 7186. 

[ l52]  hJ. 11'. XIichalski. Dcrivativcs of no~~intcgcr ortler ;tnd thcir appli- 
cations, D~ssc~riai~unes Alothernafzcne. CCCXXVIII. Inst. RIath., 
Polish Aead. Sci., llJarsaw, 1993. 

[I531 K. S. hfiller N I N ~  Ij. Rob\. AIL Iritrodi~~tzor~ to the Froctzonul C'c~lcu- 
l i ~ s  (2nd Fr.uc.t~onal D~.f;.rt.nt~nl Eqnat7ons, .John IVilcy k Sons Inc.. 
New York. 1993. 

[I541 G. K. hIinerbo and hi. E. Lcvy. Irlversiorl of Abc.1'~ ilitrgral q u a -  
t ion 1)y 111cans of ort lrogorlal polynomials. 5'1.4 Ad .I. NuIncr. A ntll., 
vol. 6, 110. 4, 1969, pp. 598 G I G .  

11551 C.  11. hlittag-Leffier, Sur la rlouvcllc forlctiort E,,(x). C. R. Acad. 
SCI. Pa,r?s, vol. 137, 1903, pp. 554 -558. 

[157] G.  hl .  hlittag-Lcfficr, Sur la reprbsentiat ion itlralyticluc cl'nnc 
branch(. ~lniforrrle d'unc fonction ~noriogPrie, Actn Mnthenlut~c~u, 
vol. 29, 1905. pp. 101- 182. 

[I  581 D. No. Y. Y. Lin. .J. H. rI'ali, Z. X. YII, G. Z. Zhou, K. C. Gong. 
C;. 1'. Zliang arrtl X.-F. He, Ellip~olnet~ric spectra i-ll~d fractioriiil 
derivativc spectnuri analysis of pc)lyaniline films, Thzn Solid b7?lrn.s, 
vol. 234, 1993, pp. 168-1170. 

11591 G. h4ontseny, .J. Ai~do~llret arid D. i2Iatig11o11, Fractional integro- 
differential boundary c'or~t rol of the. Eulcr-Bcnloulli t>rarn, 3Gth 
IEEE Confcre~~ct- o r r  Dcc*~szon and Coi~trol, San Dicgo, Cirlif'orriia, 
Dt~cc~n~bc.r 1997, IEEE-C'SS. SIAhl. pp. 4973 -1978. 



[16O] hi. A. Nailnark, L~RPCLT Dlfl~rf,71t7al 0pc.mtors. Nauka, hIoscow. 
1969 (in Russian). 

[I611 bI. Nakagawa. itrid K. Sori~riachi, Basic characteristics of a fractancc. 
dcvicc, IEICE Trans. Fundanlcntals, vol. E75-A, no. 12, Uec. 1992. 

181 4-18] 9.  

[ l ( j Z ]  R. R .  Nigrnatullin. To the tlicoretical explanation of tllc "liilivcrsal 
rcsl>onso", Phys. Stci. Sol. (b) ,  vol. 123, 1984. pp. 739 745. 

[I631 1%. R .  Sigmatullin. On the theory of rc1:ix:x;ttion for systems with 
"rcnlriarit rrlcniory". Phys. Sta. Sol. (b) ,  vol. 124. 1984. pp. 389 
393. 

[I641 R. R. Nigrnatulliri, The realization of thc generalized tx;insfcr 
rqiiatioii in ;I rricdium with fractal gt>onlrtry, Pl/!js. Sla. Sol. (b). 
vol. 133, 1986, pp. 425-430. 

[165] R .  H. Niglnat,ulli~~. Frc-ctional integral and its phyhical intcrprr- 
tation. Sov~c t  .I. Thcor. and h4ath. Phys.. vol. 90. no. 3 ,  1992, 
p p  :354 367. 

[166] R .  R .  Niglriatullin arid Ya. E. Ryabov, Colc Uavitlson dirlcctrir 
relaxation as a self-sirnilas rc.laxat,ion process, Phys. Solzct S tc~fe ,  
vol. 39. no. 1,  1997, pp. 87 90 (trnnslatcd frorn thc Russian origini~l 
publisllcd in: Fys. Tverd. T ~ l n ,  vol. 39, 1997. gp. 101 105). 

[I671 K.  Nisllinioto, AT), E S S P ~ I ~ C ~  o fN~shz~r1o to '~  Frnctzon(~1 C ~ I C U ~ T L S ,  DCS- 
cartes Press. Koriywlna. 1991. 

[168] T .  F .  Ivoiii~enuiac.l~er,, Fractional intcgrcil and differentiiil cqi~atioris 
for e class of I,i.v~~-ty~)c prot)iibility tlcnsitics. J. of Ph y s~cs  A : 
hlaL11. anri Gt~n.. vol. 23. 1990. pp. 1,697- 1,700. 

[ l69]  T .  F .  Noniienmachcr, Fractional rclaxatiori equations for viscoelas- 
ticity iin(1 rclatctl yhclr~ornr~rin, Let-f. N o f p s  171 PII!~SACS. vol. 381. 
Spririger-Verlag. Ber liii, 1 99 I , 1)p. :309 :120. 

[I701 T .  F. Nonnc~riniachcr a~ i t l  W. G.  Glijcklc. A fractiorial rnodrl for 
iriechanical stress relaxation, Phzlosophzcul blagaz~nc. Letters. vol. 
6.1. no. 2. 1991, pp. 89 93. 

[I711 T. F .  Nonnenrnaclicr and L). , I .  I!. Nonncnmacher, 'Ibwards the 
formulation of a non-lincvtr friictional t:xtcndt~l irrc\versible t l i c ~ -  
modyriarnics, Actu Physlcu H ' ( L ~ I ~ ~ I ' z c ~ L ,  vol. 66, 1989, pp. 115- 154. 



328 BIBLIOGRAPHY 

[172] P. G. Nutting, A new general law of deformation, Journal of the 
Franklin In.stitute, vol. 191, 1921, pp. 679--685. 

[I731 L. Nyikos and T.Pajkossy, Electrochem. Acta, vol. 30, 1985, pp. 
1533. 

[I741 M. Octirnann and S. RIIakarov, Representation of the absorption of 
nonlinear waves by fractiorial derivatives, J. Amer. Acoust. Soc., 
vol. 94, no. 6, 1993, pp. 3392-3399. 

[I751 K. R. Oldham, A signal-independent electroanalytical method, 
Anal. Chenl., vol. 44, no. 1, 1972, pp. 196-198. 

[176] K. B. Oldharn, Serriiintegration of cyclic voltarnrriograms, J. Elec- 
tronnal. Chem., vol. 72, 1976, pp. 371 378. 

[I771 K. B. Oldharn. Interrelation of current and concentration at elec- 
trodes. ,I. Appl. Electrochem., vol. 21, 1991, pp. 1068 1072. 

[178] K.  B. Oldharn and J. Spanicr, The replacerrlent of Fick's law by 
a formulation involvirig scmidiffereritiatiori, J .  Electroanal. Chem. 
and Interfoczal Electrochem., vol. 26, 1970, pp. 331 341. 

[I791 K. B. Oldham arid ,J. Spariier, The Fractional Calculus, Academic 
Press, New York London, 1974. 

[l80] K. B. Oldllarn and C. G. Zoski, Analoguc insrlimentation for pro- 
cessing polarographic data, J. Electrounal. Chem., vol. 157, 1983, 
pp. 27 51. 

[I811 0 .  V. O1iis2lchuk and G. Ya. Popov, On sornc problems of bending 
of plates with cracks and thin inclusions, Izv. Akud. Nauk SSSR, 
Mckhanika Tverdogo Tela, vol. 4, 1980;xpp. 141 -150 (in Russian). 

[I821 T. ,J. Osler, Open cyl~cstioris for rescarcl~, Lecture Notes in hfu,th,e- 
matics, vol. 457, 1975, pp. 376- 381. 

[183] A. Oustaloup, Sgstkm~s nsser7)is line'aires d'ordre frac:tionnaire. 
h/lassori. Paris. 1983. 

[I841 A. Oustaloup, Frorrl frltctality to rioii iritttger derivation through re- 
cursivity, a property cornmon to these two concepts: a fiiridar~ieri- 
ta1 idca for a new process control strategy, Proceedzngs of the 12th 
IMACS' World Congress. Paris, July 18 22, 1988, vol. 3 ,  pp, 203 - 
208. 



BIBLIOGRAPHY 329 

[I851 A. Oustalotip, La Comrr~ande CRONE,  Hermes, Paris, 1991. 

[186] A. Oustaloup, La Robustesse, Hermes, Paris, 1994. 

[I871 A. Oustaloup, La Dkrioation Non Entz2re: The'orie, Synthkse et 
Applrcutions, Hermes, Paris, 1995. 

11881 E. Pitcher arid Mr. E. Sewcll. Existence theorems for solutions of 
differential eyuatior~s of non-integral order. Bull. Amer. Math. Soc.. 
vol. 44, no. 2, 1938, pp. 100-107; and a correction in: vol. 44, no. 9. 
1938, p. 888. 

11891 I,. Pivka and V. Spany, Boundary surfaces and hasir1 bifurcations 
in Chua's circuit, J. Circuits, Sg.st., Cornput., vol. 3 ,  no. 2, 1993. 
pp. 441- 470. 

[I901 Yu. I. Plotnikov, Steady-stute vibruiior~s of plane and azesyrrrmet- 
ric stamps or), a ~ ~ ~ : s c o e l ~ ~ s t j . c  foun.dotion, Ph.D. thesis, Moscow, 1979 
(in R.ussian) . 

[191] I. Podluhny, Dzscontln~~ous Hamnonzc and Bzharrnonxc 1'roblem.s 
for a Sector and a Stmp, Ph.D. thesis, Odessa State University, 
Odessa, 1989, (in Russian). 

[I921 I. Podlubny. Orthogonal with non-integrable weight function Ja- 
cobi polyriornials and their application to singular integral equa- 
tions in elasticity arid heat conduction problems, in: Computo- 
t ~ o n o l  and Applzcd h.fathr:n?at~cs I1 (etls.: W .  F. Anic~s and P. .I 
van der Houwen). North-Holland. Arnsterdarn, 1992, pp. 207 216. 

[193] 1. Poc-ilubx~y, A united for111 of solution of singular integral equations 
of the first kind with Cauchy's kerrial, ?i-ur~suc.tzorw of the Trchrtzcal 
Un,~vcr.szfy of K o s / r ~ .  vol. 3, no. 4, 1993, pp. 379-383. 

[I941 I. Podlubny, IXiesi! potential and Riemann-1,iouville fractional in- 
tegrals and derivatives of Jacobi polynomials. Appl. Math. Lett.. 
vol. 10, I I O .  1. 1997, pp. 103 108. 

[I951 I. Podlubny and J.  hlisanek, Thc use of fractional derivatives 
for rr~odelling the rilotiorl of' a large thin plate in a viscoiis fluid, 
Procecdz~~gs of the 9th Cor~ference on  Process Control, I'atran.ske 
Mntlzare, Muy 1993, ST17 Bratislava, pp. 274 278. 



[l96] I. Pod1ut)riy and J .  Llisanek. The use of fractiortal clcrivativcs for 
niodcllirig atliahatic p~occss of solution of gas iri fluid. Proceedzngs 
of llze 9th Cor~f(~re7~ce (171 I-'r.ocess Control. Tatranske hlatkare, hfay 
199.7, STU Bratislava. pp. 279 282. 

[I971 1. Podllit>ny ant1 J. hlisariek. The use of fractiorial tlcrivatiw.~ for 
solution of heat conduction problcnis. Procrrd/ngs of the 9th Con- 
fe~cnce on Proccss Control. Tafmnske Ilfc~flzure, May 199J, STU 
Bratislava, pp. 270 273. 

[I981 I. Podlubny, Fractiollal rterivativcs. a 11ew stage in process mod- 
elling ant1 control. 4th Intrrrt a t ~ o n  al DAil Ah l  S?jmpos?unt. B7371o. 
Czech Republic. Septc~mber 16-18, 199S, pp. 263 -264. 

[I991 I. Podlilhny and I. Kostial. Frtictional derivative hascd process 
~liotlels and their applications, 4th lnfernat~onul Dd-lilAiZI Symyo- 
slum, Hrr1o. Czech IZepl~bllc, September 16 18. 1993, pp. 265 266. 

12001 I .  Podlu1)riy. Tlie use of tlerivativcs of the fractiorlai order for pro- 
ress moclelling alicl sinilllation: thc present state arid pcrspectives. 
Proceedz7z.q~ of Int. Scz. Conf. IIZIICROCA D S ITSTEA1'93. No L] 9- 
10, Koszce, p. 29 arid p. 64. 

[201] I. Podlu1)ny. l'hc lap lac^ il?ansjhrtn Mcfhod for  Lzncar Uiffcrenfzal 
Eq~satzons of th,e Fruct~o.rlal Order, Inst. Exp. Pliys.. Slovak Acad. 
Sci.. no. UEF-02-94. 1994, Kosicc. 

[202] 1. Potlluhny, Fracfzonal-Order 9ysfems and Fructzor~al-Ordcr Con- 
trollrr:~, Inst. Exp. Pliys.. Slovak Acad. Sci., no. UEF-O:3-!>4, 199-1. 
Kosicc. 

[203] 1. Podlubny, Numerical rnethods of thc fractiorial c i ~ l c ~ i l ~ l ~ .  fions- 
ac t~ons  of thc Rchnzcal Unzocrsity of Koszce, vol. 4. no. 3 4. 1!)!)4. 
pp. 200 208. 

[204] I. Podlubny, I,. 1)orcak aiici .J. hlisar~ek, Application of fractional- 
order derivatives to calculatiori of heat load intensity cllarige ill 

blast fiirriac*c. walls. Tr(17lsac.t~or~s of fh,e Tech nrcc~l UTLI orrs?t?p of 
Kosar.c. .id. 5, 110. 2. 1905, pp. 137 114. 

[205] 1. Podlubriy, tlnalytical solution of linear diffcrcntinl cyuatio~is of 
tilt fractional order, Proceedznys of thc 14th U'orld Coogress on 
Co~r~pr~lutron u r ~ d  Appl~rd kluthernatzcs, .July 1 1  15, 1994, Atlanta. 



BIBLIOGRAPHY 33 1 

Georgza, US-4. Late Papers volurr~e (cd.: Mr. F .  Ames). pp. 102 - 

106. 

[200] 1. Podlut)riy, Nurnc~rical solutrori of i~iitiz-11 valuc problerrls for or- 
dinary fractional-order differeriti~l cyuatio~is, P~oc~c~~dznys  of fhc 
14th World Corrgres:, o7r Comp~r fu f  lon rrnrl App1zt.d Aluthrmatzc~s, 
Juljj 11 15, 1994, All(lnir~, C ~ o r g ? ( ~ ,  USA,  Lofc  Papers volume ( c d . :  
'IIT.F.Arrics), pp. 107 111. 

[207] 1. Poc-llubny. Basic ~nathcniaticill tools for the ariillysis o f  tiyrianlic* 
systcbnis of riori-ir~t c.gcr order. Procecd~ngs of thc 11 th Ir~t. Con f .  071 

Procc~ss Control and Szmt~latlurt. Seyte~rrlrc~r 19-20, 11194, Koszce 
Zlata ICJli(i, pp. 305 31 1. 

[208] I. I'otll~l)~iy. So111t ioli of linear fractional tfiffcrenti~tl cq~ia t  ions with 
constant cocfficielits. in: P.  Ftuscv, I. Dirnovski. V. Kiryakova 
(c~ls.).  Trnr~~sfor~n i'd~thods ard Speczul fi~nctlo7u. SCT Publish- 
ers. Sirig;q)ore. 1995, pp. 217 228. 

[209] I. Poctlubny, Nnrncric;ll solution of ordinary fractional ~iiff~reritial 
c.cluatioris hv the fractiorial difft:rerice ~nethod.  in: S. Elaydi, I. Gy- 
ori R T I ~  G. Latlas. ((~1s.) , A ( ~ I I U I I C P S  171 1)~,&7r~rl,('e EquctIzor~5, C0rdo11 
z-mi Breach, Arnstt~rdarn, 1997, pp. 507 516. 

[210] J .  D. Polack. Tirric dornain sollltior~ of Kirchhoff's cyuation for 
s o ~ l ~ i d  propagntiori in viscotlic~rmal gases: a tliffusion process. SK4 
J .  Acousflql~e. vol. 3. 1991, pp. 17 67. 

[211] G.  Ya. Popov, Solnr proj)~rtics of classical polynomials ant1 111~ir 
application to (.ontact problcrlis, Pr.rkl. ~Wit i l .  ,'li(ckh., vol. 27, 1963, 
pp. 821 -832 (in Russian). 

[2 121 G. Ya. l'opov. On t lic rnc\tkiod of ort hogoriitl polyrionlisls in contact, 
problcnis of the theory of elasticity, Pia~k.1. Afat. Mekh., vol. 33. 
no. 3. 1969, pp. 518 531. 

['L13] G. Ya. Popov. S t ~ e s s  Conc~~ntratzon neai. Punchcs, Cuts. Thin ln- 
( ' ~ I J S Z O ~ ~ S  (ir~d S Z L ~ J ) O ~ ~ C I . . S .  Na11k;t. hlosc.ow, 1982 (in R u s s i a ~ ~ ) .  

[21*1] 7'. Pritz, Analysis of four-pi~rarnctcr fractional clcrivative ~notlel 
o l  real solitl niatcrials. .Journal of Soul~d and Vzbrutzon. vol. 195, 
no. 1, 1996. 111). 103-115. 



332 HIH,IOGRll PHY 

[215] A .  P. Prudrlikov, Yu. A. Brychkov arid 0. I. hIarichev, Jrltegrals 
and Serzes. vol. 1, Nauka, bIoscow, 1981. 

[216] A. P. Prutlriikov, Yu. A. Rryckikov arid 0. I. R4aricliev. Integruls 
and Series, vol. 2. Nat~kti, 5Ioscow, 1983. 

[217] YII. ?J. Rabotnov, Ecluilibrium of an elastic riiediurri with after- 
effect. Prikl. Mat.  Mekh.. vol. 12, no. 1. 1948, pp. 53 62 (in Rus- 
sian). 

(2181 Y11. N. Rabotnov. ElerrLents of Hcredztary Solids ~Vlechnnzcs, Nauka. 
hloscow, 1977 (in Russian). 

[219] Yu. N. Rabotnov. C r e ~ p  of S ~ T Y L C ~ I L ~ Q , ~  E l c ~ ~ l e n t s ,  Nauka, Lloscow, 
19G6 (in Russian). 

[220] K. Rektorys, Hanctbook of Appl'ied Malhematics, vols. I ,  11. SNTL, 
Pr:~giic. 1988 (in Czech). 

[221] F. 13icwe, Nor~coriservative Lagrarigiari arid Hamiltonian mecllaii- 
ics, Phys. Rev. E ,  vol. 53, no. 2. 1996, pp. 1890-1899. 

[222] F. Riewe, hlcchanics with fractional derivatives, Phys. Rev. E, 
vol. 55. no. 3. 1997, gp. 3581-3592. 

[22S] I,. Rogers, Operators and fractiorial derivatives for viscoelastic con- 
stituitive equations, J. of Iiheoloyy, vol. 27, 1983, pp. 351 -372. 

[224] H. E. 13oiria11, Structure of random fractals and thc probability 
distr.il)ution of random walks, Phys. Rev. E, vol. 51, no. ti. 1995. 
pp. 5322 5425. 

[225] H. E. Roxriar~ ancl P. A. Alemany, Continiious-time raridom walks 
aricf tlit fractiorial diffusion equation, J. Phys. A: Math. Gcn.. 
vol. 27, 1994, pp. 3407-3410. 

[226] B. Hoss, A brief history and exposition of thc fiiridarrierital thcwry 
of the frwctiorial calculus, Lectusr Notes 271, n/lothe7natzcCs. vol. 457. 
Springer-Verlag, Ncw York, 1975, pp. 1-36. 

[227] B. Ross. Fractiorial calculus: an historical apologia for i he devcl- 
oprrlent of a cal(.ulus using difl(:re~ltiatiori and antidiffc~rentiation 
of non integral orders. Mathemat?cs Maguzme, vol. 50, no. 3, May 
1977. pp. 1 15 122. 



BIBLIOGRAPHY 333 

Yu. A.  Rossikhirl anct M. V.  Shitikova. Applications of fractional 
calculus to dylialnic problerns of linear and nonlinear hereditary 
mcchnliics of solids, Apyl. Mech. Rcv.. vol. 50, no. 1. January 1997, 
pp. 15-67. 

[229] Yli. A. Rossikhili and hi. V. Shitikova, Application of fractional 
cicrivativcs to thc analysis of clamped vibrations of viscoelastic sill- 
gle lrlass systerri, Actu Mecll.. vol. 120, 1997, pp. 109 125. 

[230] B. Kubi~i, F~zlctzonul I~~tegru ls  and Pot~r~t7aIs ,  Pit11iar1 hIonogra~)hs 
alid Surveys in Pure arid Applied Alatliertiatics, vol. 82. Long~nan. 
Harlow. 199G. 

[231] R. S. Rutniali. On the paper by R. R.  Niginatiilliri "Fractional intc- 
gral and its plriysical interpretation", Tl~eor .  Muth. Phys.. vol. 100. 
no. 3. 1994. pp. 1154 1156. (Translated from the Riissiarl original 
published ill: Teorct. 2 hlatcm. I;'yz., vol. 100. 110. 3. 1994, pp. 476 
478.) 

[232] S. G. Sa~nko, A. A. Kilbas arid 0. 1. I2laritclicv. I7ltegrals and 
De7,aoatzl:es of the Fractzonul Order u7~d Some qf Tlhezr App1lc.a- 
tlons. Nauka i Teklulika, Rlirlsk, 1987 (in Russial~). 

[233] 11. Schiesscl, R.  lletzlrr. A. Blurricn and T. F. D;oltnrl~~n;tchcr, 
Gelieralized viscoelastic rnotlels: their fractional equations with 
solutions, J. Phys. A: hfath.  Gen., vol. 28, 1995, pp. 6567 6584. 

[234] R .  F. Schrnidt and G. Thrws, l i l~nnan Pll,y,s~oloy~l, Springer-Verlag, 
I3erlin Ileidelbcrg New lrork, 1983. 

[235] W. R. Sclu~eider and W. Wyss. Fractiorial ditf'usion and wave equa- 
tions. -1. n/Iot,h. Phys.. vol. 30. 1989, pp. 134 144. 

[236] G. W. Scott Blair. Thc role of psychophysics in rheology, J. cl-f 
Collozd Scieaces, vol. 2. 1947. pp. 21- 32. 

[237] G. W. Scott Blair, Some aspects of thc sc?arch for invariants. Brztzbh 
Jour7~(~1 for Ph?losoph y 171 Sczcnce. vol. 1. 1950. pp. 230 244. 

[238] G. W. Scott Blair, Measurrnrent.~ of Mtr~d  c~nrl h f (~ t t r r :  Derinis Dob- 
son, Lontlon, 1!)50. 

[239] G. W. Scott Blair, l'sychoreology: liriks between the past and t hc 
present, Jourr~al of Texture Stvdzes, vol. 5. 1974, pp. 3 12. 



334 BIBLIOGRA PIIY 

[240] A. 51. Secllctskii. Asy~npt,otic forrnu1a.s for zeros of a function of 
Mittag-Lefflcr typc. Analyszs hfathern atzca, vol. 20, 1994. yp. 117 
132 (in Russian). 

[24l] G.  L. Slonimsky, On tkie law of dcforlnatiori of highly plastic 
polymeric bodies. Dokl. Akad. Nnuk SSSlJ. vol. 110, no. 2. 1961, 
pp. 343-346 (in Russian). 

[242] I+'. Srriit R I I ~  H. ( 1 ~  Vries, Kkieological niodels coritaining fractional 
derivatives. Rheologzca Acta, vol. 9. 1970. pp. 525 534. 

[243] H. hl .  Srivastava, On an cxt~nsion of the XIittag-Leffler ful~ction, 
Yokolzama Math. .I.. vol. 16. no. 2. 1968. pp. 77-88. 

[244] H. 51. Srivastava, A ct3rtnin farriily of sub-cxxponc~ntial sc3ric.s. Irlt. 
J. hluth. Educ.. Scl. Technol., vol. 25. no. 2. 1994. pp. 211 216. 

[245] H. hl. Sritiastava arid R.  G.  Buscliman. Theory ur~d Ayplrcal7ons 
of Cor~vok~tzorr, Iritegrul Equutzorrs, Kluu-cr Acadeit~ic Publishers, 
Dorclrecht - Rostor~ London, 1992. 

[246] Z. Sobotka, Rcolog,y of J1uter.zal.s and Constructzons, Acacto~riis, 
Prague. 1981 (in Czcch). 

[247] C;. Szcgij, Orthogonal I-'olynom~als. Arrier. Math. Soc.. Ncw York. 
1959 (Russian trarislatiori wit 11 addit ions: bIoscow, Fizmatfiz, 
1962). 

[248] A .  N. Tikhonov and V. Ya. Arscnin. Mcthods of Solrltzorz of Ill- 
Posed I'rohlems, Na~ika, hIoscow, l!Jti6 (in R~issiitn). 

12491 E. C. Tit,chmarsh, htt7~oduclion lo fhe Th eory of Four.wr Irbf e- 
gmls, Clarerltlon Press, Oxford, 1937 (Itussian tl-;trislation: GTTI ,  
hIoscow, 1948). 

[250] A. I. Tscytlin. ilpplzcd Methods of ,Solution of Bounda7-y Vulue 
Proh1e~n.s 2n C.rvzl En!gl.nc>crlng. Stroyizdat, I1Ioscow, 1984 (in Rus- 
s i a ~ ~ ) .  

[251] E. Vitasck, Nurrterzcnl Mcthods, SNrl'L, Prague, 1987 (in Czcch). 

[252] V. Volterra. L ~ ~ o n s  sur In TI~e'o77e hfuthPmnt7guc d~ la Luttc pour 
la Vze. Paris, Gauthier-Villars, 1931 (Russian translation: Afoscow, 
Nauka, 1976). 



[253] S. \Vc~sterluntl. Dead rriatter 11x5 memory! Physzco Scr@ta, vol. 43, 
199 1. pp. 174- 179. 

[254] S. JVesterlurid. Ca~~salztg. report no. 940426. Lniversity of Kal~nar.  
1994. 

[255] S. J$'estcrlu~id and L. Ekstarn. Capacitor theory. IEEE T~-(L?Ls. 
on Dzelecfr~cs and Elrctrzcal Insulatzo~t, vol. 1 ,  no. 5 ,  Oct, 1994, 
pp. 826 839. 

[256] 12. \Viman, Gbcr dcn fii~~darricntalsatz in tlcr tcoric dcr funktionen 
E,,(s), Rcfa Ai'c~th., vol. 29, 1905. pp. 191--201 . 

[257] A. JVinltln. Uber die nulstcllc~i der furlktiorxn ECk(rr). Acta Math.. 
vol. 29, 1905, pp. 217 234. 

[258] E. XI. JVright. 0 1 1  the cocfficiclits of  pourer scrics having exponcn- 
tial sirigularities. .I. Lor~clon Math. Sor., 1933. vol. 8, pp. 71- 79. 

[259] J$'. Wyss, The fractional tliffusiori rq~at~ior i ,  J. Math. Phys.. vol. 27. 
no. 11, 1'386, pp. 2782-2785. 



This Page Intentionally Left Blank



Index 

Abel's equatio11, 192, 262 
equations reducible to, 

263 268 
Arutyunyari's equatior~, 191 
ixsyr~iptotic solutions. 236 

Babenko's method, 168 
link to Laplacc trarisforrn 

method, 172 
backward finitca tliffererices 

for integer-ortier 
derivatives, 204 

Bagley 'I'orvik equation, 220 
beta f~lnctiori. 6 

and the garllma furlctioii, 7 
dcfinitiorl, 6 

Brornwich contour. 113. 142, 143 

capacitor theory, 278 
Cliebysysh~v polynoinials, 188. 189 
C:hua's circuit 

cl;tssic.aI, 288 
cliffere~itial equations, 286 

control dlagra~n, 288 
fractional, 289 

differential eqliatiolis. 289 
c.o~npusition of fractiorial derivatives 

with fractional dcrivativcs. 
59 -62. 74-75 

with iniegcr-ortler derivatives. 
57 58, 73 74 

controlled systcin 
fractional, 244 

example, 252 
impulse rcsporlsc, 248 
11it eger-order approxiniat ion. 

252 

ranip resporisc. 249 
step response. 218 

corlt roller 
fract ional-order , 249 
int.eger-ortier. 249 

convolution, 103, 110 
Mellin, 113 

cooling by radiation, 236 
Curie's law, 278 

delta function, 82 
fractional derivative, 84 

Dirac delta functiort, 
see dclta function 

clcctrical condurtarlct~ of cell 
inembran~s. 294 

electrod(>-electrolyte interface, 292 
existence arid urilqrlerieh\ tlleorcms. 

121 
as a ntethoct of solutlori, 131 
qua t ion  of a gent>ral form, 127 
lirlear frztct ~ona l  rliffc.rent ial 

equations, 122 

firlitr-part ir~tcg~als,  107, 193. 220 
and fractional dcrivativcs, 220 
arid iricqualities. 194 
exaniples, 194 
~xianipulation with, 194 
regularizatiori. 193 

fittirig experirrlental data, 290 
Fouricxr trarisforin, 109 

of 71-th dtlrivativct, 1 I0 
of convolut io11, 1 10 
of fr;lctional tft.rlvative. 112 
of fractiorial integral, 11 1 



fract ante. 279 
chain. 280 
ill viscoeliisticity, 273 
trtv3. 279 

fractiorinl calcrllw, 31 
fr:~ctional cosilie. 19 
fractional tlerivative, 12 

of the power fiinction. 55 57 
as) ~np t  otics 

far from the lowcr tern~inal, 
102 

nrar t lie lower t(~r111i11al. 100 
Caputo's. 78 81. 245 

Fourier transform. 112 
Laplacr trai~sforrn. 106 

C;tputo's 7i.s Itierrlann Liouvillr, 
246 

gencralizcd functions 
approac-11, 81 86 

C:l ilnw~lti Lctliikov. 43 62. 200 
R~uricr t ransfor~rl. 112 
Laplace tmnsfor~~i ,  107 

Laplaccx transforrn. 108, 108, 21 2. 
2 45 

left. 88 
lii~k bctwtle11 Ricinann Liolivllle 

i~iid Caputo approac.hes, 85 
link b e t ~ v ~ e n  Etienii\llll 1,ioilvillc 

ailti Crriii~wald 1,etnikov 
approaches, 75 

hfelliri t r a ~ ~ s f o r r ~ ~ .  115 I 17 
hl i l l~r  Ross. 86 
of the. power function, 72 
ph;raical intcrprctation, 89, 307 
properties, 90 

tfiff~rcntiation of an i i ~ t ~ ~ g r a l  
dept~iiding on a pararntStcr, 
!I8 

1,cibniz rulr, 95, 96 
lirlearity. 90 

Ricrr~ar~ii l,~ouvillc. (58 72 
L.i)uricr t ransforlr~, 1 12 
T,iiplacc trai~sforlli. 105 

riglit. 88 
seqilcXnt ial, 86 

Laplacc~ transforrr~. 108 
fract ionnl tlifference 

order of npproxirrti~tioil, 208 
fractional difference rnctllotl 

first-order approxinlat ions. 204 
kiighcr-ordcr approxirriatic)~~~, 

209 
iniplr~ncntation, 208 
iisc of fast E'cturicr transforrn. 

209 
fi.actiona1 differc~r~tiill equation, -12. 

138 
illit la1 corditions for. 223 
lion-linear. 236 
ordinary, 138 140, 1.14 1.16 
partial, 110 143. I46 
lvit h coiistar~t co~fficiei~ts. 

138 1-17, 152-158.22 t. 220. 
245. 250 252, 254, 256 

w ~ t h  non-colistant corfficit:nts. 
232 

fractional diffi~siori, 29fi 298 
fri~ctional diffusion equation. 297 
fract ional diff'usion problem 

hlainardi's, 146 
Nigrnatullin's. 140 
Schricictcr-Wyss, 1.42 

fractional diflusior~ wavcJ cquatioil. 
298 

f i  uc.tloila1 Grclrrl's filrict ion 
definit ioi~. 150 
for four-tc>rrri equation. 156 
for oric-t cXrm cyllation. 153 
for t hrw-tern1 c>cli~ation, 155 
for two-tcrrri (qtiat i011. 154 
gerlersl formilla. 157 
propc1rtit.s. 150 

fract iurlul irit(~gra1. 42, 48, 65, 212, 
245 

1;'ourier t ransfi)rn~, 1 I 1 
C:r irriwald L(.ti~iko\ . 48 52 
Laplace t r:tr~sforrr~, 10 1, 2 12 
13ic~rnar111 l,iou\.ilIc, 65 68 

fract ioilitl hlax~wll eqiiations. 305. 
306 



INDEX 

fractional sin(.. 19 
fractional-ordcr rrmltipolcs. 203 
frart io112tl-order systclrl. 32 

pararr~cter idcritific*atiorl, 257 

galnlria, filric.tion. 1 
contour iritrgral, 12 
defiliit 1011. 1 
Lrgcntlrc~'~ for~riula. ! I .  27 
lirriit rcprcscntatior~, -1 
pal ticillar vt~lues, 9 10 
polrs. 2 
prop~rtics,  2 3. 7 10 
rc~ciprocsl, 12 

C:tgenbaucr polynomials. 18'3. 190 
Glre11's f~lnctio~i,  

see fractiorial Grevn's filrlc- 
tioll 

Jda~~~i l to r~ ian  ~ ~ ~ ( a ~ l ~ i i ~ ~ i c s ,  
fractional. 3OG 

Hank(11 corltollr. 142. 1.13 
hca t collduction prol)l(~nt, 2 12 
Ifcwvlsid(. fi~lictioil, 81 

frart i011ii1 ~ C I  ivatlv(1, 8 f 
Hookc.'s elastic c,lcllicltt . 269 

irripi~lsc, respollscL, 3 18 
initla1 c.orldit ions 

d(.pc.lldcncc on. 133 
zero. 123 

Lagraiigiarl rliechanics. 
fractional, 306 

Lagucrrt, polyi~orr~ials. 18!1 
Laplace t rarisforrn. 103 

of 71-tli drrivativt>, 104 
of' Caputo's cierivativtl, 106 

of convolution, 104 
of Griirlwald Letrlikov 

derivative, 107 
of Griinwaltl Lctr~ikov 

integral, 103 
of Riclnann Liouvlllt 

dcrivat ivt., 105 
of Rierrlarlil Llouville 

iiltegral. 104 
of sequcritiiil frartiorial 

chivat  iw,  108 
Lcgendre polyrionlials, 188, 189 

hIaxwcll's viscoc~lastic elernerlt, 26!) 
~I(~11111 t rarlsforrn, 1 12 

for solvirig frilct io~ial diff(lrc.11- 
t ial ccl~iations, 159 

of 11-th derivativc. 114 
of Cap111 o's derivative. 116 
of Rlrniarln Lio~ivillc 

derivativc. 115 
of l < i ( ~ i ~ ~ a i n ~  Lio~iville 

i n t t~ r a l .  115 
of seqiirnti:tl fractional 

d(.rivat ivc. 117 
LIillcr Ross fi~lict~on, 19 
hlittag-Lrffler fllriction 

and other fullctiorls. 17. 25, 27 
asymptotic expansions. 29 37 
asynlptot ic. forrllulas. 30, 32, 34. 

3 5 
definition, 17. 246 
dc~ivi~tives. 21- 22 
tiiffi~rcnt ial equatiorls. 23 
E'ouric7r cosine-tra~isforrn, 142, 

117 
f ract ivnal dt~rivative. 2 1 
fr:~ctional iritegral, 25 
gcne~alized. 247 

fractional derivative, 247 
1,apltlc.e transform, 247 

int egration. 25 
1,al)lacr tr;tnsforrrl, 21 
particular caws. 17 19 
summa ti or^ fur~rlulas, 24 

. J i m h i  polyiioniials 
cla.bhicnl, 184, 18.5 
gt~iicrnlizrd. 18.1. 193, 195 

scaries in, 198 
indcfiiiite norin. 195 



INDEX 

Nawtorl's sccond law, 
fri1r.t ional, 306 

Newtorl's viscous cl(~rnerlt. 269 
noli-integrable twiglit, 193, 1!15 
nystag~ri~is, 295 

ortllo~orlal pol) noriiials 
C11t~bysl.l~~~. 188. 189 
Gcgcnbnuer. 189, 190 
.Jacobi, 189 
Lagnr.rrc1. 18!1 
Lclgcndrtk, 188. 189 

ort liogonttl polyrlomials 
rnethod, 173 

Ijasic sche~lit. 179 
for singular integral cq~latior~s. 

174 

I'IX ~l"cont  rollcr. 239 
tralisfer fi~rlctiori, 2/49 

power series rric~tlloci, 233 

Kwbotnov's functioll. 19 
ramp rcspolisc. 24'3 
rclciprocal garrinia fi~lictiori, 12 

contour integral. 13 
relaxat ion oscillation cqliation, 224 
R i e s ~  potc~ritial, 181 

gei~rrali~cd. 184 

se~riidiffcrclitial rlcct ronrlalysls. 290 
serniintc.gra1 elcc~tro:~~lnlysis, 290 
short-rnt~~riory. 20:i 
short-mcntory grinciplc 

for initial-valuc pro\)lems. 242 
forr~iulation, 203 
nic3nlory lerigt 11 (kt rrliiini~tion. 

203. 215 
IISC of. 214 

so111tio1i of ii gas Iri  a f l l ~ i c t .  232 
spectral rclatio~lsl~ip, 179 
step rt 'spo~is~. 2 18 

~lnific-ation of integration ant1 
diffcre~~tiation, (2.3. 63 

Grill~mald- I,c.tnikov 
approach, 123 18 

Ilieniann -Liouvillc 
i~pproac21. (j3 65 

unit-step function, 84 

vestib~ilo-ocvulal reflex. 295 
visco~li~st icily. 268 

colivolut ior~ itpj,roacIl. 276 
fractional-ortlcr rriotlels. 

271 277 
fivr-paran~eter. 275 
four-par:intetcr, 275 
t hrrc-parnrtietcr. 274. 275 
two-para~nctcr, 274 

integcr-ordcr ~riodcls. 269 
power-law rcliwration, 276 

Voigt's viscocl:~st,ic clclnrnt. 269 
voltag(3 divitler, 282 

\;right f~ir~ction, 37 
arid other functioris, 38 
clcfi~iition. 37 
ir~tegra 1 rcprebent ;it ion, 37 

tcrn~irlals. 32 
tr;msf<>r furlct ion 

fractiorlal. 245 

oximiplc, 252 
of a fractiorial controller, 249 




	Front Cover
	Fractional Differential Equations
	Copyright Page
	Contents
	Preface
	Acknowledgements
	Chapter 1. Special Functions of the Fractional Calculus
	1.1 Gamma Function
	1.2 Mittag-Leffler Function
	1.3 Wright Function

	Chapter 2. Fractional Derivatives and Integrals
	2.1 The Name of the Game
	2.2 Grünwald Letnikov Fractional Derivatives
	2.3 Riemann Liouville Fractional Derivatives
	2.4 Some Other Approaches
	2.5 Sequential Fractional Derivatives
	2.6 Left and Right Fractional Derivatives
	2.7 Properties of Fractional Derivatives
	2.8 Laplace Transforms of Fractional Derivatives
	2.9 Fourier Transforms of Fractional Derivatives
	2.10 Mellin Transforms of Fractional Derivatives

	Chapter 3. Existence and Uniqueness Theorems
	3.1 Linear Fractional Differential Equations
	3.2 Fractional Differential Equation of a General Form
	3.3 Existence and Uniqueness Theorem as a Method of Solution
	3.4 Dependence of a Solution on Initial Conditions

	Chapter 4. The Laplace Transform Method
	4.1 Standard Fractional Differential Equations
	4.2 Sequential Fractional Differential Equations

	Chapter 5. Fractional Green's Function
	5.1 Definition and Some Properties
	5.2 One-term Equation
	5.3 Two-term Equation
	5.4 Three-term Equation
	5.5 Four-term Equation
	5.6 General Case: n-term Equation

	Chapter 6. Other Methods for the Solution of Fractional-order Equations
	6.1 The Mellin Transform Method
	6.2 Power Series Method
	6.3 Babenko's Symbolic Calculus Method
	6.4 Method of Orthogonal Polynomials

	Chapter 7. Numerical Evaluation of Fractional Derivatives
	7.1 Riemann Liouville and Grünwald–Letnikov Definitions of the Fractionalorder Derivative
	7.2 Approximation of Fractional Derivatives
	7.3 The "Short-Memory" Principle
	7.4 Order of Approximation
	7.5 Computation of coefficients
	7.6 Higher-order approximations
	7.7 Calculation of Heat Load Intensity Change in Blast Furnace Walls
	7.8 Finite-part Integrals and Fractional Derivatives

	Chapter 8. Numerical Solution of Fractional Differential Equations
	8.1 Initial Conditions: Which Problem to Solve?
	8.2 Numerical Solution
	8.3 Examples of Numerical Solutions
	8.4 The "Short-Memory" Principle in Initial Value Problems for Fractional Differential Equations

	Chapter 9. Fractional-order Systems and Controllers
	9.1 Fractional-order Systems and Fractional-order Controllers
	9.2 Example
	9.3 On Fractional-order System Identification
	9.4 Conclusion

	Chapter 10. Survey of Applications of the Fractional Calculus
	10.1 Abel's Integral Equation
	10.2 Viscoelasticity
	10.3 Bode's Analysis of Feedback Amplifiers
	10.4 Fractional Capacitor Theory
	10.5 Electrical Circuits
	10.6 Electroanalytical Chemistry
	10.7 Electrode-Electrolyte Interface
	10.8 Fractional Multipoles
	10.9 Biology
	10.10 Fractional Diffusion Equations
	10.11 Control Theory
	10.12 Fitting of Experimental Data
	10.13 "Fractional-order" Physics?

	Appendix: Tables of Fractional Derivatives
	Bibliography
	Index



